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1. Introduction and definitions

Let 4 denote the class of functions f (z) normalized by the following Taylor-Maclaurin series:

f@=z+) az" (zel), (1.1)
n=2

which are analytic in the open unit disk
U:={z:zeC and |z] < 1},

C being, as usual, the set of complex numbers. Also let 8 denote the subclass of functions in 4 which are univalent in U (for
details, see [1]; see also the recent works [2,3]).

Some of the important and well-investigated subclasses of the univalent function class 4 include (for example) the class
8* (k) of starlike functions of order x in U and the class X () of convex functions of order « in U. By definition, we have

zf'(2)
f@

8% (k) = {f:fE)S and ?)’t( >>K (ZEU;0§K<1)} (1.2)
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and
e | (1. ,
k) =4f:f€e4$ and N l+f/(z) > K (zeU;0sk<1y. (1.3)
It readily follows from the definitions (1.2) and (1.3) that
f@) € Xk) < zf'(z) € 8* (). (1.4)

It is well known that every function f € 4 has an inverse f !, defined by

Flf@)=2z (e

and
1 1
' w)=w Ow|<rdﬂ;m0)zz).

In fact, the inverse function f~! is given by
fTHw) = w— aaw® + (245 — a3) w* — (503 — 50503 + ag) w + - - -. (1.5)

A function f € 4 is said to be bi-univalent in U if both f (z) and f~'(z) are univalent in U.
Let X denote the class of bi-univalent functions in U given by the Taylor-Maclaurin series expansion (1.1). Examples of
functions in the class X are

1 1+z
—log(1 —2), = log< ki )

1-2’ 2 1-z
and so on. However, the familiar Koebe function is not a member of X. Other common examples of functions in $ such as

2
z
z—— and ——
2 1—22
are also not members of X.
Lewin [4] investigated the bi-univalent function class X and showed that

lay] < 1.51.
Subsequently, Brannan and Clunie [5] conjectured that
lay| < V2.

Netanyahu [6], on the other hand, showed that
max |a;| = —.
may |az| 3

The coefficient estimate problem for each of the following Taylor-Maclaurin coefficients:
|an| (nEN\{]’Z};N': {152737"'})

is presumably still an open problem.

Brannan and Taha [7] (see also [8]) introduced certain subclasses of the bi-univalent function class X' similar to the
familiar subclasses §*(«) and C () (see [9]) of the univalent function class §. Thus, following Brannan and Taha [7] (see
also [8]), a function f € A is in the class 8%.[o] (0 < a < 1) of strongly bi-starlike functions of order « if each of the
following conditions is satisfied:

feX and arg(i{é?)‘ < ? (zeU;0<a sl (1.6)
and
F@(@h@)k(mr (wel;0<a<), (1.7)
g(w) 2

where g is the extension of f~! to U. The classes 8% (k) and X (k) of bi-starlike functions of order x and bi-convex
functions of order «, corresponding (respectively) to the function classes $*(x) and X (x) defined by (1.2) and (1.3), were
also introduced analogously. For each of the function classes §%.(«) and X x (), they found non-sharp estimates on the first
two Taylor-Maclaurin coefficients |a,| and |as| (for details, see [7,8]).

The object of the present paper is to introduce two new subclasses of the function class X' and find estimates on the
coefficients |a,| and |as| for functions in these new subclasses of the function class X.
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2. Coefficient bounds for the function class #5.

Definition 1. A function f(z) given by (1.1) is said to be in the class #5 (0 < « < 1) if the following conditions are
satisfied:

o

fex and |arg(f'@)| < - (zeU;0<a<1) (2.1)
and
, ar
|arg(g'(w))| < -  (weli0<as, (2.2)
where the function g is given by
gw) = w —aw’ + (243 — a3) w? — (5a; — 5aza3 + ag) w* + - - -. (2.3)

We first state and prove the following result.

