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Abstract. In this paper we study the Grothendieck spaces among the operator spaces L (E,, F).
Conditions under which L. (E;, F) contains complemented copy of ¢, are given. We apply these results
to spaces of the type C,(X; F) endowed with strict topologies.

1. Introduction

Let E and F be two locally convex spaces. The ¢-product EeF is the space L,(E,, F) of
all o(E', E) — o(F, F') continuous linear operators from E’ into F which transform
equicontinuous subsets of E’ into relatively compact subsets of F, endowed with the topology
of uniform convergence on the equicontinuous subsets of E' [20]. It is well known that when
E and F are complete locally convex spaces, then E ®, F ¢ L,(E., F). Recently various
properties of L (E,, F) have been widely studied, see for example [3, 4, 6, 7, 12, 17], and
the reader is referred to the survey article [17] for the basic information about this important
space of operators. FRENICHE [11], has extended the definition of Grothendieck space to
the locally convex setting. A locally convex space E is said to be Grothendieck if the ¢(E’,
E) and o(E’, E") sequential convergences coincide on equicontinuous subsets of E'.

We now recall a few definitions. If X is a Hausdorff completely regular space, then
C(X; F) denotes the vector space of the continuous functions on X with values in F, and
C,(X; F) denotes the vector subspace of bounded continuous functions. If F is the scalar
field, we simply write C(X) and C,(X), respectively. Let £ be a directed family of compact
subsets of X which covers X. Then we denote by # the set of all bounded functions
v:X — R which #-vanish at infinity (ie., for every ¢ > 0, there is a K € 2 such that
lvllx \ x < €). The notation 7,(resp. 7,) stands for the locally convex topology on C,(X; F)
of uniform convergence on X (resp. on the elements of ). The strict topology B, is defined
in [21] as the locally convex topology on C,(X; F) described by the system of semi-norms
{I.1l,,,:p € cs(F), v e #}, where

0N, = sup {v(x) p(f(x)): x € X}
for each f in Cy(X; F).
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It is well known that the space (C,(X; F), t,) and the space (C,(X; F), B») have the same
bounded subsets and that on the bounded sets, the topologies 7, and S, coincide. If A4 is
a subset of X and B is an absolutely convex subset of F, then

C(4, B):= {f e C(X; F): f(A) < B} .

A topological space X is angelic [9], if the following two conditions are satisfied by any
relatively countably compact subset K of X : (1) K is compact; (2) every x € K is the limit
of some sequence in K. A locally convex space E is c,-barrelled if every a(E', E)-null sequence
in E' is equicontinuous, and E is a Mazur space if sequentially continuous elements in the
algebraic dual E* of E are continuous, i.e., in E'.

2. Main results

The following characterization of the Grothendieck spaces which are c,-barrelled in terms
of linear continuous operators and its proof were inspired by Theorem 3.1 in [8].

Theorem 2.1. For a cy-barrelled space E, the following are equivalent :
(i) E is a Grothendieck space.
(it) For each locally convex space F for which (F', o(F', F)) is a Mazur space, every con-
tinuous linear operator T:E — F carries bounded sets into weakly relatively compact sets.
(iii) For each complete locally convex space F with a countable family {K,:ne N} of

relatively o(F, F')-countably compact sets such that \ ) K, is o(F, F')-dense in F, every con-

n=1
tinuous linear operator T: E — F carries bounded sets into weakly relatively compact sets.
(iv) Every continuous linear operator T : E — c carries bounded sets into weakly relatively
compact sets.

Proof. (i) = (ii): By the result 42.2.1 of [15], it is enough to show that T"(E") < F. For
every sequence (f},) in F’ which o(F’, F) converges to zero, (T'(f})) is 6(E’, E)-convergent
to zero. Since E is c,-barrelled, it follows that {T’(f))} is an equicontinuous subset of E’
and consequently (T'(f})) is o(E', E")-convergent to zero. For each ¢” € E” we have

(T (fo) =" (T'(/) —~ 0.

Thus, T"(e") is o(F', F)sequentially continuous and our assumption on F implies that
T"(e")e F.

(ii) = (iii): By the Eberlein-Smulian Theorem 3.10.5 of [9], one can show that (F', o(F’, F))
in an angelic space. In particular, every equicontinuous subset of F’ is relatively o(F’, F)-
sequentially compact. Therefore by Theorem 1.5 of [8] it follows that (F', ¢ (F’, F))is a Mazur
space.

