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a b s t r a c t
Motivated essentially by the recent works of Srivastava et al. [10], Frasin and Aouf [6], Xu
et al. [15], and other authors, the authors of the present sequel investigate the coefﬁcient
estimate problems associated with an interesting general subclass Bh;p
R ðkÞ of analytic and
bi-univalent functions in the open unit disk U, which is introduced here. In particular, for
functions belonging to this general class Bh;p
R ðkÞ, the problems involving the estimates on
the ﬁrst two Taylor–Maclaurin coefﬁcients ja2 j and ja3 j are investigated. The results presented in this paper generalize and improve the aforecited recent works of Frasin and Aouf
[6] and Xu et al. [15] (see also a closely-related earlier investigation by Srivastava et al. [10]).
Ó 2012 Elsevier Inc. All rights reserved.

1. Introduction, deﬁnitions and preliminaries
In the usual notation, let A be the class of functions of the form:

f ðzÞ ¼ z þ

1
X
an zn ;

ð1Þ

n¼2

which are analytic in the open unit disk

U ¼ fz : z 2 C and jzj < 1g:
We also denote by S the subclass of the normalized analytic function class A consisting of all functions in A which are also
univalent in U (see, for details, [5,11]; see also some of the recent investigations [1,9,12,14] dealing with various interesting
subclasses of the analytic function class A and the univalent function class A).
It is well known that every function f 2 S has an inverse f 1 , which is deﬁned by



f 1 f ðzÞ ¼ z ðz 2 UÞ
and





1
:
jwj < r 0 ðf Þ; r 0 ðf Þ =
f 1 f ðwÞ ¼ w
4

In fact, the inverse function f 1 is given by

f 1 ðwÞ ¼ w  a2 w2 þ ð2a22  a3 Þw3  ð5a32  5a2 a3 þ a4 Þw4 þ    :
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By deﬁnition, a function f 2 A is said to be bi-univalent in U if both f ðzÞ and f 1 ðzÞ are univalent in U. We denote by R the
class of all bi-univalent functions in U given by the Taylor–Maclaurin series expansion (1). Many interesting examples of
functions which are in (or which are not in) the class R, together with various other properties and characteristics associated
with the bi-univalent function class R (including also several open problems and conjectures involving estimates on the
Taylor–Maclaurin coefﬁcients of functions in R), can be found in the earlier works by Lewin [7], Brannan and Clunie [2],
Netanyahu [8], and other authors (see, for example, [3]).
Various subclasses of the bi-univalent function class R were introduced and non-sharp estimates on the ﬁrst two coefﬁcients ja2 j and ja3 j in the Taylor–Maclaurin series expansion (1) were found in several recent investigations (see, for example,
[4,13]; see also [10,15]). More recently, Frasin and Aouf [6] introduced the following subclasses of the bi-univalent function
class R and obtained non-sharp estimates on the ﬁrst two Taylor–Maclaurin coefﬁcients ja2 j and ja3 j.
Deﬁnition 1 (See [6]). A function f ðzÞ given by (1) is said to be in the class BR ða; kÞ if the following conditions are satisﬁed:





 ap
f ðzÞ
þ kf 0 ðzÞ  5
f 2 R and arg ð1  kÞ
z
2

and






arg ð1  kÞ gðwÞ þ kg 0 ðwÞ  5 ap


w
2

ðz 2 U; 0 < a 5 1; k = 1Þ

ðw 2 U; 0 < a 5 1; k = 1Þ;

ð2Þ

ð3Þ

where the function gðwÞ is given by





gðwÞ ¼ w  a2 w2 þ 2a22  a3 w3  5a32  5a2 a3 þ a4 w4 þ    :

ð4Þ

Theorem 1 (See [6]). Let f ðzÞ given by the Taylor–Maclaurin series expansion (1) be in the function class BR ða; kÞ. Then

2a
ja2 j 5 qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
ðk þ 1Þ þ að1 þ 2k  k2 Þ

