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Abstract

In this paper ,we fuzzify the new class of algebraic structure introduced
by Kim[5].In this fuzzification(called fuzzy KS-semigroups),we introduce the
notions of fuzzy sub KS-semigroups,fuzzy KS-ideal,fuzzy KS-p-ideal and inves-
tigate some of their related properties.The purpose of this study is to implement
the fuzzy set theory and ideal theory in the KS-semigroups.This fuzzification
leads to development of new notions over fuzzy KS-semigroups.
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1 Introduction

The notion of BCK-semigroups was proposed by Imai and Iseki [2]as a generalization
of the concept of set-theoretic difference and propositional calculus.

Since then a great deal of literature has been produced on the theory of BCK-
algebras. Iseki[3] introduced the notion of BCI-algebras, which is a generalization of
BCK-algebras.For the general development of BCK/BClI-algebras,the ideal theory
plays an important role. Zadeh[8] introduced the notion of fuzzy sets.After the
introduction of the concept of fuzzy sets by Zadeh several researches were conducted
on the generalization of the the notion of fuzzy sets, and Rosenfeld[6] introduced
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the notion of fuzzy group.Following the idea of fuzzy groups,Xi[7] introduced the
notion of fuzzy BCK-algebras.Jun and Meng[6] studied fuzzy BCK-algebras.After
that Ahmed[1] fuzzified BCl-algebras.

Recently,the new class of algebraic structure introduced by Kim| 5],called KS-
semigroups,which is the combination of BCK-algebras and semigroups. In this pa-
per ,we fuzzify the new class of algebraic structure introduced by Kim[5].In this
fuzzification(called fuzzy KS-semigroups),we introduce the notions of fuzzy sub KS-
semigroups,fuzzy KS-ideal fuzzy KS-p-ideal and investigate some of their related
properties.Using these new notions,we claim that some of the results of fuzzy KS-
semigroups are very closely related to the results of fuzzy BCK-algebras.

For convenience of readers,in section 2,we list the basic definitions of BCK-
algebras,fuzzy set theory,fuzzy BCK-algebras,ideal theory and new structure KS-
semigroups.Also in this section we introduce the new notion called sub KS-subgroup
with example.In section 3,we introduce the notion fuzzy sub KS- semigroup with
suitable example.In section 4,we introduce the notion of fuzzy KS-ideal and fuzzy
KS-p-ideal with examples.The constructions of these notions are based on ideal the-
ory.In this section, we have proved some interesting results which are very closer to
the results of fuzzy ideal in BCK-algebras.In section 5,we have proved some results
on fuzzy KS-ideals in KS-semigroup homomorphism.

2 Preliminary

In this section, we cite the fundamental definitions that will be used in the sequel:

Definition 2.1 An algebraic system (X,*,0) of type (2,0) is called a BCK-
algebra if it satisfies the following conditions:

BCK1. ((z%y)* (x+2)) % (2 %y) =0,
BCK2. ((z+(z+y))*y =0,
BCK3. v+ =0,

BCKJ. 02 =0

BCKS5. zxy=0andyxx=0=>x =y, forallz,y,z € X

Remarks
e A partial ordering ” <” on X can be defined by z <y if and only if z xy = 0.
e A BCK-algebra X has the following properties:
. xx0=0,

1
2. (zxy)xz=(r*2)*y,

3. z <y implies that xx 2z < yxz and zxy < zxx,
4. (zx2)*x(yxz) <zxxyforall x,y,z € X.
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Definition 2.2 A KS-semigroup is a non-empty set X with two binary operation
x and . ,and a constant 0 satisfies the following axioms:

KS1. (X,%,0) is a BCK-algebra,
KS2. (X,.)is a semigroup,
KS3. z.(y*xz2) = (z.y) * (z.2) and (x *y).z = (x.2) * (y.2),for all x,y,z € X.

Remarks

e Throughout this paper X denotes the KS-semigroup unless otherwise
specified.

e For the sake of convenience ,we shall write the multiplication z.y by xy.

Example 2.3 Let X = {0,1,2,3,4}be defined by the following Cayley tables:

o 1 2 3 4 o 1 2 3 4
00 0 0 0 0 0l0 0 0 0 0
111 0 1 1 0 110 0 0 0 0
212 2 0 0 0 210 0 0 0 2
313 8 3 0 0 slo 0 0 1 2
IV4 4 4 0 0 J1o0 1 2 38 4

Then ,by usual calculations, we can prove that X is a KS-semigroup.

Definition 2.4 A non-empty subset A of a semigroup (X,.) is said to be left(
resp. right) stable if xra € A (resp.ax € A) whenever x € X and a € A.

