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An Extension of Burnside's Theorem:

Proposition. Let A C B(H) be a convex sub-
set of bounded linear operators acting on a real
or complex Hilbert space H. Suppose that for
every vector g 1L fg and ||g|| < 1, there exists an
operator A € A, satisfying the following strict
inequality for ¢ =r/\/1 —r2:

Re (A (fo+€9).fo—€ "g) >
IRe Alless (1 = ll91%).

Then A contains an operator Ag with an eigen-
value )\ satisfying the condition:

ReAl > [IRe Agless -



Proposition. Suppose H is a real or complex
Hilbert space, and A\ € C is a point in the spec-
trum of the operator A € B(H), such that

ReA| > [|Re Allegs

Then the norm closure of the real algebra gen-
erated by A contains a nonzero finite-rank op-
erator.

Note: Applies to real or complex Hilbert space

Applications: Transitive Algebras and Invariant
Subspaces



Suppose A € B(H) is a set of operators acting
on a real or complex Hilbert space H.

Definition. Let D C 'H be the set of all non-
zero vectors x € H for which there exists a
nonzero vector y € ‘H satisfying the following
inequality for every operator A € A:

Re (Az,y) < ||Re Alless (2, ) -

Alternative: Either the norm closure of the real
algebra generated by the operators in A con-
tains a nonzero finite-rank operator or the set
D is dense in H.



Applications to the invariant subspace problem
for essentially self-adjoint operators:

Let H be an infinite-dimensional real or com-
plex Hilbert space. The underlying field of real
or complex numbers (respectively) is denoted
by F. Suppose A € B(H) is a fixed essen-
tially self-adjoint operator without non-trivial
closed invariant subspaces and let E denote
its essential spectrum. Furthermore, we may
assume that ||A|l.ss < 1, and consequently:
E Cc (—-1,1). Let A C B(H) be an algebra
generated by A, i.e. A is the algebra of all
polynomials p(A), with the coefficients in the
underlying field F.

The algebra of all polynomials with the coeffi-
cients in F, equipped with the norm
= max |p(t)|,
IPlloe = max |p(t)]
is denoted by P(F).



T here exist a pair of nonzero vectors x,y such
that

Re <A337 ?J> < ||ReA||ess <$a y> .
Equivalently, for every p € P(E):

Re (p(A)z,y) < [|Rep|ly (2, y) -

Consequently,

T(p) = (p(A)z,y)

is a (bounded) positive functional on the space
of all polynomials P(FE), equipped with the max
norm.

Recall that such a functional is called a vector
state if ||| = 1, or equivalently (x,y) = 1.

Note: If A is self-adjoint than

7(p) = (p(A)z, z)
IS a vector state for every vector x € H.



Let 7 be the set of all vectors y € ‘H for which
the functional 7(p) = (p(A)z,y) is a vector
state on P(FE).

Then 77 is a proper closed and convex subset
of the hyperplane {y € H| (z,y) = 1}.

For y € T

7(p) = 7((1 = )p(t)) = (p(A)z, (1 — A%)y)

IS a positive functional, and consequently,

(2, (1 = XA")y) "t (1 - XAy € T,
for any A € (—1,1).

This observation immediately implies that an
extreme point in 7 is an eigenvector for A*.

Hence: 7 has no extreme points.



Fix a vector y € T and let T = A** (k > 0).
Define &(\): (—1,1) — T by

P(N) = (z, (1 = AT)y) 1 (1 = AT)y.
Choose any vector z € H and consider the
function ¢: (=1,1) — R, defined by

p(N) = |[P(N) — 2|2

The function ¢ is differentiable:

¢'(0) =2Re(Ty,y — = — (lyl* — Re (y,2))z).



Let P: H — T be the projection on a convex
set 7T, i.e. for every vector z € H

Pz — z|| = inf — zl|.
Pz =2 = inf Iy — =

Recall: for z € T the point Pz is called a sup-
port point of 7 and z — Pz is called a support
functional at Pz.

Although the set 7 has no extreme points it
has “plenty” of support points. We will show
that these points are non-cyclic vectors for the
real algebra generated by A*.



Choose a vector z € 'H and let y = Pz. Then
the function ¥ : (=1,1) — R, (as before)
defined by

YA = {2, (1 = AT)y)"H (1 = AT)y — 2

attains minimum at A = O:

I

0) = ||Pz — z||? = inf ||y — z||.
Y(0) = ||Pz — z|| yETHy z||

Hence: v¢'(0) = 0.

Equivalently:

Re(Ty,y — = — (ly|* — Re (y,2))z) = 0.

Conclusion: y is a non-cyclic vector for the real
algebra generated by A*.



Theorem. Every essentially self-adjoint oper-
ator acting on a real infinite-dimensional Hil-
bert space has a nontrivial invariant subspace.

Complex Case: Only Real Subspaces.
Our technique applies if A admits an essentially

self-adjoint matrix representation with real en-
tries.
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Conjecture. Every essentially self-adjoint op-
erator with real spectrum admits an essentially
self-adjoint matrix representation with real en-
tries.

True in finite dimensions.

Seems hard to prove.

Invariant Subspaces may exist even if the con-
jecture is false.

The structure of the space of vector states:
subject to further research...
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