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1. Introduction

In this paper, we consider random fields X indexed by Z¢, d > 1, and which can be written as a Bernoulli shift, e.g.

Xe =H ((E—j)jepa) . te€Z (1)

where £ is an independent and identically distributed E-valued random field and H is a real-valued measurable function.
We consider here E = R with k € N* U {oo} but a more general measurable space can be considered. A random field of the
form (1) is strictly stationary. The most well-known examples of such random fields are linear random fields, i.e.

Xt = Zaj&,j, t e A (2)
jezd

Spatial AR processes which can be written as linear random fields were extensively studied in spatial statistics (see Guyon,
1995, for a nice presentation).

Other (nonlinear) examples of such random fields are given in Doukhan and Truquet (2007) as solutions of autoregressive
equations of the form

Xe =F (Xe)jeza: &), t ez,

where F is a Lipschitzian function.
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In this note, we prove moment inequalities of the Marcinkiewicz-Zygmund type for the partial sums of a random field
X of the form (1). More precisely we prove that for a real number q > 1,

ISB)llg < &Y lIpkh, © - 0 P, Ko)llgIBIYY (3)
kezd

where B is a finite subset of Z¢, S(B) = ZjeB X;, ¢ = min(q, 2) and for (s, ¢) € {1,...,d} x Z, pfz denotes the projection
operator defined for an integrable random variable Z by

P2 =Z—E(Z/0E/is # 0). (4)
The constant Cg is the universal constant of the Burkhélder inequality (see Hall and Heyde, 1980) and thus it does not depend
on the distribution of the random field. || - ||, denotes the usual norm of IL%. Defining
A=Y lIph, o+ 0 Py, Ko)llg: (5)
kezd

Aqisapositive constant depending only on g and the distribution of the random field . Obviously inequality (3) is interesting
only when A; < oo. The latter condition basically indicates short-range dependence. Then we study in detail the finiteness
of the constant A; when the random field X can be written as a functional of linear fields.

An inequality of the form (3) is a useful tool for studying the behaviour of sums of dependent random variables. Strong
laws of large numbers, the strong invariance principle and other variants of limit theorems are often based on this kind
of inequality. Some existing methods for obtaining such inequalities use mixing coefficients. ¢-mixing random fields are
considered in Dedecker (2001) and Delyon (2009), and an inequality for ¢-mixing random fields is given in Doukhan (1994).
Unfortunately, for random fields defined by (1), mixing conditions lead to restrictive assumptions on the random field
distribution (see Guyon, 1995, for the case of linear random fields) or are impossible to check (see the counterexample
of Andrews (1984) when d = 1). On the other hand, general weak dependence conditions formulated in terms of covariances
of Lipschitzian functionals can be applied to random fields defined by (1) and corresponding moment inequalities are
available. We refer the reader to Dedecker et al. (2007) and Doukhan et al. (2009) for weak dependence conditions that
generalize strong mixing and to Bulinski and Shashkin (2006) for a generalization of associated random fields. Nevertheless,
despite their generality, such approaches do not exploit the particular form of the random field when it can be written as
a functional of independent random variables and lead to complicated and restrictive conditions for the representation (1).
When d = 1, martingale decompositions and the Burkhélder inequality for martingales have been used to prove simple
moment bounds for partial sums of causal processes of the form (2). We refer the reader to Wu (2007) and Liu and Lin
(2009) for details. In this paper, we generalize this approach to random fields and we prove inequality (3) using a simple
recursive application of the Burkhélder inequality. We next study in detail the application of such inequalities to partial
sums of transforms of linear random fields.

2. Moment bounds

We first state basic properties of specific conditional expectations and operators pfg defined in (4).
Lemma 1. Let Z be an integrable random variable, & an i.i.d. random field and q a real number with q > 1. Then:
1. IfA,B C 74,

E (E(Z/54) /§8) = E(Z/&ans) -
2.IfACZ%andB C Z*\ A,

IE Z/€np) = EZ/enlg < |Z = E (Z/5208) -
LIf(Gs, 8,0, 8)e{l,...,d> XZ xZ,

105! 00, @l < 2min (10 @, 195, @1l -

Proof of Lemma 1. 1. The result follows from the independence properties of the random field &.
2. From the point 1, we have

E (Z/&pu) — E (Z/&) = E(Z — E(Z/854/5) /€a0B) -

and the result is a consequence of the Jensen inequality.
3. We have from the point 1

Py, op (@) =Z —EZ/&) +E(Z —E(Z/&) /&) .

forA={j € 79/j; # £} and B = {j € 7¢/jy # €'} and from the triangular inequality and Jensen inequality, we obtain
1) 0 b5, @)llg < 2105, @) -

Exchanging A and B, the result follows. O
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The main result of the paper can now be stated.