Both left and right stable is called two-sided stable or simply stable.

Definition 2.5 A non-empty subset A of a KS-semigroup X is said to be left(
resp. right) ideal of X if

KSI1. A is left(resp.right) stable subset of (X,.) and
KSI2. xxye€ A andy € A imply that x € A, for all x,y € X .

If A is both left and right ideal then A is called two-sided idealor simply an ideal

Example 2.6 Let X = {0,1,2,3}be defined by the following Cayley tables:

lo 1 2 3 o 1 2 3
olo 0 0 0 0olo 0 0 o
111 0 1 1 110 1 0 1
202 2 0 0 200 0 2 2
318 2 1 0 310 1 2 3
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Then by wusual calculations, we can prove that Xis a KS-semigroup.
If A={0,1},then A is an ideal of a KS-semigroup of X.

Definition 2.7 A non-empty subset A of a KS-semigroup X is said to be left(resp.
right )p-ideal of X if

KSPI1. A is a left(resp. right)stable subset of (X,.) and,

KSPI2. (zxy)*xz € A andy*xz € A imply that x x z € A, for all z,y,z € X.

Example 2.8 Let X = {0,1,2,3} be defined by the following Cayley tables:

lo 1 2 3 o 1 2 3
0lo 0 0 0 0lo 0 0 0
111 0 1 1 1o 10 0
202 2 0 2 2010 0 2 0
3|11 1 1 0 310 3 0 0

Then by usual calculation,we can prove that X is a KS-semigroup.If
A ={0,1},then A is a p-ideal of a KS-semigroup of X.

Definition 2.9 Let X be a non-empty set.A fuzzy subset of X is a function
w: X — [0,1].Let p be the fuzzy subset of X.For a fired 0 <t < 1,the set uy = {x €
X|u(x) >t} is called an upper level set of p.

Definition 2.10 A non-empty subset S of X with binary operations x and .,is
called sub KS-semigroup of X if it satisfies the following conditions:

KSS1. zxy € S and,

KSS2. zy € S,for all x,y € X.

Example 2.11 Let X = {0,1,2} be a KS-semigroup with the following Cayley
tables:

lo 1 2 o 1 2

010 0 0 010 0 0

111 0 1 110 1 0

212 2 0 210 0 2
If S = {0,1},then S is a sub KS-semigroup of X.

3 Fuzzy sub KS-semigroup

In this section,we introduce the notion of fuzzy sub KS-semigroups and study their
related properties

Definition 3.1 A fuzzy subset p in X is called a fuzzy sub KS-semigroup of X
if it satisfies the following conditions:



On fuzzy KS-semigroups 1581

FSKSL1. p(zxy) > min{u(z), u(y)},

FSKS2. u(zxy) > min{u(z), u(y)}, for all z,y, € X.

Example 3.2 Let X = {0,1,2} be a KS-semigroup with the following Cayley
tables:

0
0
1
2

[NSIEL NS R
D D=
S~ |
O ~ Of

S DD
S~ =
D D

Define a fuzzy subset u: X — [0,1] by u(0) = 0.7, u(x) = 0.4,for all x # 0.Then
by usual calculations,we can prove that p is a fuzzy sub KS-semigroup of X.

Theorem 3.3 A fuzzy set u of X is a fuzzy sub KS-semigroup if and only if for
every 0 <t < 1,the upper level set p; is either empty or a sub KS-semigroup of X.

Proof: Suppose that u is a fuzzy sub KS-semigroup of X. and u; # 0,then for any
x,y € pg,we have p(x xy) > min{u(z),u(y)} = t.Thus z xy € ug.Also p(xy) >
min{p(z), u(y)} = t.Thus zy € . Hence p is a sub KS-semigroup of X.

Conversely,take ¢t = min{u(x), u(y)}, for all z,y € X. Since py(# 0) is a sub
KS-semigroup of X, we have u(z *y) > t = min{u(z),u(y)} and p(zy) > t =
min{p(z), u(y)}.Hence p is a fuzzy sub KS-semigroup.

Theorem 3.4 Any sub KS-semigroup of X can be realized as a level sub KS-
semigroup of some fuzzy sub KS-semigroup.

Proof: Let A be a sub KS-semigroup of X and u be a fuzzy subset in X defined by

{t if veA,

0 otherwise.

where 0 <t < 1 .It is clear that u; = A.

If 2,y € Athen u(z) = pu(y) = t.Thus u(x *y) > min{u(z),u(y)} = t and
w(zy) > min{u(x), u(y)} = t.Hence z xy € py and xy € py.

