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Abstract The results of accurate order of uniform approximation and simultaneous ap-
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article.

Key words Disturbed Fejér points; complex interpolation; order of approximation;

closed Jordan curve; uniform convergence

2000 MR Subject Classification 30E05; 30E10; 41A25; 41A28

1 Introduction

Let D be a simply connected domain with the boundary to be a closed Jordan curve I’
in the complex plane, 2 = 0 € D. Suppose that univalent analytic function z = ¥ (w) is a
conformal mapping from |w| > 1 onto the complement of D such that ¥(c0) = oo, 1’(00) = 1.
Extend 1 to a continuous function on |w| > 1. 2z = w(emf%i), k=0,1,---,n— 1, are called
Fejér points on I'.

Suppose that I' is a smooth chlosed Jordan curve. Denote by o1 (t) the modulus of conti-

nuity of ¢'(w) on |w| = 1. If for a > 0 the inequality

/ UlT(t)dt <400, a>0, (1.1)
0

holds, then I is said to be of class J.
Recently, the first author of this article, by the help of the ¢-th class of fundamental
polynomials of Hermite interpolation, Ay 4(z) for f € C(I"), and Fejér points on I', introduced
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the interpolation operator [1] T}, 4(f, ) as well as T,,(f, z), and researched the accuracy of order
of approximation by T, (f, z) and simultaneous approximation on a curve in complex plane.

In 1969, suppose nonzero derivative ¢'(w) € Lipa on |w| = 1, Thompson [2] obtained
the convergence on closed subset of D by the Lagrange interpolation at asymptotic neutral. In
1991-1992, X. C. Shen and B. P. Shuai [3-5], under the boundary condition that I' = {Jw| = 1},
I' € C'*9 or the second derivative of 1 (w) is continuous on |w| = 1 respectively, researched
the order of approximation by Lagrange interpolation at disturbed nodes on I'. In 1993, C.
K. Chui, X. C. Shen, and L. F. Zhong [6] studied Lagrange interpolation at disturbed roots of
unity. In 2005, Wang Xinghua & Cui Fen [7], for the stable Lagrange numerical differentiation,
obtained some results.

It is natural to ask whether the results in [1] still hold after Fejér points in [1] are replaced
by disturbed Fejér points. The answer is positive. To this end, there is great need for lots of

preparations.
o bty o X n—1 4
Definition {2 = ¢(e” = ™)}~ with > [tg] < 0.7778-.- < —5 and ¢, = to are
k=0
called disturbed Fejér points on I'.

n—1
Clearly, disturbed Fejér points include Fejér points as its particular case that Y |tx| = 0.
k=

Let
wr(z) = z—2%), z) = - T = -
k=0 ’ * —o “k T Al wi/ (23)(z — )
I#£k
* w:; z a z =z, I & * v
Akd(z)_( ( 1) ( |k) Zaku(z_zk) ’ .7_0717 y 45
Z_Zk J o
()
P ; q+1
Qp oy = O y(qvn) o w*(z)

S, P S (k) 1G] G
T 4(f,2) = k:(:zq - = k:Onilw" - P
S AP X |(arte) G

. p>2,z2€l, (12

here T}y (f,2) € I' and T;; ,(f,2) = f(2), k=0,1,---,n — 1. In T); (f, 2), if ¢ = 0, there is

S
k=0

T,(f,2) = , p>2,z€T, (1.2)

n—1

> (=)
k=0
Tx(f,z) e I and T (f, zx) = f(zk), k=0,1,---,n — 1.
2 Disturbed Roots of Unity

: . n—1
We call wj ="+ ™ with Y [t5] < 0.7778 - < =45 and #,, = to the disturbed roots of
k=0

unity similar to roots of unity.
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In this section, we are going to research the relations between disturbed roots of unity and
roots of unity as well as their related quantities.
Theorem 2.1 Suppose that {w}}§~" are disturbed roots of unity, then, for |w| = 1

* 47'(' 27
|wr (w)] < <|wn(w)| + p—y 2) emz < (. (2.1)