Theorem 1. Let X be a real centered random field indexed by Z% d > 1, and such that E|X;| < oo for all t € Z%. Assume
furthermore that there exists an i.i.d. random field & such that o (X) C o (&). Then for a real number q > 1, we have with
¢’ = min(q, 2)

1/q
ISBlg <ty (Z 1P ey © 7 0 Pty ok (x[)ng’) : 6)

kezd \te€B
where C; denotes the universal constant of the Burkhdlder inequality for martingales.
Remarks. 1. The proof of inequality (6) does not use the representation (1) and the stationarity assumption. Note that for
a stationary random field, inequality (6) coincides with (3).

2. Let X be arandom field of the form (1) and such that A; < oo for a real number q > 1. Then the Méricz theorem (Méricz,
1983) can be used to deduce from the bounds (3) a moment inequality for partial maxima when B is a block of Z¢, i.e.

B = ((a1, b1] x - - - x (aq, ba]) N Z°.

More precisely, if ¢ > 2, we have
2-g~\ —d
I max |SW)llly < (5/2)%4 (1-27 ) ciAqlBI",
W<B 4

where the notation W < Bmeans W C Band W is a block of Z¢ with the same minimal vertex as B, i.e.
W = ((a1, 1] x -+ x (aq. ca]) N Z°.

In fact the result of Méricz is analytic, in the sense that it does not involve any dependence properties. When q € (1, 2],
it gives the bound

d
d/qod(g—1)/qd 1/q R
I max S(W)lly < 5%924~11C]A, B ]3 log(b: — ay).
Proof of Theorem 1. 1. We first prove the result for d = 1. For j € Z and an integrable random variable Z, we define
Pi(Z)=EZ/F) —E(Z/Fi-1),
where ¥; = o (&;/j < i). We use the following decomposition:
Xi = Xi —E(Xi/F) + E Xi/ F7)

= Z j)i+j(xi) + Z fi—j(xi)

j=1 j=0
=Y PiyXo).
JEZ
Then we have S(B) = Y, D5 Pitj(X), and (£15(Xy)),,, is a martingale difference for the filtration (#;),_,. The

Burkholder inequality leads to

ISB)g < DD 2ii )

Jjez ieB

q/2 1/q

<Gy {E

q Jjez

Z Prii(X)?

ieB

If g > 2, the triangular inequality for the L%? norm leads to

1/2
ISB)llg <G Y {Z ||a°i+,-<x,->||3} :

JjeL ieB
SettingA = {¢ € Z/¢ <i+j— 1} and B = {i +j}, an application of point 2 in Lemma 1 yields
1P XD lg < 1D g

Inequality (6) follows.
If now q € (1, 2], inequality (6) is a consequence of the previous remark and the bound

q/2
(Z f.-ﬂ-(xi)z) < 1P

ieB ieB
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2. We show the result for d > 2 using induction on d. Suppose that the bound (6) holds for any random field indexed by Z*,
s < d — 1, and satisfying the assumptions of Theorem 1. We have X = (X; j);cz jez¢—1 and

S(B) = ZY,', Y= inﬁj,
icA J€B;

where B = Ujea{i} X B;. It is obvious that (Y;);cz satisfies the assumptions of Theorem 1 with the random field & = &; ;a—1,
i € Z.Then, using inequality (6) for d = 1, we obtain

1/q
ISB)llg <G Y (Z P, (Y,-)||g’> : 7)

ki1€Z \ i€A

Note also that for £ € Z, we have pffz = p‘i@. Then for k; € Z and i € A, we have pﬁ{lkl (YD) = X i, p] k1 (Xi,j). Since the

random field (p1 i (X,])) is indexed by Z¢~! and satisfies the assumptions of Theorem 1 with the i.i.d. random field
€B;

&= (gz,j)jezd,],we can apply the induction hypothesis. We observe that fors € {1, .. — 1}, p(é ) = pgr)] « Then we
get the following bound:

A\ Va
-1 3) d
1PE),, (Yl < C° (Z [P a0 0Py (P, )| )
ka,....kq€Z \jeB; a

1/q
d—1 &) (E) &) /
=g ) (anm kg © O P g pl,f+k]<xi,j>llz) :

ky,....kq€Z \jeB;
/

A\ 14 .
Then, using the triangular inequality for the norm ||x|| = (Z, |x;]7 ) , we obtain

1/q 1/¢
) / d—1 &) &) !
(Z PS54, (Yong) ¢ty (Z D UpE), kg © 0P, (xi,png) :

ieA ka,....kq€Z \ i€A jeB;

and the bound (6) follows from (7) using the equality } ;.4 > i = > jepr U

The iterations involving the operators p@) are not always easy to evaluate. The following corollary will be useful for
verifying the condition A; < oo for most of the examples.