If z,y ¢ Athen pu(x) = p(y) = 0.Thusp(zr * y) > min{u(z),u(y)} = 0 and
w(xy) > min{u(x), u(y)} = 0.Hence x x y € py and xy € pu.

If at most one of x,y € A,then at least one of p(z) and p(y) is equal to 0.Thus

p(@ = y) = min{p(x), u(y)} = 0 and p(zy) = min{p(x), u(y)} = 0.Hence z * y € pe
and zy € py.

Theorem 3.5 Two level sub KS-semigroups s and py of a fuzzy sub KS-semigroup
are equal if and only if there is no x € X such that s < u(x) <t.

Proof: The proof is simple and straight forward.
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4 Fuzzy KS-ideal

In this section,we introduce the notions of fuzzy KS-ideal and fuzzy KS-p-ideal, and
investigate related properties.

Definition 4.1 A fuzzy subset u of X is called a left fuzzy KS-ideal if
KSI1. 1(0) = p(z),
KSI2. pu(x) = min{u(z *y), u(y)},
KSI3. p(za) > min{p(x),u(a)}, for al z,y,a € X.

A fuzzy subset p is called a right fuzzy KS-ideal if it satisfies KSI1,KSI2 and KSI4:
wlazx) > min{u(z), p(a)}, for all x,y,a € X.

A fuzzy subset p of X is called a fuzzy KS-ideal if it is both left and right fuzzy
KS-ideal of X.

Example 4.2 Let X ={0,1,2,3,4} be a KS-semigroup defined by the following
Cayley tables:

o 1 2 3 4 “lo 1 2 3 4
00 0 0 0 0 0l0 0 0 0 0
111 0 1 1 0 110 0 0 0 0
212 2 0 0 0 210 0 0 0 2
313 8 3 0 0 3510 0 0 2 3
414 4 4 4 0 410 1 2 3 4

Define a fuzzy subset p : X — [0,1] by p(0) = 0.7 and p(z) = 0.4 ,for all
x # 0.Then by usual calculations,we can prove that p is a left fuzzy KS-ideal of X.

Definition 4.3 A fuzzy subset u of X is called a left fuzzy KS-p-ideal if
KSP1. p(0) > p(x),
KSP2. p(z*z) > min{u((z*y)*2),u(y *2)},
KSP3. u(za) > min{u(z), u(a)}, for all z,y,z,a € X.

A fuzzy subset p is called a right fuzzy KS-p-ideal if it satisfies KSP1,KSP2 and
KSP4: u(ax) > min{u(z), pu(a)}, for all z,y,a € X.

A fuzzy subset p of X is called a fuzzy KS-p-ideal if it is both left and right fuzzy
KS-p-ideal of X.

Example 4.4 Let X = {0,1,2} be a KS-semigroup with the following Cayley
tables:

® ~ O %
W DD
~ QO O~
S~ DI
O~ D

S D DS
S~ D~
DD
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Define a fuzzy subset pn : X — [0,1] by p(0) = 0.7 and p(z) = 0.4 ,for all
x # 0.Then by usual calculations,we can prove that p is a left fuzzy KS-p-ideal of
X.

Theorem 4.5 FEvery left(resp. right) fuzzy KS-p-ideal of X is a left(resp. right)
fuzzy KS-ideal of X.

Proof: Let p be a left fuzzy KS-p-ideal of X.Then p satisfies the conditions of
KSI1 and KSI3.We have p(z  z) > min{u((z *y) * ), u(y * 2) },put z = 0,we get

w(z*0) >min{u((z*y)*0),u(y *0)}.Thus pu(x) > min{u(z *y), u(y)}.Hence u is
a left fuzzy KS-ideal of X.

However the converse of the theorem is not true.

Example 4.6 Let X = {0,1,2} be a KS-semigroup with the following Cayley
tables:

lo 1 2 o 1 2
0olo 0 0 0olo 0 0
112 0 0 110 1 0
202 1 0 200 0 2

Define a fuzzy subset p: X — [0,1] by pu(0) = 0.7, u(x) = 0.4, for all x # 0.Then
by usual calculations,we can prove that p is a left fuzzy KS-ideal of X. But it is not
left fuzzy KS-p-ideal of X .Since u(2 1) < min{u((2*1) 1), pu(1x1)}.

Theorem 4.7 Let pu be a left (resp. right) fuzzy KS-ideal of X.Then the non-
empty level set py is also a left(resp. right) fuzzy KS-ideal of X.