Here and later on, C denotes a positive constant without reference to its value.
Proof Because w? (we i) = w?(w), we can set |argw| < o

n—1 n—1
wh(w) = |w — wg| H lw —wj| < |w —we + wo — w| H |lw —w; +w; —wy
=1 =1

n—1

< (Jlw — wol| + |wo — w§]) H|w le{l—i—

=1
o) [ et } -

, we see clearly that, for [argw| < T and [ # 0,

< {|wn<w>| + o — | &

In order to estimate Z ‘

w— wl
1 2 2
|lw —w| > |2sin —7| > bl YL [ ,
2n T 2n n
R s
—wf| =2 —7| < —|t).
|w; — wf| ‘ Sin o) < nl 1
Thus,
n—1
— 2.
mo Z| | (2.3
=1
At the same time,
Wn(w0> R ) T 4
“nlWo) | < —wi| = [2sin x| < © 2.4
w — Wo sn, - Jwo —wp | sm2nﬂ-| nmT+2 (2.4)
Uniting (2.3) with (2.4), from (2.2), we obtain
N 47 2
T2
)l [lontw)] + 5 e

Theorem 2.1 is proved.

Lemma 2.1 Suppose a; > 0,5 a; < S, < A for n > 0 uniformly and A > 1, then,
i=1

[[(A—a)>A—S5,.
=1

Proof Clearly, when n =1, it is true. Let Lemma 2.1 hold when n = k, then we prove
that Lemma 2.1 is also true when n =k + 1.

k+1 k
Z(A —ai) = Z(A —ai) | (A= aks1) = (A = Sk)(A = akrs1)

= A% — ASpi1 + Srart1 = A(A — Sky1) + Skags1 > A — Spp1.
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Let A = 1, the known result [3] is obtained, and from [3] can deduce Lemma 2.1 too.

Theorem 2.2 For {w;}gfl, there are positive constants C7, Cs, such that
Con < |w;/(w7€‘)| <Cin, k=0,1,---,n—1. (2.5)

Because |w/,(wy)| = n, the inequalities (2.5) can be rewritten below.

Calw), (wy)| < |w wy)| < Chlwy (wy)|, k=0,1,---,n—1. (2.5)
Proof We prove first for the case of k = 0.
n—1 n—1
o' (w)] = H |wp —wi| = H |wg — wi + wi — wy|
=1 =1
wz
< 1
n—1 — wy — w
< *_ ¢ 2.6
_gm wuexp{; " _wl} 26)

We estimate the sum in (2.6), for [ # 0,

— 241
|wg — wi| > min{|wg — w1, |[w§ — wp—1]} —min{ 2sin 07|, |2sin ;— Oﬂ"}
n
t 2 2 4 4
_ [p22=Ital “@2- ) > > (2- L
T 2n T+ 2 n(m +2)
.t t; T
—wf| = |2sin —7| < |2—7| = —|t],
|w; — wy| sin o, ‘ 5™ n|l|
thus, for any n > 0, from Definition,
n—1 n—1
wy — wj n(m + 2) T n(r+2) 4 =«
Sp = < tl-<—— — =1 2.7
;wg—wl 4m ;|l| dr mH4+2n 27)
At the same time,
n—1 nto
H|UJ* wl|‘w —1|  |singom
o — Wi = il
Pl w—1 ws sin 57

Because |to| < Z [t < ﬂ+2, Lr < Z, by formula 2z <sinz <z as 0 <z < %, there are

n—1

2 T
n< g < —n. 2.8
< [T —wil < 5 (28)

Uniting (2.6) with (2.7) and (2.8), we obtain

:]

Wi (wg) < Sne = : Cin. (2.9)
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The inequalities in the right of (2.5) for k = 0 are proved. We prove the left in (2.5) for k = 0
continually. Recalling (2.6), (2.7), and (2.8), and using Lemma 2.1, we have similarly

n—1 n—1

w; — w;
o) > I g = T [1 - |24
=1 =1 o~ ™

The proof of Theorem 2.2 for £ = 0 is completed.
It remains to us to prove (2.5) for k # 0. It is similar to (2.6) that

} > 21— 8> Cm>0.  (2.10)

oo

n—1 n—1

wr'wp)| < I lwi - wilexp{ 3

=0

=0 =
£k £k

wl—~w7

(2.6)’

wy, — wy

We are going to estimate the sum in (2.6)". For [ € [0,1,---,k —1,k+1,---,n — 1], one has