ð5Þ

and

ja3 j 5

4a2
ðk þ 1Þ2

þ

2a
:
2k þ 1

ð6Þ

Deﬁnition 2 (See [6]). A function f ðzÞ given by (1) is said to be in the class BR ðb; kÞ if the following conditions are satisﬁed:



f ðzÞ
f 2 R and R ð1  kÞ
þ kf 0 ðzÞ > b ðz 2 U; 0 5 b < 1; k = 1Þ
z

ð7Þ



gðwÞ
R ð1  kÞ
þ kg 0 ðwÞ > b ðw 2 U; 0 5 b < 1; k = 1Þ;
z

ð8Þ

and

where the function gðwÞ is deﬁned by (4).
Theorem 2 (See [6]). Let f ðzÞ given by the Taylor–Maclaurin series expansion (1) be in the function class BR ðb; kÞ. Then

rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2ð1  bÞ
ja2 j 5
2k þ 1

ð9Þ

and

ja3 j 5

4ð1  bÞ2
ðk þ 1Þ2

þ

2ð1  bÞ
:
2k þ 1

ð10Þ

Here, in our present sequel to some of the aforecited works (see, especially, [6,15]), we introduce an interesting general
subclass Bh;p
R ðkÞ ðk = 1Þ of the analytic function class A.
Deﬁnition 3. Let the functions h; p : U ! C be so constrained that

 
 

min R hðzÞ ; R pðzÞ

> 0 ðz 2 UÞ and hð0Þ ¼ pð0Þ ¼ 1;

ð11Þ

Also let the function f ðzÞ, deﬁned by (1), be in the analytic function class A. We say that f 2 Bh;p
R ðkÞ ðk = 1Þ if the following
conditions are satisﬁed:
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f 2 R and ð1  kÞ

f ðzÞ
þ kf 0 ðzÞ 2 hðUÞ ðz 2 U; k = 1Þ
z

11463

ð12Þ

and

ð1  kÞ

gðwÞ
þ kg 0 ðwÞ 2 pðUÞ ðw 2 U; k = 1Þ;
w

ð13Þ

where the function gðwÞ is given by (4).
h;p
We note that, in the special case when k ¼ 1, the class Bh;p
R ðkÞ reduces to the class HR which was introduced and studied
by Xu et al. [15].
Remark 1. From among the many choices of the functions h and p which would provide interesting subclasses of analytic
functions, we set

hðzÞ ¼ pðzÞ ¼


a
1þz
1z

hðzÞ ¼ pðzÞ ¼

1 þ ð1  2bÞz
1z

ðz 2 U; 0 < a 5 1Þ

ð14Þ

or

ðz 2 U; 0 5 b < 1Þ:

ð15Þ

In each of the examples (14) and (15), it is easily veriﬁed that the functions hðzÞ and pðzÞ satisfy the hypotheses of Deﬁnition
3. Clearly, therefore, if f 2 Bh;p
R ðkÞ, then we have





 ap
f ðzÞ
þ kf 0 ðzÞ  5
f 2 R and arg ð1  kÞ
z
2

ðz 2 U; 0 < a 5 1; k = 1Þ

ð16Þ

and






arg ð1  kÞ gðwÞ þ kg 0 ðwÞ  5 ap


w
2

ðw 2 U; 0 < a 5 1; k = 1Þ;

ð17Þ

or



f ðzÞ
þ kf 0 ðzÞ > b ðz 2 U; 0 5 b < 1Þ
f 2 R and R ð1  kÞ
z

ð18Þ



gðwÞ
þ kg 0 ðwÞ > b ðw 2 U; 0 5 b < 1; 0 5 b < 1Þ;
R ð1  kÞ
w

ð19Þ

and

where the function gðwÞ is given by (4). This means that

f 2 BR ða; kÞ

or

f 2 BR ðb; kÞ:

ð20Þ
h;p

Motivated essentially by the recent works [6,15] (see also [10]), for the general subclass BR ðkÞ ðk = 1Þ of the bi-univalent
function class R, which is introduced here by Deﬁnition 3, we solve the interesting problem involving estimates on the ﬁrst
two coefﬁcients ja2 j and ja3 j in the Taylor–Maclaurin series expansion given by (1). The results presented in this paper
generalize and improve the related works of Frasin et al. [6] and Xu et al. [15] (see also the closely-related earlier work
by Srivastava et al. [10]).
Throughout our present investigation, we let R ¼ ð1; 1Þ be the set of real numbers, C be the set of complex numbers
and

N :¼ f1; 2; 3; . . .g ¼ N0 n f0g
be the set of positive integers.
2. Main results and their demonstration
Our main results involving the general bi-univalent function class Bh;p
R ðkÞ ðk = 1Þ, given by Deﬁnition 3, are contained in
Theorem 3 below.
Theorem 3. Suppose that f ðzÞ given by its Taylor–Maclaurin series expansion (1) is in the function class f 2 Bh;p
R ðkÞ ðk = 1Þ. Then

ja2 j 5

sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
00
jh ð0Þj þ jp00 ð0Þj
4ð1 þ 2kÞ