Proof: We have p is a left fuzzy KS-ideal of X.If z,y,a € pu; then u(z) >
t,p(y) > tand p(a) > t.(i)We have p(0) > p(x) > ¢, thus p(0) > pe(x)(il) Define t =
min{p(z*y), u(y)}.-We have p(x) > tthen p(x) > t = min{u(z*y), u(y)}.(iii) Define
t = min{p(z), p(a)}.We have p(xa) > tthen p(zra) > t = min{u(x), u(a)}. Hence
e is a left fuzzy KS-ideal of X.

Definition 4.8 Let A and p be the fuzzy subsets in o set X.The cartesian product
Axp: X xX — [0,1] is defined by (Axp)(z,y) = min{A(z), u(y)}, for allz,y € X.

Theorem 4.9 Let A and u be a left(resp.right)fuzzy KS-ideal of X.Then A X
is also a left (resp.right)fuzzy KS-ideal of X .

Proof: For any (z,y) € X x X,we have
(i) (A x p)(0,0) = min{A(0), u(0)} = min{A(x), p(z)} = (A x p)(z,y).
(ii) For any (x1,z2), (y1,y2) € X x X,we have
(A x p) (21, 22) = min{A(z1), p(x2)}
= min{min{A(z1 *y1), A(y1) }, min{p(z2 * y2), u(y2)} }
— min{min{M(@1 % y1), w22 % 92))} min{\(y1), plv2) }
= min{(A x p)((z1,2) * (y1,92)), (A x p)(y1,92)}
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(iii) For any x,a € X then za € X and (z,y), (a1,a2) € X x X,we have
(A x p)(z,y) (a1, a2) = (A x p)(zar, yag) = min{A(zar), p(yaz)}

> min{min{(z), (1)}, min{p(y), plaz)}}

= min{min{\(z), u(y)}, min{A(a1, p(az)}}

= min{(A x p)(z,y), (A x p)(a1, az)}.

Theorem 4.10 Let A and p be fuzzy subsets of X such that A X p is a left
(resp.right)fuzzy KS-ideal of X x X.Then
(i) eitherA(0) > A(x)orp(0) > u(zx), for all x € X.
(ii) if AX(0) > A(zx),then either p(0) > Xx)oru(0) > u(x), for all x € X.
(113) if 11(0) > p(x),then either A(0) > X(x) or A(0) > u(z), for allz € X.

Proof: By using reduction and absurdity , we can prove this theorem easily.

Theorem 4.11 Let A and u be fuzzy subsets of X .If AX u is a left(resp.right)fuzzy
KS-ideal of X x X then either X\ or p is a left (resp.right)fuzzy KS-ideal of X.

Proof:By Theorem 4.10 of (i),without lose of generality,we assume that p(0) >
p(x),for all x € X.By Theorem 4.10 of (iii) that either A(0) > A(x) or A(0) > u(x),
for all x € X.

I A(0) > u(),then(\ x 2)(0,z) = min{\(0), p()} = p() — — — — — (4)

Since A x p is a left fuzzy KS-ideal of X x X therefore for all (x1,z2), (y1,y2)and
(a1,a2) € X x X, then

(A x p) (21, m2)) = min{ (A x p)((z1,22) * (Y1,42)), (A X ) ((y1,42))} and

(A x ) (21, w2)(a1, a2)) = min{ (A X p)((x1,22)), (A x p)(a1, a2)}.

O x 1) (1, 22)) > mind (% 2)((@1 % 91), (22 % 92)), (A x ({91, 92))} and

(A x M)((wm«“ )(a17a2)) min{(A x p)((z1,22)), (A X p)((a1,a2))}.

If 1 =Y = =0
(h )((0r2)) = mind (5 (0 0), (a2 * yo))s (A  1)(0,3i)} and
(A x p)((0,22)(0,a2)) = m n{(/\ x 1) ((0,22)), (A x 1)(0, a2)}-
Using(A) we get pu(z2) > min{u(xz * y2), u(y2)} and

p(xeag) > min{u(ze * az), p(az)}. This complete the proof.

Definition 4.12 Let A be a fuzzy subset in S,the strongest fuzzy relation on
S,that is fuzzy relation on A is pa given by pa(z,y) = min{A(z), A(y)}.

Theorem 4.13 Let A be a fuzzy subset in X and ppa be a strongest fuzzy relation
on X and xx = x for all x € X.Then A is a left(resp. right) fuzzy KS-ideal of X if
and only if pa is a left(resp. right)fuzzy KS-ideal of X x X.