. n—1
.2 —min{|tg—1], |tk+1]} 2 2 4 T 4
- > (2 ’ >—(2- t >—2—— ) > ——
[wi —wi] = |2sin 2n T n ;|k| n T+ 2 nmT+2
jwr —wi| = [25in Ll < T
w; —w;)| = |2s8in —7 —
! t om | =t
thus,
n—1 n—1
w; — wyf n(m+2) ™ nr+2)r 4
S, = ! —|t — =1 2.7)
; wy — wy 47 gnlll 4 nw+2 (2.7)
£k £k
At the same time,
§| gy = | wi — 1| _[sin "Cgrtw | fsin tew
W;. — W = = = =
— § ! W — W | wy, — Wk sin ;—’;w sin ;—’;lw
I#£k
Because %w < 5, we have
n—1
2 s
—n < r— < —n. 2.8)/
cn< [Tk —wil < 3o (28)
£k
From (2.6)’, using (2.8)" and (2.7), we obtain
*/ * 7T ’
|wi (wi)| < Sne = Cin. (2.9)

It is similar to (2.6)" that

—1 —1
x/ * E * g wl_w?
jwp/ ()| = TT i =l TT |1 = | —E

wy — wy

|

From the above inequality, noting Lemma 2.1 and (2.7)" as well as (2.8)’, we obtain

1=0 =0
£k 14k

n—1

2
STEET S
=0

14k

w; — wy

] > 20[1= 8, > Con > 0. (2.10)
™

wy, — Wy
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Theorem 2.2 is proved.

Theorem 2.3 Suppose that {wj}}}_, are the disturbed roots of unity, then, for |w| =1
and k=0,1,---,n—1

)

ORI ‘ won(@) | o2 | wnlw) | (2.11a)
w — W w — Wy w — wo
* ™ 1
‘M < oriz H wn(w) | 47 ‘ ] . k#0. (2.11D)
w — w, wW — W T+ 2 |w— wg
Proof First, we consider that, for k =0,1,---,n— 1,
wr (w) nt 2m 2m s, 27 ; 27 ;
——| = H (w —wyj) H ‘ we W wien?) ‘e_T’ = H |we™* —wie™’|,
w — wy - -
ll;é(;c l;ék ll;Z?c
it is enough to prove this theorem for |argw| < T.
We start to prove the case of k= 0.
n—1 n—1 n—1 ws — w*
— —wrl < — W 7
H|w wj|_H|w wﬂH[l—i—‘w_wj}
Jj=1 Jj=1 j=1
wp(w) 2wy — w?
< ‘"7 exp{ Y ‘M (2.12a)
w — Wo = w — wy

It is similar to the proof of (2.3), for argw| < T and j # 0, we have

1 2 2
|w —w,;| > QSin%W > ;2% == |w; —w}| = [2sin ==7| < —t]
Consequently,
n—1
wj —
> o Z| ti] < (2.13a)
=1
Thus, from (2.12a),
wn(w)* < ‘ wn(w) et (2.14a)
w — wy w wo

On the other hand,

w (’LU) n—1 n—1 n—1 w W
EECTES (TR (7]  f RO
w — Wo =1 =1 J=1 w — ’LUj
< Wn(w)* expd 3 [
w — wy = w—wj

It is similar to the proof of (2.13a) that

4 4
fw — ] > min{lw — wi], v — wh_} > 2—( Z|t|) St

T+ 2 n(r+2)’
It;]

, T
|w} —w;| < 23111%# < ﬁ|tj|’
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n—1 * n—1
w; — wj n T nw 4 2w
| < —|t;j| < 7 — = . 2.13b
Z w—w} 2_Z L R ( )
Jj=1 J j=
Then,
’ wnw) | ’ “n(®) | 25 thatis, o7 ’ wn(w) | ‘ wn(w) | (2.14b)
w — W w — W w — Wy w — wg
Uniting (2.14a) with (2.14b), we have
oo | enlw) | ’ waw) | ‘ wn(w) | 2z
w — Wo w — w; w — Wo

The inequalities (2.11a) are proved. We are going to prove (2.11b) continually.

