ON STARLIKE AND CLOSE-TO-CONVEX
FUNCTIONS

By CHRISTIAN POMMERENKE
[Received 20 March 1962]

1. The maximum modulus
A FUNCTION f(2) = a,z+... is called starlike in |z|< 1 if it is analytic in
|z] <1 and maps |z]| < 1 onto a region starlike with respect to 0. Let

M(r) = max|f(z)|

sl=r
be the maximum modulus of f(z). The author has shown ((8) Theorem 1)
that

o = lim logM(r)/log—l—— (1)
r>1 17
exists and that
la,| 7
M(T)'Z'T(l-—-r)“' (2)
We shall call « the order of f(z). For every 6,
V(0) = lim argf(re®) (3)
r—>1

exists, and V() is monotone increasing. Hence V(f) is continuous with
the exception of an at most enumerable number of jump discontinuities.
Hence there is a greatest jump. This greatest jump has the height na
((8) Theorem 1).

THEOREM 1. Let f(z) be starlike in |z| <1 and let o (0 < < 1) be the order
of f(z). Then
: M'(r)
= lim (1 — )52, 4
* , ,1( )M(r) )

where M'(r) is the left derivative.

For every analytic function, the maximum modulus M(r) is piecewise
analytic in 0 <7 < 1. Hence theleft derivative always exists. We can choose
{ on |{| = r such that |f({)| = M(r) and (see for instance (4))

Cf Q) _ M)

L2 —

(G (6)

Proof. 1. Suppose (4) were false. Then there would exist a sequence
{ry} with r,—1 such that

Ml
(1 —rk)—M((TL:))Ha. (6)
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Let M(r,) = f(r, €%), where {; = r, ¢?* satisfies (5). We may assume that
{0,} converges. Using a suitable normalization of f(z) we may assume that
8,—0.
’ If V() is defined by (3) then (see for instance (7))
f(z) =a,zexp (1J-2"10g——1_—.dV(t)). (7)
7Jo 1—e-tz
From this representation it follows that (see the formula before (7) in (7))

) 2m 1 1+7r
10 — — — —_—
log ()| < log |+ i+ = (V(0-+7) = V(0 ~n) log T

for 0<n< /2. Hence (the numbers K; will depend only on f and on the
variables displayed)

log M(r,) £ Ky(n) + (V{6 +7) = V(6 —n)log

1—7,’ (8)
If V() has the jump wa* at 6 = 0 then, for every >0, there is an k,> 0
such that V(h)—V(—h)<7w(a*+¢) for 0<h <h, Since V(f) is monotone
it follows that V(6,+7n)— V(0,,—7) <m(a* +¢€) if >0 is sufficiently small
and k large. Taken together with (2) this implies that

1 log M(r,) < Ky(e) + (a* + €) log

K2+ot10gl =
-7

1—-7,
for large k. Making k—oco we see that a £a* +e¢; hence a<a*. On the

other hand, 7« is the greatest jump of V(). Therefore «* = «, and V(6)
has a jump of height 7o at 0.

2. We assume now that « >0. We want to show that 6, /(1 —r,) remains
bounded as k—co. If this is not true we can assume that for instance
6,,>0 and that 6, /(1 —r,)>+00. From (7) we obtain

=5 1o 1= 2rcos (=6 41,7
. 1— 27, cost+7,2

(t)-

We can write V(t) = «S(¢) + V*(¢), where S() is constant in —nw<t<n
except for a jump of height 7 att = 0, and V*(t) is monotone and continuous
at t = 0. -Then it follows that

fr) | _ e« 1—2r,c086,+7,°
log| fir e | =318 (1
1 (7 1—2r, cost+7,> N
_Eﬁf_,log1—2rkcos(t—0k)+rk2dV (t)
o« 47, sin® 0k/2)
- o 1+

1 (7 47, sin (¢ —0,/2)sin §,,/2 .
= 1°g(”(1_rk)é+4rksize"(z_‘ek7/é)d" ®. @
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The part of the last integral that is extended over [ - 20, 20,] is
26, 20,

f ) log(...)dV*(z)gf * log (1+|2(t1 19 )dV*( )

—20; 20 —7)?

<(V*(28,)— V*(—26,))log (1 + 5(]—?5-—)2).

