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Strong Fubini axioms from measure extension axioms
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Abstract. It is shown that measure extension axioms imply various forms of the Fubini
theorem for nonmeasurable sets and functions in Radon measure spaces.
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1. Introduction.

Fubini's theorem asserts that if (X;A; �) and (Y;B; �) are �-�nite measure
spaces and f : X � Y ! R is a measurable function, then the iterated integralsR
[
R
f(x; y) d�(x)] d�(y) and

R
[
R
f(x; y) d�(y)] d�(x) exist and are equal.

Strong Fubini axioms are statements about the existence and equality of iterated
integrals of functions which are not necessarily measurable. The simplest one asserts
that the iterated integrals of a nonnegative function (the restriction made to avoid
trivial counterexamples | see [9]) are equal, if only they can be de�ned.

It is easy to give in ZFC an example showing that the above quoted strong Fubini
axiom (SFA) is in general false. On the other hand, in the case whenX = Y = R and
� = � is Lebesgue measure, SFA is false under CH (Sierpi�nski), but it is consistent
with ZFC (Friedman [7]). Laczkovich proved that it follows from the assumption
that if � is the least cardinality of a nonmeasurable subset of R, then the union of
�-many null sets does not cover R (NonL < CovL).

The connections between various strengthenings of SFA for R � R and other
cardinal conditions were investigated by Shipman [9].

In this note we consider the more general case in which (X;A; �) and (Y;B; �)
are Radon measure spaces.

Our aim is to present an alternative approach to strong Fubini axioms via mea-
sure extension axioms. It is shown that various instances of the Product Measure
Extension Axiom imply strengthenings of SFA for X � Y .

The main result of this paper is Theorem 3.1. Its proof is a modi�cation of
arguments due to Kunen and Kamburelis concerning related but di�erent problems
(see [8, Corollary 6.(2)]. The main contribution of the author is noting that the
same ideas may be applied to settle strong Fubini axioms under measure extension
axioms.

After the results of Section 3 were presented at the 15th Summer Symposium in
Real Analysis (see [10]), I was given a copy of an early version of D.H. Fremlin's
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article [6] in which, among others, strong Fubini axioms are discussed in connection
with the existence and properties of real-valued-measurable cardinals. Section 4
consists mostly of strengthenings of relevant results from that paper, which can be
obtained by modi�cations of proofs given there.

I am grateful to David Fremlin for giving me the above mentioned copy of his
article and for fruitful discussions and correspondence that followed.

2. De�nitions and preliminaries.

Our set theoretic terminology and notations are standard.
Ordinals are identi�ed with sets of their predecessors and cardinals with initial

ordinals. In particular, 2 = f0; 1g and ! = f0; 1; : : :g. If I is any set, then 2I

denotes the collection of functions from I to 2 and [I ]! the family of countable
in�nite subsets of I . The letters �; � and % are reserved for in�nite cardinals.

Our measure theoretic terminology agrees essentially with Fremlin [4].
A �-�nite Radon measure space is a triple (X;A; �), where

(1) X is a topological space with a Hausdor� topology T;
(2) (X;A; �) is a complete, �-�nite measure space;
(3) T � A;
(4) �(A) = supf�(D) : D � A;D is compactg for every A 2 A;
(5) every x 2 X has an open neighborhood U such that �(U) <1.

One particular Radon measure space is of a special importance, the product
space (2I ;LI ;mI) for an in�nite set I .

Let Seq(I) be the set of functions from a �nite subset of I to f0; 1g and for each

s 2 Seq(I) de�ne [s]I = ff 2 2I : s � fg. Let BI be the �-algebra generated by

f[s]I : s 2 Seq(I)g and let NI = fA � 2I : mI(A) = 0g.
The measure mI , de�ned on the �-algebra LI generated by BI [NI , is the com-

pletion of the usual product measure on 2I . By well-known regularity properties,
(2I ;LI ;mI) is a Radon probability space (see [4, 1.5]).

For each S � I let �S : 2I ! 2S be the canonical projection. If B 2 BI , then
there exists S 2 [I ]! such that B = ��1S [A] for a certain A 2 BS . We call any such
S a support of B.