Corollary 1. Let X be a real random field satisfying the assumptions of Theorem 1. Then

Ay <2 122(2114—1)‘1 " cos (8)

s=1 neN |ks|=n
where fors € {1,...,d},
1/q
Cots = (Z 1P 41, € ong’) :
teB

Remarks. 1. When the random field X can be written as in (1) we have the bound
”ps ts+k5(xt)||q < IXe — X 5.k llqs (9)

where Xt,s,ks =H (@,j)jezd), EH = &_jifj; # —ks; and S[Lj otherwise, &’ being a copy of £&. When d = 1, the right
hand side of (9) is the coefficient denoted by 6, , used by Wu (2005) to measure the dependence of a stationary process
X. In this case, condition A; < oo holds when

> o) lg < oo,

keZ

which is similar to the condition ), _, 65« < oo used by Liu and Lin (2009) (see Lemma A1 and Lemma A2 of their paper)
for a causal stationary process -

Xo=H((6i)) tEZ
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2. Note that when d = 1, A is finite if and only if the right hand side of inequality (8) is finite. For d > 2 this is no longer
true. For example, for the simple example of linear random fields (2), we have

A= lail x [IEollg.

kezd

In contrast, when g = 2 and & is square integrable, the right hand side of (8) is finite provided fors = 1, ..., d,

S [y a <o
neN lis|=n

which is more restrictive than the summability of coefficients (a;).

Proof of Corollary 1. From point 3 in Lemma 1, a straightforward induction leads to the following inequality:

1PS ek, © 0 PY e, Xllg < 297 AL 1P (XD - (10)

Assume that the random field X satisfies the assumptions of Theorem 1. We have

kezd \ teB s=1 neN k/|[klloo=|ks|=n

1/q d
Z (Z Ag:] ||p£2+ks (Xt)”q) = Z Z Z Cs, ks
d
=) > e+ Y o

=1 neN

s |ks|=n

Then the conclusion of Corollary 1 follows. O

3. Examples

In the sequel & denotes an i.i.d. random field satisfying E§; = 0. For a random field X of the form (1), inequality (3) is
interesting provided the constant A, defined in (5) is finite. For the simple case of a linear random field (2), we have

Ay =" lajlllollg-
kezd

Then provided that §, € L9 we have A; < oo if and only if ZjeZd la;| < oo. The latter condition is a weak dependence
condition since in this case the autocovariances of the field are summable.

A precise evaluation of the constant A; may also be possible when the random field X has a polynomial expression with
respect to the coordinates of £. We investigate, as an example, a moment bound for the covariances of linear random fields.

Corollary 2. Let Y, = Y, ,a aj&j, t € Z%, with )4 |aj| < oo, and for a given h € Z¢,
Xe = Y[YH—h —E (Ytyt+h) .
Assume that & € L™ withm > 1. Thenfor 1 < q <m, Aq < 0.

Proof of Corollary 2. Letk € 2% and B = pfft)d 4kg OO pfgl +k, X¢). Then we are going to prove

B= Z (Z aj%’t—j) X Z jnée—j | + aka—iin (82 — E&S) (11)

(a,B)el \j€Aq Jj€Ap
where
I=n% {(a, B) € {0, 1}* x {0, 1}%/(, B) # (0, 0) and as s = 0},
Ay =N {j € 2%/js = —k if as = 0 and s = 1 otherwise }.

One can easily see that if (o, 8) € I, then @ # B and since there exists s € {1,...,d} such that oy = Oand 8, = 1 (or
the contrary) then the sums ZjeAa a;&_;j and ZjeAﬁ a;&;—; are independent. Before giving a proof of (11), we show why the

conclusion of Corollary 2 holds. From (11) we obtain the following bound:

Bllg < Y Y lail- > lapallloll? + |ara ien (85 — o)

(a,B)€l jeAy jeAp

’
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where 02 = Esg. Let g € (1, m]. Using assumptions on & and coefficients (a;), A; < oo if for (o, B) €I,

G= |2l lapl | < oo (12)

kezd \Jj€Ax Jj€Ap
Ifa = 0,thenA, = —kand G < Zjlajl X Zj lain] < oo.The same holds if 8 = 0. Now suppose that £ = #{s €
{1,...,d}/as = 0} satisfies 1 < £ < d — 1. Without loss of generality, we assume that o = 0, s < £. Then by definition of