=T

Since V*(¢) is continuous at ¢ = 0 it follows that

20 8,
| og () dV*(t so(1).Jog 7 - (10)
—20,c [
as k—»>o0. Also, since sint 2 277 for 027 < 7/2,
7 2t—46,)6,
log(...)dV*(t gf lo ( -—( )rI,V*t
fzok (o) ) 205 g 4 (t—6,) ©
S(V*(m) — V*(0))log (1 + 3n2/4) = O(1). (11)
Similarly for the integral over [—m, —26,]. From (9), (10), and (11) we
obtain
S o ( 47, sin26,/2 ( ﬂk;)z)
log f ; —) gélog 1+ 0’;'2 . *1‘—7‘1‘.
— —k
o(1)log T o(1)
Hence 6,/(1 —7,)— +c0 implies that
f(r)
| e | T

in contradiction to |f(r;)| S M(r;) = |f(re')|. Therefore we have proved
that 8,/(1 —r,) remains bounded if « > 0.

3. Now let again « = 0. By formula (5) in (7),
f’(z) _ _I_Jvr 1 +e—itz
2 Fl2) ~ 2n _”————~1_6_i¢de(t). (12)
Therefore (5) implies that
M(r,) 1 (7 14r,eid%d
= _J o 1 =1, €00

" M) T 2wl
Again writing V(t) = «S(¢) + V*(¢) we obtain

dv(t).

(1_7, ),r M (7k) ‘i‘ (1+"'k)(1_7k)2 i _(l—r,‘.)rksingk
T ()~ 2 (=1 + drsin20,/2 - (L—1rp)% + 47, sin®0,/2
1 (m 147, i0h
+§rf_ﬂ(l —Te) 1 —rl,;eitawndV*(t)' (13)
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The integrand in the last integral tends to 0 as k—oco, for each ¢ 0.
Since V*(t) is continuous for ¢ = 0, the point { = 0 has V*-measure 0.
Hence the integrand tends to 0 almost everywhere with respect to the
monotone function V*(¢). Because the 1ntegrand is absolutely =2,
Lebesgue’s theorem on bounded convergence (for Stieltjes integrals)
implies that the integral in (13) tends to 0. If we write
vi = (sin,/2)[(1 —1;)
then (13) becomes
M'(r,) 1+7, 1 N

(L—7)7, iry) =a— 1“-|-4?‘/,‘71&-2+m-1+47‘k‘)//;2+0(1)' (14)
If o = 0 then it follows at once that (1—7,) M'(r.)/M(r,)—>0. Therefore
we may assume that o >0. Then we have seen that 6,/(1—7,) and thus
also y, remain bounded. Since the left side of (14) is real, the second purely
imaginary term on the right side tends to 0. Hence the boundedness of y,,
implies that y,— 0. It follows that the first term on the right side of (14)
tends to «. Hence (1—r,) M'(r,)/M(r,)—> «, in contradiction to (6).

2. Estimates of length
If f(z) = @, 2+ ... is univalent in |z| < 1 let L(r) denote the length

2 X
L(r) = rjo |f'(rei%)| df

of the image curve C(r) of |z| = r. Since the point 0 is enclosed by C(r)
it follows that the diameter of C(r) is = M(r) = max|f(z)|. Hence

lzl=7r
L(r)z 2M(r). It would seem that in general L(r) is very much greater

than M(r), due to oscillations of C(r). But it will be shown that this is
not quite true if the growth of M(r) is sufficiently large.

THEOREM 2. Let f(z) be starlike in |z| < 1. If the order o of f(2) is positive
then there is a K = K(f)<oo such that

2M(r) S L{r) S K +-— M(r). (15)

Remarks. 1. Since mo is the greatest jump of V(6), the assumption that
a> 0 means that V() is not continuous. It can be shown that ‘a>0’ is
equivalent to the assumption that the image domain of |z{ <1 contains a
sector {w : A; < argw < A,} of positive angle A, —A;.

2. Since (see for instance (10) vol. I, 286)
® 2w
P() = 3 la sy [ If (re")|d8 = 4L(1)
n=1 2Jo

and M(r) < P(r), the theorem implies that also M(r) and P(r) have the
same growth if a> 0.
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3. In (8) it was proved that if f(z) is starlike and M(r) £ 1/(1 —7)* (x> 0)
then L(r) < A(«)/(1—7)* where A(x) only depends on «. This result is
contained in Theorem 2 except for the constant K which may depend on f.