00

and

ja3 j 5

jh ð0Þj
:
2ð1 þ 2kÞ

ð21Þ
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Proof. It follows from the conditions (12) and (13) that

ð1  kÞ

f ðzÞ
þ kf 0 ðzÞ ¼ hðzÞ ðz 2 UÞ
z

ð22Þ

ð1  kÞ

gðwÞ
þ kg 0 ðwÞ ¼ pðwÞ ðw 2 UÞ;
w

ð23Þ

and

where h and p satisfy the hypotheses of Deﬁnition 3, Furthermore, the functions hðzÞ and pðwÞ have the following series
expansions:

hðzÞ ¼ 1 þ h1 z þ h2 z2 þ   

ð24Þ

pðwÞ ¼ 1 þ p1 w þ p2 w2 þ    ;

ð25Þ

and

respectively. Now, in view of the series expansions (24) and (25), by equating the coefﬁcients in (22) and (23), we get

ð1 þ kÞa2 ¼ h1 ;

ð26Þ

ð1 þ 2kÞa3 ¼ h2 ;

ð27Þ

ð1 þ kÞa2 ¼ p1

ð28Þ

ð1 þ 2kÞð2a22  a3 Þ ¼ p2 :

ð29Þ

and

We ﬁnd from (26) and (28) that

h1 ¼ p1

2

and 2ð1 þ kÞ2 a22 ¼ h1 þ p21 :

ð30Þ

Also, from (27) and (29), we obtain

2ð1 þ 2kÞa22 ¼ h2 þ p2 ;

ð31Þ

which gives us the desired estimate on ja2 j as asserted in (21).
Next, in order to ﬁnd the bound on ja3 j, by subtracting (29) from (27), we get

2ð1 þ 2kÞa3  2ð1 þ 2kÞa22 ¼ h2  p2 :
Thus, upon substituting the value of

a3 ¼

a22

ð32Þ

from (31) into (32), it follows that

h2
;
1 þ 2k

ð33Þ

as claimed. This completes the proof of Theorem 3. h

3. Corollaries and consequences
Just as we observed in Remark 1 above, if we specialize the function hðzÞ by means of (14) and (15), then Theorem 3 is
easily seen to yield Corollaries 1 and 2, respectively. These two consequences of Theorem 3 are being stated here without
proof.
Corollary 1. If f ðzÞ given by its Taylor–Maclaurin series expansion (1) is in the bi-univalent function class BR ða; kÞ ðk = 1Þ, then

ja2 j 5

rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ!
2
a
2k þ 1

and

ja3 j 5

2a2
:
2k þ 1

ð34Þ

Remark 2. Since

rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ!
2
2a
a 5 qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 þ 2k
2
ðk þ 1Þ þ að1 þ 2k  k2 Þ
and

ð0 < a 5 1; k = 1Þ

ð35Þ

Q.-H. Xu et al. / Applied Mathematics and Computation 218 (2012) 11461–11465

2a2
4a2
2a
þ
5
1 þ 2k
ðk þ 1Þ2 2k þ 1

ð0 < a 5 1; k = 1Þ;

11465

ð36Þ

an improvement of Theorem 1 can be accomplished by applying the inequalities (35) and (36) in Corollary 1.
Corollary 2. If f ðzÞ given by the Taylor–Maclaurin series expansion (1) is in the bi-univalent function class BR ðb; kÞ ðk = 1Þ, then

ja2 j 5

rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2ð1  bÞ
2k þ 1

and

ja3 j 5

2ð1  bÞ
:
2k þ 1

ð37Þ

Remark 3. It is obvious that

2ð1  bÞ
4ð1  bÞ2 2ð1  bÞ
5
þ
2k þ 1
2k þ 1
ðk þ 1Þ2

ð0 5 b < 1; k = 1Þ;

ð38Þ

which, in conjunction with Corollary 2, would lead us to an improvement of Theorem 2.
By setting k ¼ 1 in Theorem 3, we get the following estimates, which were obtained by Xu et al. [15].
Corollary 3 (See [15]). Let f ðzÞ given by the Taylor–Maclaurin series expansion (1) be in the bi-univalent function class
Hh;p
R ðk = 1Þ. Then

sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
00
jh ð0Þj þ jp00 ð0Þj
ja2 j 5
12

00

and

ja3 j 5

jh ð0Þj
:
6

ð39Þ
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