Let (X;A; �) be a �-�nite measure space.
Its Maharam type is the least cardinality of a collection D � A such that for

every " > 0 and A 2 A there exists D 2 D with �((A nD) [ (D nA)) < ".
If (Y;B; �) is another measure space, then a function � : X ! Y is inverse-

measure-preserving if ��1[B] 2 A and �(��1[B]) = �(B) for every B 2 B. In

particular, the projection �S : 2I ! 2S is an inverse-measure-preserving function
between the spaces (2I ;LI ;mI) and (2S ;LS ;mS).

The following folklore-like result is one of the reasons why the space (2I ;LI ;mI)
plays a special role in our considerations (for its proof see e.g. [4, Corollary 3.12
and Theorem 4.12]).

Proposition 2.1. Let (X;A; �) be a Radon probability space of Maharam type

� �. Then there exists an inverse-measure-preserving function � : 2� ! X . �

Let (X;A; �) and (Y;B; �) be �-�nite Radon measure spaces.
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For every f : X � Y ! R, D � X � Y , x 2 X and y 2 Y , let fx : Y ! R,
fy : X ! R, Dx � Y , and Dy � X be de�ned as follows: fx(y) = fy(x) = f(x; y),
Dx = fy 2 Y : (x; y) 2 Dg and Dy = fx 2 X : (x; y) 2 Dg.

The following strong Fubini axioms are considered in this paper.
The Strong Fubini Axiom (SFA) for X � Y asserts that if f : X � Y ! [0;1) is

such that:

(1) for �-a.a. x 2 X and for �-a.a. y 2 Y the functions fx and f
y are measurable,

(2) the functions x!
R
fx d� and y !

R
fy d� are measurable,

then the iterated integrals
R
(
R
fx d�) d� and

R
(
R
fy d�) d� are equal.

The Super Strong Fubini Axiom (SSFA) for sets in X � Y asserts that for every
D � X � Y such that:

for �-a.a. x 2 X and for �-a.a. y 2 Y the sets Dx and D
y are measurable,

if �(fx 2 X : �(Dx) > 0g) = 0, then �(fy 2 Y : �(Dy) > 0g) = 0.
The next auxiliary result establishes a connection between the above two asser-

tions.

Proposition 2.2. Let (X;A; �) and (Y;B; �) be �-�nite Radon measure spaces of

Maharam types � � and � �, respectively. Then SSFA for sets in 2� � 2� implies

SFA for X � Y .

Proof: Suppose that SFA for X � Y is false. Without loss of generality assume
that �(X) = �(Y ) = 1.

By a direct generalization of an argument due to Freiling [3] (see also [9]), there
exists a set B � X!�Y ! such that 8 �x 2 X! �!(B�x) = 0 and 8 �y 2 Y �!(B�y) = 1,
where (X!;A!; �!) and (Y !;B! ; �!) are Radon probability spaces, the products
of !-many copies of spaces (X;A; �) and (Y;B; �), respectively (see [5, A7E]).

Since the Maharam types of the spaces (X!;A! ; �!) and (Y ! ;B!; �!) are �
� and � �, respectively, by Proposition 2.1 there are inverse-measure-preserving
functions �X : 2� ! X! and �Y : 2� ! Y ! .

Let D = (�X��Y )
�1[B] � 2��2�. Then D contradicts SSFA for sets in 2��2�.

�

If (X;A; �) is a �-�nite measure space, then � is %-additive if the union of less
then %-many �-null sets is �-null.

We consider the following measure extension axioms.
The Product Measure Extension Axiom (PMEA) asserts that for every set I ,

the measure mI can be extended to a 2!-additive measure de�ned on the power set
of 2I .

PMEA(�; �; %), where % � 2!, is the weaker version of PMEA asserting that

for any family S of �-many subsets of 2�, the measure m� can be extended to
a %-additive measure �m� : L� ! [0; 1] with S � L�.

Kunen proved Con (ZFC+PMEA) starting from Con (ZFC+9 strongly compact
cardinal) (for a proof see [2, Theorem 3.4]).

The consistency results concerning PMEA(�; �; %) are due to Carlson [1]. In
particular he proved Con (ZFC+8� < 2! PMEA(2!; �; �+)) without large cardinal
assumptions.
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3. Results.

The main result of this note is the following

Theorem 3.1. PMEA(�; �; �+) implies SSFA for sets in 2� � 2�.

Proof: Take an arbitrary set D � 2� � 2� such that Dx 2 N� and Dy 2 L� for
every x 2 2� and y 2 2�.