(iii) = (iv): The proof of it is trivial.

{iv) = @i): If {¢}) is a o(E', E)-null sequence, then by our hypothesis on E, {¢,} is equi-
continuous and T:E — ¢, defined by T(e) = (e,(e)) is a continuous linear operator. It
follows from 42.2.1 of [15] that T"(E") = co. This implies that T"(e") = (e"(e;)) € ¢, for
each e” € E”. Thus the sequence (e}), o(E’, E")-converges to zero, and E is a Grothendieck
space. (O
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We denote by @, the subspace of c, whose elements have only finitely many non-zero
coordinates. Let E, be a subspace of E so that there exists a topological isomorphism
T:E, - ¢, We identify I' with the dual space @, and define

e =T u), e =T,

where (u,) and (u,) are the standard Schauder bases of ¢, and I' respectively. If B is the
closed unit ball of @, then there exists an absolutely convex zero-neighbourhood U, in E
such that U, n E; = T~}(B). If p is the gauge of U,, then |e,(e)] < p(e) for every ec E
and every n € N. The following theorem is related to a result of FRENICHE [10]. Here we give
acharacterization of the o (F’, F)-null sequences in F' when L (E,, F)is a Grothendieck space.

Theorem 2.2, Let E and F be two locally convex spaces and suppose that E contains a
subspace topolagically isomorphic to @4. If L (E., F) is a Grothendieck space, then the (F', F)
and (F', F) sequential convergence coincide in the equicontinuous subsets of F'.

Proof. We preserve the notation introduced in the above paragraph and proceed by
contradiction. If this is not the case, there exist a zero-neighborhood V; in F and a sequence
(%) in V? such that (f7) is ¢(F’, F)-null but it is not B(F’, F)-null. Thus there exist « > 0
and a bounded sequence (f,) in F such that |f,(f,)] = « for every r (by passing to a sub-
sequence if necessary). Let H = L (E,, F)and leth, = ¢, ® f, € H',where hj,(h) = {h(e)).f>
for every he H,n > 1; we now show that the sequence (b)) is o(H’, H)-null. But (e}) is
in U? and therefore h(e,) is a relatively compact subset of F. Thus h;(h) tends to zero for
each he H; {h}} is an equicontinuous subset of H' [Proposition 2.1 of [3]]. Since Xe, is a
weakly unconditionally Cauchy series and (f,) is a bounded sequence in F, by Theorem
2.4 of [3] the series e, ® f, is weakly unconditionally Cauchy in H. Thus it converges to
an element h” € H". Since

W) = (Ze, @ Sl = 1fa(f)] =z «

for every n, the sequence () is not ¢(H’, H”)-null, and this is a contradiction. []

Remarks.

(a). The above theorem is also valid for L,(F;, E). In fact, the map h — H’ is a topological
isomorphism of L (E,, F) onto L.(F, E).

(b). If F is a Fréchet space, then by the Josefson-Nissenzweig theorem for Fréchet spaces
[BONET-LINDSTROM-VALDIVIA [1]], 6(F', F) and S(F’, F) converging sequences coincide if and
only if F is a Montel space, and we have the following corollary.

Corollary 2.1. Let E be a locally convex space containing a subspace isomorphic to ¢, and
let F be a Fréchet space. If L (E,, F) is a Grothendieck space, then F is a Montel space.

(c). When F is an infinite dimensional Banach space, the above corollary shows that
L.(E., F) is not a Grothendieck space.

CEMBRANOS [2] has shown that if K is an infinite compact Hausdorff space and if E is
an infinite dimensional Banach space, then C(K; E) contains a complemented copy of c,.
This result has been generalized to the injective tensor products by Saas and Saas [18]: If
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E and F are two infinite dimensional Banach spaces and E contains a subspace isomorphic
to ¢y, then E ®, F contains a complemented subspace isomorphic to co. FrReNICHE [10] has
independently proven that if a locally convex space E has an isomorphic subspace to @,
and F is an infinite dimensional normed space, then E ®, F contains a complemented
subspace isomorphic to c,. Recently RyaN [16] has obtained a simple proof of Saap and
SAAB’s result and has shown that a ¢, copy in E ®, F is in fact complemented in K(E', F),
where K(F', F) is the space of all compact operator from E’ into F. The following theorem
is an analogous result for the space L (E,, F).

