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The Elliott program  Dimension vs.Z-stability

Aim: Classify (separable, simple) nuclgaf-algebras bK-theory data.

Kirchberg—Phillips classification (the purely infinite case) heavily uses
characterization of pure infiniteness in termsbf -stability.

In the stably finite case, there are only classification results known for
rr < 1 and srl1. Moreover, all known results use topological dimensio
theories, such as diga, dimasy, SAGyy, Sdgygy Or dr.

There are even counterexamples to the Elliott conjecture; these have
infinite topological dimension.
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The Elliott program  Dimension vs.Z-stability

However, all classes which have so far been classified consist entirely
Z-stableC*-algebras (Jiang—Su, Toms—W).

In many ways, the Jiang—Su algelfanay be thought of as a stably
finite analogue 00 .

In particular, both algebras ak&K-equivalent taC and strongly
self-absorbing (in the sense of Toms—W).

In the stably finite case of the Elliott program, we try to systematically
useZ-stability in place of dimension type conditions.

Idea:Ais ‘purely finite’, if Ais stably finite andZ-stable.
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Locally finite decomposition rank Definition

Definition (Kirchberg—W.)

(i) Ac.p.mapy: F =M, &...® M, — Aisn-decomposable, if there is &
decomposition

{1,....st =]y
j=0
s.t. the restriction op to
Dm.
i€l;

has order zero (i.e., preserves orthogonality) for ga€HO, ..., n}.

(i) Ahas decomposition rank drA = n, if nis the least integer such that
the following holds:
GivenF C Afinite ande > 0, there is a ¢.p. approximation

A Y5 F %, Afor F within  such thaf is finite-dimensional ang is
n-decomposable.
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Locally finite decomposition rank Definition

Definition

We sayA has locally finite decomposition rank, if the following holds:
GivenF C Afinite ande > 0, there is &C*-subalgebrd C A such that
dist(b,B) < e Vb e Fand dB < oc.

Note that we do not ask for a global bound orBdr

W. Winter (Universiait Munster) SimpleC* -algebras with locally finite decomposition rank 04/19/06

5/18



Locally finite decomposition rank Elementary properties

Proposition

() If Ahas locally finite decomposition rank, théris nuclear and strongly
quasidiagonal (thus stably finite).

(ii) Locally finite decomposition rank passes to inductive limits, quotients
tensor products and to hereditary subalgebras generated by projectic
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Locally finite decomposition rank Examples

Examples

() all C*-algebras with finite decomposition rank, e.g.

- AF algebras
- rotation algebras
- the Jiang—Su algebra

(i) all (separable) commutativé*-algebras

(ii) all (separable) AHC*-algebras (Blackadar),
including Villadsen’s and Toms’ examples (these have infinite
topological dimension)

(i) all (separable) ASHC*-algebras (Ng—W)
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Classification results  The main theorem

Theorem (W)

Let A be a separable simple unital agdstableC*-algebra with real rank zero
and locally finite decomposition rank.

Then,A has tracial rank zero in the sense of Lin.
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Classification results Some consequences

Corollary (Lin)
Let A andB be separable simple unitgl-algebras with real rank zero and
locally finite decomposition rank; supposeandB satisfy the UCT and are

Z-stable.
Then,A andB are isomorphic iff their Elliott invariants are.
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Classification results Some consequences

Corollary (Using results of Dadarlat, Elliott, Gong et al.)

Let A be a separable simple uni@t-algebra; supposé ® Z has real rank
zero and locally finite decomposition rank and satisfies the UCT. Then:

() dman(A® Z) <3
(i) dimasn(A® 2) <2
(i) dr(A® 2) <2
(iv) A® Z is approximately divisible
(v) Ais Z-stable iffAis approximately divisible.

In particular, ifAis AH with real rank zero, theA ® Z has slow dimension
growth as an AH algebra.
(ThatA ® Z has slow dimension growth as an ASH algebra is easy to see.
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Classification results Some consequences

Corollary

The class of separable simple unigdstable ASHC*-algebras with real rank
zero satisfies the Elliott conjecture.
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The proof of the main theorem The role of 2

In the proof of the main resuliZ-stability enters in two ways:
- to ensure comparison (Rgrdam)

- to circumvent trace space conditions (the proof becomes considerabl
easier in the unique trace case)
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The proof of the main theorem Tracial rank zero

To prove the main theorem, we have to show:

For any finite subsef C Aande > 0 there is a finite-dimensional
C*-subalgebrd C A such that

(i) |[1p,b)]| <eVbe F
(i) dist(1pblp,D) <eVbe F
(i) 7(la—1p) <eVT € T(A).

(At this point, we are already using-stability.)
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The proof of the main theorem Outline of the proof

SinceA has locally finite decomposition rank, we may assume fhat B,

whereB is some (unitallC*-subalgebrd of A such that dB = n for some
neN.

Using drB = nand rrA = 0 we can finch + 1 (not necessarily pairwise

orthogonal) finite-dimension&*-algebras

such that
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The proof of the main theorem Outline of the proof

One can then usg-stability of A to find a finite-dimensional*-subalgebra
D;:=FQgq...gFM cA

satisfying (i) and (ii) above (witlD4 in place ofD), if only a was chosen
small enough.
This construction will not forc®1 to quite satisfy (iii) — but we can reach

7(1p,) > = uV1TeT(A).

2(n+1)
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The proof of the main theorem Outline of the proof

We may try to repeat the above process v@ith:= (1a — 1p,)A(1a — 1p,) in
place ofA to obtain a finite-dimension&, O D; which not only satisfies (i)
and (ii), but also

T(1p,) > p(l—p) +p V7 € T(A).

Induction will then yield an increasing sequengeC D, C ... C Asuch

that
k

(o) > 1Y (L)'

i=0

by the formula for the geometric series we havg (1 — ©)' = 1, whence
T(lDK) >1-—¢

for some large enougk.
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The proof of the main theorem Outline of the proof

If A hasfinite decomposition rank, then all this works.

A problem arises in the case of oritycally finite decompaosition rank:
The induction step might only work with sonmeémuch larger tham — and
this would destroy the final geometric series argument, since

W=1/2( +1) < p=1/2(n+1).

The difficulty can be circumvented by choosing the compression with
(1a — 1p,) to be almost multiplicative not only a but on alarge subset of
B.
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The proof of the main theorem Outline of the proof

The procedure is complicated, since one has to carefully keep track of the
approximation constants chosen along the way.

In fact, givenZ ande, we first choosé® and, at the same time, obtain This
n determines how many induction steps will be needeE{io(l — )" has
to be larger than % ¢, andu depends om).

Next we choosex and the c.p. approximatiaffr, ¢, ¢). The number has to
be so small that, even aft&rinduction steps, the algebbx still satisfies (i)
and (ii) above.

Only now we can let the induction process start, i.e., carry out the actual
construction of th@®y fork=1,... K.
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