It follows that there exists a set B � 2��2� such that D � B and Bx 2 N�\B�
for every x 2 2�; let Sx be a support of Bx and Bx = ��1Sx [Ex] for a certain set

Ex 2 NSx . For each x and n > 0, �nd an open subset (Hn)x of 2
Sx with Ex � (Hn)x

and mSx((Hn)x) <
1
n .

Set (Gn)x = �
S�1x

[(Hn)x]. Then Dx � (Gn)x and m�((Gn)x) <
1
n for each x.

For s 2 Seq(�) and n > 0, let Kn;s = fx 2 2� : [s]� � (Gn)xg.

Claim. There exists a �+-additive extension �m� : L� ! [0; 1] of m� satisfying the
following conditions:

(1) fKn;s : n > 0; s 2 Seq(�)g � L�,

(2) there exist sets W 2 L� and S 2 [�]! such that �m�(W ) = 1 and Sx � S
for every x 2W .

To prove the claim, for each x 2 2�, enumerate Sx as fyx;k : k < !g, and then

for each k < !, consider the function Fk : 2� ! � de�ned by Fk(x) = yx;k. For

every k < ! and � < � let Xk;� = F�1
k

[f�g].

Using PMEA(�; �; �+) extend m� to a �+-additive measure �m� which measures
all sets Kn;s and Xk;�, n > 0, s 2 Seq(�), k < ! and � < �.

Then (1) is clear and the checking of (2) is routine (see [8, Lemma 4]; this point
requires the �+-additivity of �m�).

Without loss of generality assume that Sx = S for every x 2W .
Since f[s]S : s 2 Seq(S)g is a base for the topology of 2S and Kn;s \W = fx 2

W : [s]S � (Hn)xg, it is easy to compute that Hn \ (W � 2S) =
S
s2Seq(S)((Kn;s \

W )� [s]S).
It follows that Gn \ (W � 2�) =

S
s2Seq(S)((Kn;s \W ) � [s]�) is the union of

countably many elements of the product �-algebra L� 
L�.
Let G =

T
n<!Gn.

Then by the above, G \ (W � 2�) 2 L� 
L�.

Recall that, moreover, �m�(W ) = 1, D � G and m�((Gn)x) <
1
n for each x.

Hence, by the Fubini theorem, m�(fy 2 2� : �m�(D
y) > 0g) = 0. But Dy 2 L�

for each y, so �m�(D
y) > 0 i� m�(D

y) > 0. Hence fy 2 2� : Dy =2 N�g 2 N� as
required. �

Corollary 3.2. PMEA implies SSFA for sets in 2� � 2�, whenever � is arbitrary

and � < 2!. �

The above result is, in a sense, optimal, as the following example shows. Its idea
is taken from [8] (see [8, the remark after Corollary 6]).
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Proposition 3.3. SSFA for sets in 2! � 22
!

is false.

Proof: Let fPx : x < 2!g be a partition of 2! into countable in�nite sets.

For each x, let Bx = fy 2 22
!

: y(�) = 0 for every � 2 Pxg.

Note that Bx 2 N2! since Bx = ��1Px [h0; : : : 0; : : : i.

Let H = fy 2 22
!

: 9P 2 [2!]!8� =2 P y(�) = 0g.
Finally de�ne D = B \ (2! �H).
Clearly, Dx 2 N2! for every x 2 2!.
Also, Dy 2 L! for every y 2 22

!

.
Indeed, if y 2 H , then there exists a set P 2 [2!]! with fx 2 2! : Px \P = ;g �

Dy, so Dy is co-countable. If y =2 H , then Dy = ;.
On the other hand, H = fy 2 22

!

: Dy =2 N!g =2 N2! .

Indeed, if H � H 0 2 B2! and S is a support of H 0, then 2S = �S [fy 2 22
!

:

8� =2 S y(�) = 0g] � �S [H ] � �S [H
0]. Hence H 0 = 22

!

, which shows that H is not
contained in any set from B2! \N2! . �

Combining Theorem 3.1 with Proposition 2.2 gives the �nal result of this section.

Theorem 3.4. PMEA(�; �; �+) implies SFA for X � Y , whenever (X;A; �) and
(Y;B; �) are �-�nite Radon measure spaces of Maharam types � � and � �, re-
spectively.