We shall need the following known lemma.

LeEMMA. If F(z) is analytic and Re F(z)>0 n |z| <1, and of | F(0)| <1,
then
1

27 0N 12
—_ [ <
a5 |, |F(re?) o s

1+ 372
2

and
1 2 .
j | F'(rei%)|df < ii_

277 )} "‘7‘2‘

Proof. Since Re F(z)>0 there is a monotone increasing function U(t)
such that
1 2
il j dU(t) = Re F(0)
27T 0
and
2n —it
F) = iImF(0) + 5= [ 1o

= ‘f:g-‘ﬁ;dU(t)' (16)
If F(z) = cy+ ¢y 2+ ... the well-known inequality

lcal S2ReF(0) (n21)
follows at once. Since | F(0)|<1 we obtain |¢,/<1 and |¢,|<2 for n 2.
Therefore

1+ 372
1—r2"°

1 2n . 0 0
—f | F(rei%)2df = 3 |c,2r2n<1+4 3 20 =
27 0 n=0 n=1

Also, (16) implies that
1 2n e-—il
Flz) == f au(t).

mlo (1—e~tz2)?

Hence we see that

1o 121 (em 1
"é;f |F(T€0)|d0§;j (ET;J‘ |1—7éi(0;i’12d9)du(t)

0 0 0

127 1 2 2
— - < .
_ ﬂfo ——dU() = T Re F(0) S 7

Proof of Theorem 2. Let F(z) = zf'(2)/f(2). Then F(0) = 1. Since f(z)
is starlike we have Re F(2) > 0. If k(z) = 2f’(2) then h(z) = f(z) F(2); hence

W(z) = f'(2) F(2) +[(2) F'(2)
=ini) F(22+/(2) F'(2).
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Therefore
1

o 0 1 1 i0y |2 (7}
— (et < p— il
%L |B'(re®)|df <7 M(r)%f | F(ret)2df + M (r) o f '(rei%) | d8.

Thus it follows from the Lemma that

g . 1W(re) 1405 ). X2 (17)
We can write
L(r) = f:"m(mimde: foznlf;h'(peio)dp‘de.
Hence it follows from (17) that
= [1w e dpas
<o fM 1+(2'°+3P <2 f 1_ (18)

Now we use the hypothesis that « > 0. By Theorem 1 there is an ry(f) with

$32 <7, <1 such that
M'(p) 500
1-—
( )M( )

for ry< p < 1. Hence (18) shows that, for r > r,

e 3M(p) 501 501 (7, 19
L(r)§27rf0 p(l_p)dp 677'%'500«[,01” (p)dp = K +— M(r),

and for 0 <r<r, we have L(r) < K.

We shall now study the question whether Theorem 2 can be improved.

The function
2

fm = zm)Z/m (m =1,2, )

maps |z| < 1 onto the plane cut along the m half-lines
erik=1im[2-2m 0] (k= 1,...,m).
Hence f,,(2) is starlike, and
L{r) 2 2m(M(r) —1).
The order of f(z) is « = 2/m. Hence
lim inf L(r)| M(r) 2 2m = 4/o.

r—>

This inequality shows that the factor 19/« of M(r) on the right side of (15)
cannot be replaced by anything better than 4/«x, at least if a = 2/m
(m=12,..).
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The hypothesis « > 0 of Theorem 2 means
lim log M(r )/log——->0
r—>1

It will now be proved that no weaker assumption implies L(r) = O(M(r)).

THEOREM 3. Let n(r) be any positive function such that n(r)—0 as r— 1.
Then there is a starlike function f(z) and a sequence r,,— 1 such that

1
log M(r,)log —— 2 7(r,)

n

and L(Tn)/M(?"n) >0

Proof. 1. We shall construct sequences A, and 7, with 0<n), <2~
and 7, — 1 such that the functions fy(z) = z and

1@ =21 (-rp2)™ @21)
satisfy =
log M,(r,,) 2 (1 -27")log M, _,(}), (19)
Ly ()| Moy (ry)) 2 (1= 277) Ly 5(74)| M1 (7) (20)
(1£ksn-1), and
log M, (r,) 2 29(r,)log 1/(1—7,,), (21)
) 2 Ind (7,,). (22)

Here M,(r) is the maximum modulus of f,(z) on |z| = r and L, () is the
length of the image curve.