Theorem 2.3 If E is a complete locally convex Hausdorff space containing a copy E, of
co and if F is an infinite dimensional Banach space, then E ®, F has a copy of ¢, which is
complemented in L,(E,, F).

Proof. By the Josefson-Nissenzweig theorem [5, page 219], there exists a sequence (f)
in F' such that (f7) is o(F', F)-null and |f,}} = 1 for n = 1. Let (f,) = F be such that
12 < |If,ll <2 and f,(f,) = 1 for n > 1. Suppose that the sequence (e,) is equivalent to
the unit vector basis of ¢, in E,, and suppose that (e,) is the corresponding orthogonal
sequence in E). We will show that the closed linear span H :=[e, ® f,] in L.(E, F) is
isomorphic to ¢,. We first show that H in the induced topology is isomorphic to a Banach
space. To this end, as in Theorem 2.2 and its preceeding paragraph, we let U, be an
absolutely convex zero-neighborhood in E such that U; n E; = T~ *(B) and let V; be the
unit ball of F. Since U, n E, is bounded, for any absolutely convex zero-neighborhood U

1
in E there exist & > 0 such that the restriction of the zero-neighborhood N (U?, - Vl> in
o

L.(E.,, F) to H is contained in the zero-neighborhood N(U®, V,) in L(E., F). Recall that
N(U®, V) denotes the set of all h e L (E., F) such that h(U°) < V. Thus H is isomorphic
to a Banach space.

Moreover, as in the proof of Theorem 2.2, Xe, ® f, is weakly unconditionally Cauchy
series and in inf e, ® f,|| > 0, therefore an appeal to Corollary 7 of [5, page 45] shows

that the sequence (e, ® f,)is equivalent to a cy-basisin E ®, F and consequently in L,(E., F).
We define now the map

p:L(E,F)—H
by
p(h) = Z<hie), fro e, ® fo,  he L (E,F).

Since {e,} is an equicontinuous subset of E', (h(e}), f,> — 0. One can now easily show that
p is in fact a continuous linear projection from L (E, F) onto H. [

By K¢(E, F) we mean the space of all weakly continuous linear operators which transform
bounded sets into relatively compact subsets of F, endowed with the topology of uniform
convergence on bounded sets in E. The following corollary offers a refinement of a result
in [16].

Corollary 2.2. If E is a locally convex metric space such that E, contains a copy of ¢, and
if F is an infinite dimensional Banach space, then Ki(E, F) contains a complemented sub-
space isomorphic to c,.
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Proof If E is metrizable, then by the result 21.6.4 of [14], E, is a complete space. The
example 0.2 of [3] shows that K2(E, F) is topologically isomorphic to L,((E}),, F), which
completes the proof. [

3. Applications

FRENICHE [11] has shown that C(X; F) equipped with the compact-open topology is a
Grothendieck space if and only if C(K; F) is a Grothendieck space for every compact subset
K of X. The following result is analogous to one direction of FRENICHE’s result.

Theorem 3.1. Let X be a completely regular Hausdorff space and let F be a locally convex
space. If (C,(X; F), B5) is a Grothendieck space, then for any K e 2, (C(K;F), 7,) is a
Grothendieck space.

Proof Let Ke# and let T be the restriction operator from (C,(X; F), f5) into
(C(K; F), t,). For each absolutely convex bounded subset B of F one has

C(K, B) € C(X, B) + C(K, V)

for every closed and absolutely convex zero-neighborhood V in F [19]. It is a well known
fact that C(X, B)is a i ,-bounded subset of C,(X; F). Thus the closure of T(C(X, B)) contains
the bounded set C(K, B) of (C(K, F), 7,) and by Proposition 2.3(b) of [11], (C(K, F), 1,) is
a Grothendieck space. [

KHURANA and VIELMA [13] have shown that if X has an infinite compact subset and F is
a Banach space, then (C,(X; F), By) is a Grothendieck space if and only if F is finite
dimensional and (C,(X), B,) is a Grothendieck space. Let us recall that if 2 is the family
of all compact subsets of X, then f, is the strict topology f; on C,(X; F). The following
corollary offers a refinement of one direction of this result.

Corollary 3.1. If (C,(X; F), B) is a Grothendieck space, F is a quasicomplete locally convex
space and X has an infinite compact subset K € 2, then the o(F', F) and B(F', F) sequential
convergence coincide in the equicontinuous subsets of F’.