I, we have s = 0if s > £ + 1. In this case, we obtain

G =< § ( § |a—k1....,—k(.jl+] ,,,,, ]d|> : (/ E |aj1+h1 ,,,,, Jethe,—key1+hegq,..., —kd+hd|>
. . T

kezd \je+1,--Jd Vet
<> gl Y lanl.
jezd jezd

Then G < oo and the conclusion of Corollary 2 follows.
Now we prove (11). We first introduce some notation. Fors € {1, ..., d}, let

19 =N (@, ... a5, Brs .., B) € {0, 1) i =0},
Afj) =nN_,{je 7% | ji = —k;if ¢; = 0, and jj; # —k; otherwise },

) )
Bs = Dgtiis © 0 © Ptk X0).
Using finite induction on the set {1, ..., d}, we are going to prove that fors € {1, ..., d},

B = Z Zajét_j X Z%‘M&—j - Z ah0° (13)

(a,B)el® 'eA&S) jEA,(HS) Ji=—ki,i=1,...;s

Observe that By = B. The proof of this induction uses the following remark: for two subsets C and D of Z¢, we have for
S e {1, ey d} and Z[ = ZjeC ajgt_j . ZjeD aj+h§t_j,

Ds,ts+ks (Zt) = Z ai&e_j - Z Ajnée—j + Z ai&e_j - Z Ajyhée—j

JeC.js=—ks JED js#—ks JEC js#—ks JED js=—ks

2
—0 E AjQjth.

JjeCND, js=—ks

e The case s = 1is an easy consequence of the previous remark.
e Suppose that equality (13) holds for Bs. Then applying again the previous equality to Bsy1 = psi1,k,.,, (Bs), equality (13)
easily follows for Bs;q. O

The next corollary gives a sufficient condition for having A; < oo for some locally Hélderian functionals of linear random
fields. Here we apply Corollary 1.

Corollary 3. Let h : R — R be a function such that there exist a > 0, b € (0, 1] and a positive constant K satisfying
b
|hx) —h@) |< K (1+ X+ 1) [x —y

Fort € 74 let Y; = Z]-Ezd ai&i_j, t € 7% and X, = h(Y;) — Eh(Y;). Assume that E|&|™ < oo withm > 1,m > (a + b)q and

q> LIfforse{l,...,d}

b/2
Z(n + 1)d-1 (Z af) < 00, (14)

n>0 /lis|=n

, X, yeE.

then Ay < oo.
In particular, if a; = O (||jll=*) with a > 2L condition (14) is satisfied.

Remarks. 1. Corollary 3 shows that inequality A; < oo holds with a more restrictive condition than } ;4 |a;| < oc. For
example, whenag; = 0 (||j||‘°‘) the summability of coefficients (a;); holds when o > d, but % > dwhend > 2.
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2. Theresult of Corollary 1 can also be applied if the functional h of Corollary 3 has some discontinuities. However, additional

assumptions could be required in order to bound explicitly the quantity || pﬁi,) (Xo) ll¢- For example if h(x) = 1., one can

use an approximation of h by the Lipschitz function h (x) = T~ + (%x +1- f) 1;_e<x<t- We obtain

1PE) Xo)llg < 211Xo — he (Yo)llg + 1P (he (Yo)) -
Then we can bound the second term as in the proof of Corollary 3 and we get

2
“ps(i)(xo)”q <2P(t—e<Yy<t)+ gl|§o||q

Some regularity assumptions have to be made for optimizing the previous bound in € (e.g. || pfg Xo)llqg ~ (st:_ ‘ a.z)l/ 4
if Yy has a locally bounded density).

Proof of Corollary 3. We first derive a bound for the quantities ||ps sk, (X)llg,$ = 1,...,d,and g < % For a copy &’ of
&, we set
a a b
Z=K([1+ Z a&e—j| + Z aée—j + Z a4 Z (-5 — &)
jezd Jj/Js#—ks J/js=—ks j/Js=—ks

Then using the assumption on h, it is not difficult to prove that ||ps ;41 (Xe)llg < lIZll4. If @ > 0, we consider two positive
numbers p and r satisfying % = % + % ar < mandm > bp > 1.Such a choice is possible from the assumptions on m. In the

sequel C denotes a generic positive constant not depending on the index k or j. Then using the previous bound and Holder
inequality, we obtain

bp
1Ps.k X llg < CEVP | D iy — &)

j/Js=—ks
Note that the previous bound holds also when a = 0 if we set p = m/b. From the Burkhdlder inequality, we obtain
b/2

PsiXllg <C{ > @] . (15)
j/is=—ks

The conclusion of the corollary follows easily from (15) and Corollary 1.
Suppose now a; = O (||j||*°‘) with o > %.Tben we have fors € {1,...,d}

Yoad=c Yy il =R

J/is=n J/ill=n.js=n

Using the same bound for Zj/jszfn af, we deduce that condition (14) is satisfied and the result follows. O
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