�

Corollary 3.5. PMEA implies SFA for X � Y , whenever (X;A; �) and (Y;B; �)
are �-�nite Radon measure spaces such that the Maharam type of at least one of

them is less than 2!. �

4. Generalizations.

One way to strengthen the results concerning SSFA for sets in X � Y , where
(X;A; �) and (Y;B; �) are �-�nite Radon measure spaces, is to consider the follow-
ing Super Strong Fubini Axiom (SSFA) for functions on X � Y :

If f : X � Y ! [0;1) is such that for �-a.e. x 2 X and for �-a.e. y 2 Y the
functions fx and fy are measurable, then the functions!

R
fx d� and y !

R
fy d�

are also measurable and the iterated integrals are equal.
Woodin proved that SSFA for functions on R�R is consistent with ZFC. Shipman

claims (see [9, p. 480]) that it follows already from the inequality NonL < CovL.
The next result strengthens Theorem 3.1 (compare [6, Proposition 6K]).

Theorem 4.1. Assume PMEA(�; �; �+) and let (X;A; �) and (Y;B; �) be �-�nite
Radon measure spaces.

(i) Suppose that the Maharam type of X is � � and the topological weight of Y is

� �.
If f : X � Y ! [0;1) is such that for �-a.a. x 2 X and for �-a.a. y 2 Y the

functions fx and fy are measurable, then the function y !
R
fy d� is measurable

and Z
�

(

Z
fx d�) d� �

Z
(

Z
fy d�) d� �

Z
�

(

Z
fx d�) d�:
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(ii) If both X and Y have Maharam types � � and topological weights � �, then
SSFA for functions on X � Y is true.

Moreover, for every function f : X � Y ! [0;1) such that for �-a.a. x 2 X and

for �-a.a. y 2 Y the functions fx and fy are measurable, there exists a function

h : X � Y ! [0;1) measurable with respect to the product of measures � and �,
such that fx = hx �-a.e. for �-a.a. x 2 X and fy = hy �-a.e. for �-a.a. y 2 Y .

Proof: Modify the proofs of Theorem 3A, Proposition 6J and 6K of [6]. Instead of
measures de�ned on P (X) and P (Y ), use suitable extensions of � and � measuring
enough sets to carry out the argument at hand. �

Note that, because of the result by Carlson [1] mentioned in Section 2, as a corol-
lary we obtain the consistency of \ZFC + SSFA for functions on X � Y , whenever
(X;A; �) and (Y;B; �) are �-�nite Radon measure spaces with topological weights
less than 2!" from the consistency of ZFC alone.

Note also that, because of Proposition 3.3, SSFA for functions on 2! � 22
!

is
false in ZFC.

An alternative approach to establish SFA is suggested by the result of Laczkovich
stated in the introduction.

Let NonN� denote the least cardinality of a subset of 2� not in N� and CovN�
be the least cardinality of a family of m�-null sets whose union covers 2�.

The following generalizes Laczkovich's result (compare [9, Theorem 1] and [6,
Proposition 6I]).

Proposition 4.2. NonN� < CovN� implies SSFA for X � Y , whenever (X;A; �)
and (Y;B; �) are �-�nite Radon measure spaces of Maharam types � � and � �,
respectively. �

The above implies that the conclusion of Corollary 3.5 follows from the weaker
assumption that 2! is real-valued-measurable. This is due to the fact that under
this assumption, if � < 2! and � � !, then NonN� = !1 and CovN� = 2! (see [6,
Corollary 6G]).

We conclude with the formulation of an open problem which naturally arises
from the results of this paper.

Problem. Is it possible to �nd in ZFC an example of �-�nite Radon measure
spaces (X;A; �) and (Y;B; �) such that SFA for X � Y is false?

Note that, by Corollary 3.5, the �rst case to check is 22
!

� 22
!

.

Also note that if Non(N�) = 2�, then SFA for 2� � 2� is false, the characteristic
function of a well-ordering of 2� in type 2� providing a counterexample. This holds,
in particular, if � is a strong limit cardinal of co�nality ! such that 2� = �+ (see
[4, Theorem 6.17 (v)]). The consistency of the non-existence of a � with the latter
property requires very strong set-theoretic assumptions of large-cardinal type. So,
the complementary question is:

Is it possible to �nd in ZFC a cardinal � with Non(N�) = 2�?
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