Proof: Suppose that A is a left fuzzy KS-ideal of X.
(i)For all z,y € X,we have

14(0,0) = min{A(0), A(0)} = min{A(x), A(y)} = pa(,y)
(ii) For all (x1,22) and (y1,y2) in X x X, then we have
pa(@y, x2) = min{A(z1), A(z2)}

> min{min{A(z1 * y1), A(y1) }, min{A((z2 * y2)), A(y2) }
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= main{min{A(z1 * y1), A(x2 * y2)) },min{A(y1), A(y2) }

= min{pa((x1 % y1), (€2 % y2)), na(y1, y2)}

= min{pa((1,2) * (Y1,92)), A (Y1, y2)}

(iii) For all (x1,x2) and (a1, a2) in X x X then we have
pa((z1, 2) (a1, a2)) = pa((z1a1), (x2a2)) = min{A(z1a1), A(z20a2)}
> min{min{A(x1), A(a1)}, min{A(z2)), A(az2)}

= min{min{A(z1), A(xz2)}, min{A(a1), A(a2)}}

= min{pa(z1,v2), palar, az)}}

Hence 4 is a left fuzzy KS-ideal of X x X.

Conversely, 4 is a left fuzzy KS-ideal of X x X.Then

for all (x,y) € X,we have

min{A(0), A(0)} = pa(0,0) > pa(z,y) = min{A(z), A(y)}.

It follows that A(0) > A(z).

(ii)For all (x1,22) and (y1,y2) in X x X,then we have

min{A(z1), A(z2)} = pa(z1, x2)

> min{pa((x1,22) * (y1,2)), na(y1, y2)}

= min{pa((z1 *y1), (w2 * y2)), paly1,y2)}

= min{min{A(z1 * y1), A(z2 * y2) }, min{A(y1), A(y2) } }
= min{min{A(z1 * y1), A(y1) }, min{A(z2 * y2), A(y2) } }
Put 22 = y2 = 0,then

A(z1) = min{A(x1 *y1), A(y1)}.

(iii)For all (z1,z2) and (a1, az2) in X x X ,then we have
min{A(z1a1), A(z2a2)} = pa((z1a1), (2202)) = pa((21,22)(a1, az))
> min{min{A((x1), A(z2)},min{A(a1), A(az)}}

= min{min{A(x1), A(a1)}, min{A(xz2), A(az)}}

Put 29 = as = 0,then

A(z1a1)} > min{A(z1), A(ar)}

Hence A is a left fuzzy KS-ideal of X.

5 Some results on homomorphism of KS - semigroup

In this section,we investigate some results on homomorphism of KS-semigroup.

Definition 5.1 Let X and Y be a KS-semigroup.A mapping f : X — Y of KS-

semigroup is called a homomorphism if f(z*y) = f(x)x f(y) and f(zy) = f(x)f(y),
for all x,y € X.

Note that if f: X — Y is a homomorphism of KS-semigroup then f(0) = 0.

Definition 5.2 Let f: X — Y be a mapping of KS-semigroup and p be a fuzzy
subset of Y.The map p' is the pre-image of p under f if p/ = p(f(x)) ,for all
e X.

Theorem 5.3 Let f: X — Y be a homomorphism . If p is a left (resp. right)
fuzzy KS-ideal of Y then uf is a left (resp. right) fuzzy KS-ideal of X.
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Proof: (i) For any 2 € X then u/(z) = u(f(z)) < u(0) = u(f(0)) = u/(0). (i) For
any .y € Xthen il (z) = p(f(x)) > min{u(7(z) * (), u(7 (1)} = minfa(f(x
y)u(f(y)} = min{p! (zxy)p! (y)}. (iii)For any ,a € X then pf (za) = u(f(za)) =
/;{(Sf (3)({ (?;{Z min{u(f(2))u(f(a))} = min{p! (x)p’ (a)}. Hence p/ is a left fuzzy

Theorem 5.4 Let f: X — Y be an epimorphism. If uf is a
left(resp.right) fuzzy KS-ideal of X then p is a left(resp. right)fuzzy KS-ideal of
Y.

Proof: (i) Let y € Y, then there exists z € X such that f(z) = y.Then u(y) =
u(f(@) = w(@) < pl(0) = p(f(0)) = p(0). (ii) Let 2,y € Ythen there ex-
ists a,b € X such that f(a) = =z, f(b) = y.Then u(z) = u(f(a)) = pl(a) >

min{pf (a+b), u! (b))} = min{p(f(a* b)), u(f(b))} = min{u(f(a) * f(b), u(f (b))}
= min{u(x * y), u(y)}(i79) Let x,a € Y then there exists [, € X such that

f(1) = x,f(m) = a.Then p(za) = p(f()f(m)) = p/(Im) > min{p! (1)p! (m))}
= min{p(f(1),u(f(m))} = min{u(x), u(a)}.Hence p is a left fuzzy KS-ideal of Y.
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