For k #£ 0,
w*(w) n—1 n—1
] = e i T o w31 (o=l o =) [T ol + o )
7k 1 1 7k
n— n
wj — w}
< (lw — —w 14|27
< (= ol oo — i) TT = T |1+ | =05
j= j=1
J#k 7k
wn(w) wn(w) — |w; —w}
< J|wnlw) W n Wim Wil
A R ey =l | PV ey
Jj=1
7k
(2.12b)
n—1
Now, we estimate > % Noting |argw| < T and j € [,k —1,k+1,---,n — 1],
=1,k
we have
2m 2
=yl = min o= | > [25in 0] > 220 =
J#0,k
.t m
|wj—w;|§|251nﬁ7r|§ﬁ|tj|.
Thus
n—1 wj—w* n—1 w; — .
J
Il < . J
A ED Bl s m
j=1 Jj=1
J#k
On the other hand,
X .o T 4 7 wn (w)
—wf| = 2sin 2q| < Zjte < —— 2, <n,
o = wp |Sm2nw| n|0| T+2n ’w wo | —
thus A )
o — 0| wn (w) < An .
(w — wp)(w — wy) T+2|w— wg
From (2.12b), for k # 0, we have
w?(w) < wn(w) 47 1 o
w—wp|~ ||w— wg T+ 2 |w— wg

Theorem 2.3 is proved.



448 ACTA MATHEMATICA SCIENTIA Vol.32 Ser.B

Corollary 2.1 Suppose that {w}}}7Z; are the disturbed roots of unity, then for [w| = 1
and k=0,1,---,n—1,

Callo(w)| < [lg(w)| < Csllo(w)], (2.15a)
1

I < (sl Cy | ———— k #0. 2.15b
|l (w)| < G|l (w)] + Cs nw—wy|” F7 (2.15b)

In fact, from |l (w)| = #
Taking note of |Ij,(w )| <1 fork = O, ,---,n—1, and ﬁ < 1fork # 0and |argw| < T,

from (2.15a) and (2.15b), we obtain

G (w)=0(1) k=0,1,---,n—1. (2.15)

Corollary 2.2 Suppose that assumptions are the same as those in Corollary 2.1, then
for k=0,1,--,n—1,and |w| =1

S e JO@, > (2.16a)
kzzollk(w)l ) omn), r=1 (2.16b)

Proof By use of the easily proved inequality:
la+0|" <27(Ja]” +10]"), r >0, (2.17)

and (2.15a) as well as (2.15b), one has

n—1 n—1
)" = (5 (w)"+ > |1 (w)
k=0 k=1
n—1 T
<C|l "+C l
< Cllow)|” + {;m P s }

in which Eo |l; (w)|" is a function with period 2Z. We may set |arg(w)| < Z. Estimate the last
term below

n-1 (27141 NG TR
—| =2 <C
2:: "(w ) Z onsin 21| = — 2k—1
[Ll]“ d o(l =1
<cl1 +/ ’ v | _Jotmm. (2.18a)
1 2r —1 O(1), r>1
All the same
[(231)+1 T
1 O(lnn), r=1,
Swwrse 5| L f =400 (2150)
i 2nsin == 0o(1), r>1

In addition, |lp(w)| < 1. Consequently, Corollary 2.2 is proved.
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3 Disturbed Fejér Points

It is similar to Fejér points that {z}}}_; = {@[J(e%ztk ™)}rZ, are called disturbed Fejér

points on I, in which

n—1

>tk 07778+ <
k=0

—  tn =tp. 3.1
T+2’ 0 (3.1)

Theorem 3.1 Suppose that I is a closed smooth Jordan curve, then, ¢’(w) is continuous

and does not vanish on |w| > 1, and for positive constants A; > Ag,

Ay <Y (w)| < Ar,  Jw| > 1 (3.2)
A< [PZV <l 1 2 1 5.3

Moreover, if I' € i then for a certain constant A > 0,

/u|_1 1 Y’ (u)

— dul < A< +o00, |w|=1. 3.4
- | " o0

Proof From Section 1, we know that ¢(w) is continuous on |w| > 1. Hence, for z € I,
2(0) = (e?) = u(0) +iv(0) is continuous on [0, 27]. By virtue of the smoothness of I', it is well
known that z/(0) = v/(0) + iv'(0) is continuous and does not vanish on [0,27]. On the other

hand, ¥ (w) is univalent analytic in |w| > 1, that is, ¥'(w) is continuous and does not vanish

in Jw| > 1. Considering linear derivative and domain derivative, from Walsh—Sewell theory [8],
we know that ¢’ (w) is continuous and does not vanish on |w| > 1. Thereby, (3.2) and (3.3) are
obtained directly.