Proof. By Theorem 3.1, (C(K; F), t,) is a Grothendieck space, and Example 0— 5 of [3]
shows that (C(K; F), 7,) is topologically isomorphic to L,(C(K), F). By theorem 2.2. the
proof is ocmpleted. [

Remarks. (a) In the case that F is a Fréchet space, by a result in [1], F must be a Montel
space, thus we have a refinement of the Corollary 3.3. of [11].
(b) When F is a Banach space, we obtain Theorem 3 of [13].

Acknowledgement. This work has been supported by the University of Isfahan, Iran, while
the author was visiting the Department of Mathematics and Computer Sciences at Kent
State University, Kent, Ohio, U.S.A. The author is very much indebted to Professor J.
DiesTEL for several useful discussions and for his very valuable suggestions. The author is
also grateful to the referee for making many useful comments and remarks.



322 Math. Nachr. 174 (1995)
References

[1] J. BoNET, M. LINDSTROM, and M. VaLDpIvia, Two Theorems of Josefson-Nissenzweig Type for
Fréchet Spaces. Proc. Amer. Math. Soc. 117 (1993), 363 —364
[2] P. CeMBrANOS, C(K; E) Contains a Complemented Copy of ¢,, Proc. Amer. Math. Soc. 91 (1984),
556558
{3] H. S. CorLins and W. Ruess, Weak Compactness in Spaces of Compact Operators and of
Vector-valued Functions, Pacific J. Math 106 (1983), 45—71
[4] H. S. CoLLINs and W. Rugss, Duals of Spaces of Compact Operators, Studia Math. 74 (1982),
213—-245
[5] J. DreSTEL, Sequences and Series in Banach Spaces, Springer Verlag, Berlin-Heidelberg-New York,
1984
[6] L. DrRewNowsKl, Copies of /,, in an Operator Space, Math. Proc. Camb. Phil. Soc. 108 (1990),
523526
[71 G. E. EMMANUELE, Banach Spaces in which Dunford-Pettis Sets are Relatively Compact, Arch.
Math. 58 (1992), 477—485
[8] B. T. Farigs, Varieties and Vector Measures, Math. Nachr. 85 (1978), 303 —314
9] K. FLoret, Weakly Compact Sets, Lecture Notes in Math. 801, Springer Verlag Berlin — Heidel-
berg— New York, 1980
[10] F. J. FRENICHE, Barrelledness of Spaces of Vector-valued and Simple Functions, Math. Ann. 267
(1984), 479—486
[11] F. J. Freniche, Grothendieck Locally Convex Spaces of Continuous Vector-valued Functions,
Pacific J. Math. 120 (1985), 345—355
[12] W. H. GravEs and W. RuEss, Representing Compact Sets of Compact Range Vector Measures,
Arch Math. 49 (1987), 316—325
{13] S. S. KHUrANA and J. VIELMA, Grothendieck Spaces 111, to appear
[14] G.K0OTHE, Topological Vector Spaces I, Springer Verlag, Berlin — Heidelberg — New York, 1983
[15] G. KOTHE, Tological Vector Spaces 11, Springer Verlag, Berlin — Heidelberg— New York, 1979
[16] R. A. RyaN, Complemented Copies of ¢, in Spaces of Compact Operators, Proc. R. Ir. Acad.
91A (1991), 239241 -
[17] W. Rugss, Duality and Geometry of Spaces of Compact Operators, Functional Analysis: Surveys
and Recent Results 11T, North Holland (1984), 59—78
[18] E. and P. SaaB, On Complemented Copies of ¢4 in Injective Tensor Products, Contemporary
Math. 52, Amer. Math. Soc. (1986), 131 —135
[19] J. ScuMETS and J. ZAFARANI, Strict Topologies and (gDF)-Spaces, Arch. Math. 49 (1987),227—231
[20] L.ScuwarTz, Théorie des Distributions a Valeurs Vectorielles, Ann. Inst. Fourier 7 (1957), 1 — 139
[21] J. Zararani, Locally Convex Topologies on Spaces of Vector-valued Continuous Functions. Bull.
Soc. Roy. Sc. Liége 55 (1986), 352 —362.

Department of Mathematics
University of Isfahan
Isfahan, 81745-163

Iran





