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The Elliott program Dimension vs.Z-stability

Aim: Classify (separable, simple) nuclearC∗-algebras byK-theory data.

Kirchberg–Phillips classification (the purely infinite case) heavily uses
characterization of pure infiniteness in terms ofO∞-stability.

In the stably finite case, there are only classification results known for
rr ≤ 1 and sr 1. Moreover, all known results use topological dimension
theories, such as dimAH , dimASH, sdgAH , sdgASH or dr .
There are even counterexamples to the Elliott conjecture; these have
infinite topological dimension.
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The Elliott program Dimension vs.Z-stability

However, all classes which have so far been classified consist entirely of
Z-stableC∗-algebras (Jiang–Su, Toms–W).

In many ways, the Jiang–Su algebraZ may be thought of as a stably
finite analogue ofO∞.
In particular, both algebras areKK-equivalent toC and strongly
self-absorbing (in the sense of Toms–W).

In the stably finite case of the Elliott program, we try to systematically
useZ-stability in place of dimension type conditions.

Idea:A is ‘purely finite’, if A is stably finite andZ-stable.
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Locally finite decomposition rank Definition

Definition (Kirchberg–W.)

(i) A c.p. mapϕ : F = Mr1 ⊕ . . .⊕Mrs → A is n-decomposable, if there is a
decomposition

{1, . . . , s} =
n∐

j=0

I j

s.t. the restriction ofϕ to ⊕
i∈I j

Mr i

has order zero (i.e., preserves orthogonality) for eachj ∈ {0, . . . ,n}.
(ii) A has decomposition rankn, drA = n, if n is the least integer such that

the following holds:
GivenF ⊂ A finite andε > 0, there is a c.p. approximation

A
ψ−→ F

ϕ−→ A for F within ε such thatF is finite-dimensional andϕ is
n-decomposable.
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Locally finite decomposition rank Definition

Definition
We sayA has locally finite decomposition rank, if the following holds:
GivenF ⊂ A finite andε > 0, there is aC∗-subalgebraB⊂ A such that
dist(b,B) < ε ∀b ∈ F and drB<∞.

Note that we do not ask for a global bound on drB.
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Locally finite decomposition rank Elementary properties

Proposition

(i) If A has locally finite decomposition rank, thenA is nuclear and strongly
quasidiagonal (thus stably finite).

(ii) Locally finite decomposition rank passes to inductive limits, quotients,
tensor products and to hereditary subalgebras generated by projections.
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Locally finite decomposition rank Examples

Examples

(i) all C∗-algebras with finite decomposition rank, e.g.
- AF algebras
- rotation algebras
- the Jiang–Su algebraZ

(ii) all (separable) commutativeC∗-algebras

(ii) all (separable) AHC∗-algebras (Blackadar),
including Villadsen’s and Toms’ examples (these have infinite
topological dimension)

(iii) all (separable) ASHC∗-algebras (Ng–W)
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Classification results The main theorem

Theorem (W)
Let A be a separable simple unital andZ-stableC∗-algebra with real rank zero
and locally finite decomposition rank.
Then,A has tracial rank zero in the sense of Lin.
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Classification results Some consequences

Corollary (Lin)
Let A andB be separable simple unitalC∗-algebras with real rank zero and
locally finite decomposition rank; supposeA andB satisfy the UCT and are
Z-stable.
Then,A andB are isomorphic iff their Elliott invariants are.
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Classification results Some consequences

Corollary (Using results of Dadarlat, Elliott, Gong et al.)
Let A be a separable simple unitalC∗-algebra; supposeA⊗Z has real rank
zero and locally finite decomposition rank and satisfies the UCT. Then:

(i) dimAH(A⊗Z) ≤ 3

(ii) dimASH(A⊗Z) ≤ 2

(iii) dr(A⊗Z) ≤ 2

(iv) A⊗Z is approximately divisible

(v) A isZ-stable iffA is approximately divisible.