Owing to

u

[ (u) = ¢h(w) — 9" (u) (u — w)| =/ [¥'(t) = ¥(w)dt < Cor(ju—wl)|u —wl,

w

by use of (3.3) and assumption condition I" € J, one has at once

/w_l 1 ' (u)

— du| < A < 400, |w|=1.
u—w 1/)(u)—1/)(u))’| | ful

Lemma 3.1 [9, Lemma 3.2] Suppose that the continuous function F(6) with period 2w
has total variation \/2" (F) < A < +o0, then

2n4ty

1 w T 1 o 2k -+t Ca

— F(0)do — — < ==

27 /Loﬂ. (6)d6 nZF( n ™| < n’

n k=1
where C'4 is a positive constant dependent only on A.
Theorem 3.2 [9, Lemma 3.3] Suppose I' € J and
wy(2)
QF = 3.5

Then
e 9 < | (w)] < e, (3.6)
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Corollary 3.1 Under the assumptions of Theorem 3.2, the following inequalities hold.
I e—2CA < ’ QZ(U})
1 (wp)
I |w!(2)] = | (w)w: (w)] < C. (see (3.5), (3.6) and Theorem 2.1) (3.8)
1
O (wi)
Thereby, utilizing (3.6), Theorem 2.2, and inequality (3.2), one obtains at once

< e%Ca, (3.7)

T wy (25) =, (wi)wy (wy)

Aqn < |wi'(2})] < Agn, Ag > A7 — positive constants (3.10)
Theorem 3.3 Suppose ' € j, then
n—1
.l o(1), r>1; (3.11a)
max Y |l;(2)]" =
z€D O(lnn), r=1. (3.11b)

Proof Using (3.5), (3.9), (3.2), (3.3), and (3.7), we have

<N |l (w)]" (3.12)

By Corollary 2.2, Theorem 3.3 is proved.
Theorem 3.4 Suppose I' € J and r > 1, then,

n—1
S ) =C > 0.
k=0
Proof It is similar to the proof of Theorem 3.3 that
n—1 n—1
Dl =0y i w)"
k=0 k=0
From periodicity and (2.15a)
=n k=0
2
T

> min CyCllo(w)|" > C(=)", C,-positive constant dependent on 7.

= Jargwl<

n—1 n—1
min 15 (2)|" > min C Gw)"= min C G(w)|" > min C|F(w)|"
zeFkZ:O|k( )l > |l (w)] | O l(w)]" > |6 (w)]

T |w|=1 o argw|< T largw|< T

Theorem 3.4 is proved.

4 Main Results and Its Proofs

Basic Theorem Suppose that I € J, f € C(I'), and {z;} are the disturbed Fejér points,
and for z € I' and p > 2, set

e 1@ S| (s) w6 10
Ty, (f.2) = =0 e ,
& p n q P
2 ’Azxq(z) ,C:O’(w:}(z;:)) ()
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which is a continuous function on I', and T}y  (2x) = f(2;), k= 0,---,n — 1. Then

w75, (7.2) ~ 1) =0 (w4,3)).

zel

Proof

p7q' ’ 2)‘ = = - f(2)

using (3.10), we have

n—1

> @ 1f () = f(2)]
A;q S Ck:o n—1
INAC]
k=0

X;I P AIf (25) = £Qr)l + 1 f (20) = f(2)1}

<C

n—1
> )P
k=0

nf i) {w(f, 125 — 2]) + w(fonlze — 215)}
< k=0 . (4.1)

n—1
> )P
k=0

Because
|z — 2 |—C|2sint—k | <Cz|t | < Ci
kT okl = o= kl = n(r+2)’
4Cr 1
*_ <(1 —
ol -ah < (14 297 Yot )
and ) )
w(f,nlz —zk| =) < (1 +nlz — 2z Jw(f, —),
n n
then

1 | T Pl - o
By = Olf, 1) + 0, 2 -2y . (1.2
PO

By using (3.8), (3.10), and (3.11a), there are
nZuk |pz—zk|—n2|zk et | )

wi' (25)

= 0(1). (4.3)
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From Theorem 3.4,

Z llx(2)]P > C, > 0. (4.4)

Uniting (4.2)—(4.4), we obtain
1
A}y = O(f, ).