Theorem 1. Let f (z) given by (1.1) be in the function class #%.. Then

2 aBa +2)
laz| = & a12 and las| = 3 (2.4)

Proof. We can write the argument inequalities in (2.1) and (2.2) equivalently as follows:

f@=1Q@1" and g'w) =[Lw)]", (2.5)

respectively, where Q (z) and L(w) satisfy the following inequalities:

RQ@)>0 (zeU) and R(Lw)) >0 (wel. (2.6)
Furthermore, the functions Q (z) and L(w) have the forms

Q) =1+ciz4+c2%>+--- (2.7)
and

Lw)=14+hLhw+bLw? +---, (2.8)
respectively. Now, equating the coefficients of f'(z) with [Q (z)]* and the coefficients of g’(w) with [L(w)]*, we get

2a, = acy, (2.9)

3a; = ac, + @cf, (2.10)

—2a; = aly (2.11)
and

3Q2a% — a3) = aly + @li. (2.12)

From (2.9) and (2.11), we get
a=-I, and 8a = +P). (2.13)
Also, from (2.10) and (2.12), we find that

—1 —1
6a; — OlCz-f—MC]z :alz—i—Mﬁ.
2 2
A rearrangement together with the second identity in (2.13) yields

(-1

2 o 2 2 4a3
63 = a(c +1) + —— (F +c) = ole+b) +al@—1) 2.

2

Therefore, we have

2

a = af(Cz + 1),
2(x +2)
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which, in conjunction with the following well-known inequalities (see [1, p. 41]):
el €2 and  |h] =2,

gives us the desired estimate on |a;| as asserted in (2.4).
Next, in order to find the bound on |as|, by subtracting (2.12) from (2.10), we get

—1 —1
603—60%:0{C2+%C%—(0[12-’-%1%).

Upon substituting the value ofa% from (2.13) and observing that
=B,
it follows that

15, 1
a3 = -« cl—f—ga(cz—lz).

4
The familiar inequalities (see [1, p. 41]):
lol<2  and  |h| =2

now yield

1 1 aGo +2)
a S* 2»4 —_ 4=7
s = o v ge 3

This completes the proof of Theorem 1. O

3. Coefficient bounds for the function class #x ()

1191

Definition 2. A function f(z) given by (1.1) is said to be in the class #x(8) (0 < B8 < 1) if the following conditions are

satisfied:

feX and R(f'@)>B (@eU;0<B<1)
and

REe'w)>p (Wel;0<B<1),
where the function g is defined by (2.3).

Theorem 2. Let f(z) given by (1.1) be in the function class #x(8) (0 £ 8 < 1). Then

lay| < 204 and |a3|§w.

3 3

Proof. First of all, the argument inequalities in (3.1) and (3.2) can easily be rewritten in their equivalent forms:

f(@)=p+(1-PQk) and g'w)=p+ (1~ pLw),
respectively, where Q (z) and L(w) satisfy the following inequalities:
RNQ@)>0 (zeU) and R(L(w)) >0 (wel).
Moreover, the functions Q (z) and L(w) have the following forms:
Q@) =1+cz+6z*+ -
and
Lw)=1+hw+bLw>+---.
As in the proof of Theorem 1, by suitably comparing coefficients, we get
2a; = (1= B)cr,
3a3 = (1= B)cy,
—2a; = (1- Bk

(3.1)

(3.2)

(3.3)
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and

3(2a2 — a3) = (1 - B)l,. (3.10)
Now, considering (3.7) and (3.9), we get

a=-L and 8a=(-p>%c*+B). (3.11)
Also, from (3.8) and (3.10), we find that

6a5 =313+ (1—Bh=1—-Bc+ (1 —Bh=(010-p)(c2+b). (3.12)
Therefore, we have

1-— 1-— 2(1 —
@51 < %(|cz|+|lz|)= 0P 42020

6 3

This gives the bound on |a;| as asserted in (3.3).
Next, in order to find the bound on |as|, by subtracting (3.10) from (3.8), we get

6as — 6a5 = (1 — B)(c; — b),

which, upon substitution of the value of a% from (3.11), yields

6
6a; = 2 (1= B +H) + (1= B(e — b).
This last equation, together with the well-known estimates:
lcil £2, [h1£2, fl=2 and |hL| £2,

lead us to the following inequality:

6|ﬂs|§%(l—ﬂ)2-8+(1—ﬂ)-4.

Therefore, we have

(1-p5)5-38)
I

This completes the proof of Theorem 2. O

las| =
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