In particular, ifA is AH with real rank zero, thenA⊗Z has slow dimension
growth as an AH algebra.
(ThatA⊗Z has slow dimension growth as an ASH algebra is easy to see.)
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Classification results Some consequences

Corollary
The class of separable simple unitalZ-stable ASHC∗-algebras with real rank
zero satisfies the Elliott conjecture.

W. Winter (Universiẗat Münster) SimpleC∗-algebras with locally finite decomposition rank 04/19/06 11 / 18



The proof of the main theorem The role ofZ

In the proof of the main result,Z-stability enters in two ways:

- to ensure comparison (Rørdam)

- to circumvent trace space conditions (the proof becomes considerably
easier in the unique trace case)
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The proof of the main theorem Tracial rank zero

To prove the main theorem, we have to show:

For any finite subsetF ⊂ A andε > 0 there is a finite-dimensional
C∗-subalgebraD ⊂ A such that

(i) ‖[1D,b]‖ < ε ∀b ∈ F
(ii) dist(1Db1D,D) < ε ∀b ∈ F

(iii) τ(1A− 1D) < ε ∀ τ ∈ T(A).

(At this point, we are already usingZ-stability.)
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The proof of the main theorem Outline of the proof

SinceA has locally finite decomposition rank, we may assume thatF ⊂ B,
whereB is some (unital)C∗-subalgebraB of A such that drB = n for some
n ∈ N.
Using drB = n and rrA = 0 we can findn + 1 (not necessarily pairwise
orthogonal) finite-dimensionalC∗-algebras

F̃(0), . . . , F̃(n) ⊂ A

such that
F ⊂α F̃(0) + . . .+ F̃(n).
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The proof of the main theorem Outline of the proof

One can then useZ-stability ofA to find a finite-dimensionalC∗-subalgebra

D1 := F̄(0) ⊕ . . .⊕ F̄(n) ⊂ A

satisfying (i) and (ii) above (withD1 in place ofD), if only α was chosen
small enough.
This construction will not forceD1 to quite satisfy (iii) – but we can reach

τ(1D1) >
1

2(n + 1)
=: µ ∀ τ ∈ T(A).
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The proof of the main theorem Outline of the proof

We may try to repeat the above process withC1 := (1A− 1D1)A(1A− 1D1) in
place ofA to obtain a finite-dimensionalD2 ⊃ D1 which not only satisfies (i)
and (ii), but also

τ(1D2) > µ(1− µ) + µ ∀ τ ∈ T(A).

Induction will then yield an increasing sequenceD1 ⊂ D2 ⊂ . . . ⊂ A such
that

τ(1Dk) > µ

k∑
i=0

(1− µ)i ;

by the formula for the geometric series we haveµ
∑∞

i=0(1− µ)i = 1, whence

τ(1DK ) > 1− ε

for some large enoughK.
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The proof of the main theorem Outline of the proof

If A hasfinitedecomposition rankn, then all this works.

A problem arises in the case of onlylocally finitedecomposition rank:
The induction step might only work with somen′ much larger thann – and
this would destroy the final geometric series argument, since

µ′ = 1/2(n′ + 1) � µ = 1/2(n + 1).

The difficulty can be circumvented by choosing the compression with
(1A− 1Dk) to be almost multiplicative not only onF but on alargesubset of
B.
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The proof of the main theorem Outline of the proof

The procedure is complicated, since one has to carefully keep track of the
approximation constants chosen along the way.

In fact, givenF andε, we first chooseB and, at the same time, obtainn. This
n determines how many induction steps will be needed (µ

∑K
i=0(1− µ)i has

to be larger than 1− ε, andµ depends onn).

Next we chooseα and the c.p. approximation(F, ψ, ϕ). The numberα has to
be so small that, even afterK induction steps, the algebraDK still satisfies (i)
and (ii) above.

Only now we can let the induction process start, i.e., carry out the actual
construction of theDk for k = 1, . . . ,K.
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