Pya
Basic Theorem is proved.
In Basic Theorem, let ¢ = 0, then A7 (z) = [}(2), and the following theorem is obtained.
Theorem 4.1 Suppose that I' € J, f € C(I'), and {z;}?~! are the disturbed Fejér
points on I'; and for p > 2,z € I', set

§;wwWﬂ4>
T;:(faz) ==

n—1

> )P

k=0

3

then,
1
i — =0 =
w13 (72) - 5 = 0 (w01 )
in which T* (f, z) is a continuous function on I', and T, (f, z) = f(z;),k=0,---,n — 1.
Let Z [ti] = 0, then disturbed Fejér points becomes usual Fejér points. Clearly, Theorems

2.1 and 2.2 in [1] are the particular cases of Basic Theorem and Theorem 4.1 in this article.
Because we have already proved in [1] that the orders of approximation in Theorems 2.1 and
2.2 are accurate, naturally the orders of approximation in Basic Theorem and Theorem 4.1 in
this article, generally, cannot be improved again.

By same method of Theorem 6.2 in [1], we obtain

Theorem 4.2 Suppose that I' € J, f € CU(I"), and {z; = 1/1( ’”)}” ! are the
disturbed Fejér points on I', then, for 0 < j < ¢,
1 1
(g—3) -y _ il (9) =
e £9(:) = 72,2 = O (9, ) ) (@5)
in which

I:;,o(z) =0, 7, 0( )= In 0( )"‘T*(f@ —I,’;O,z) = T:{(f(‘Z),z)
I;;:l(z) - Tn O( ) ( Z)v n 1 - I ( )+T*(f(q71) - I:;,laz)a
L) =mn0(2), Th(2) =1 (2 )+T;§(f(q D=1y 5, 2),

and 7, (2 (z) is continuous on I, Tn]( 2E) = f(q_j)(zk), k=0,1.---,n—1.
In (4.5), let j = ¢, then
max |£(2) = 7,(2)] = O (= w(f@, 1)). (4.6)
zel 49 nd ’ n

In (4.6), let ¢ = 0, then max.cr |f(z) — ,’:0(2)| =0 (w(f, %)) and T:;O(z) =Tx(f,2).
Clearly, Theorem 4.1 is similar to Jackson’s Theorem 1 [10, p.117], and the inequality (4.6)
is similar to Jackson’s Theorem 2 [10, p.121].
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5 Disturbed Boundary Data

If the boundary data {f(z;)}a~" have disturbances too, for example, truncation [7], then,
we have
Theorem 5.1 Suppose I' € J, f € C(I'), and fe(25) = f(2f) + ek Set

n—1 n—1
T (he) = S PG / S e, pe2zer,
k=0 k=0

then .
. B 1
s T70,2) =G =0 (w01, ) + D el
Proof
n—1
kZO Ui ()P fe (1)
max |T5 o (f, 2) — £(2)] = max | B2 - 1)
zel zel Zl |lZ(2)|P
k=0
n—1
> GEII(z) = f(2)]
= glealz( - n-1
> 1G(2)[P
k=0
n—1 n—1
> G RIPIf(z) = f(2)] > ()P lexl
< max *=0 : + max =0 :
z n— el n—
° > (=) IO
k=0 k=0
—I+41I (5.1)

First, from the estimate of A7 , in Basic Theorem, we see

> EEIPLf (=) — f(2)]
I = max *=° = O0w(f.~). (5.2)

zell n-1
> G (=)P
k=0

Next,
n—1 n—1 n—1
S el S REEE Al
11 = I;’lealz( f S l’glea.lz( 1 ) S Z |€k|. (53)
|5 (2)P > (=)l F=0
k=0 k=0

By uniting (5.1)—(5.3), Theorem 5.1 is proved.
Corollary 5.1 Suppose I' € j, f € C(I'), and the disturbed Fejér points {22}6’_1

are given, then for lim ma])ﬂ(|T,f_’E(f,z) — f(2)] = 0, the sufficient and necessary condition is

n—oo ze
n—1
2 lenl = o).
In sum, this article extends all the results in reference [1] from Fejér points to disturbed

Fejér points on a closed Jordan curve. Furthermore, the stable uniform convergence of 7y _(f, 2)

with disturbed boundary data f(z}) + ¢, is also proved in this article.
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