2. Suppose the numbers A, and », have already been found up to

v=n-—1. Let
fn(z) = f'n-l(z) (1= " zn)—/‘"'

We choose a positive number A, < 2-"/n so small that (19) and (20) hold
uniformly in 7, for 0 <7, <1. It follows from geometric considerations
that the function z(1—r7,"2")~% maps |z| =7, onto a curve of length
>2n[(1—-7,2")*»—1]. We can choose 7, (>7,_;) so large that the
following four conditions are satisfied:

L, (r,) > nr, (1 —7,2%) ", (23)
Tu(l =7, 2720 > LM, (7,,), (24)
M(r,) > 31 =72, (25)
L7, ) > (L—r, )20, (26)

Then (21) follows from (25) and (26), and (22) from (23) and (24).
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3. Let ©
fz) = lim f,(2) = 2 [T (1=, 22) .
=1

n—>w

Since XwA, < X277 <2, computation shows that f(z) is starlike. For fixed
k21 and n> k it follows from (19) that

log My(ry) 2 (1—2-") ... (1 - 2751) log My{r,) > hlog M,(r,);

hence, by (21),
log M(r)) = lim M,(r,)27(r;)log 1/(1=7,).

It follows from (20) that
Ln(rk)/ﬂln('rl;) > "}’.Llc(rk)/-zl-[k(rk))

and therefore, by (22),
L(r,)[M(r,) > k[4.

3. Coefficient problems

(<o)
Let f(2) = X a,2" be univalent in |z|<1. Recently, Hayman (6) has
n=1

shown that
“a’u+1|_la’n||<A|a1‘

for some absolute constant 4. In the special case that f(z) is starlike
this had been proved by Golusin (2) (with 4 <100). In the general case,
Biernacki (1) had earlier obtained 4 |a,|(log(n+ 1)) as an upper bound.

A function f(z) analytic in [z|< 1 is called close-to-convex if there.is a

starlike function g(z) = 6,2+ ... such that

9(2)
for |z|<1. This class of functions was introduced by Kaplan (7). He
showed that every close-to-convex function is univalent.

The starlike functions form a subclass of the class of close-to-convex
functions (with g(z) = f(2)). Another subclass is formed by the functions
convex in one direction, introduced by Robertson (9). These are the
functions for which the intersection of the image region with each line of
a certain fixed direction is either empty or one interval. A function is
convex in one direction if and only if the starlike function in (27) has
the form

>0 (27)

b,z
1—e0i2) (1 —ei0z)

with real 8, and 8, and complex b,.

o) = (28)

©
THEOREM 4. Let f(z) = 3 a, 2™ be close-to-convex in |z|< 1. Then
n=1

[lan+1 ' - !a’n” < '262[‘11 |
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If the starlike function g(z) in (27) does not have the form (28) then there is
a 8 = 8(g) > 0 such that

@yl =lo] = 0(5). (29)

Remarks. 1. For the special case that f(z) is convex in one direction
Professor M. S. Robertson communicated to me a proof that

—5—<—-|a’n+1|—|an‘<4:

which is a little better than the above estimate ($e% x 5-54).

2. The functions excluded in the second part of Theorem 4 are those
functions close-to-convex in one direction for which only a ¢ of the form
(28) can be chosen. To see that there are functions convex in one direction
for which not even ja,.,|—!a,|—0 holds we can take f(z) = g(z), of the
form (28). Another example is given by the odd function which maps

|z| <1 onto the complement of {|Rew|<1, I Imw|21}.

CoROLLARY 1. Let f(2) be starlike in |z| < 1. Then either

_ @z
fl&) = (1—e-: z)l(l —e~tiz)’

or there is a & = 8(f) > 0 such that
1
Ia'n+1|—|a’n[ = 0(__5)

n

The second part of Theorem 4 can be generalized.

THEOREM 5. Let m be an integer 21, and let f(z) be close-to-convex in
|z| < 1. Let Re[zf'(z)/g(z)] > O for a starlike function
m+1
g(2) % byz ] (1— - 0ez)-2mtn),
k=1
Then there are complex numbers ¢, (k= 0,...,m) with |¢y| = |c,| = 1, and
a & > 0 depending only on m and g, such that

cenla, +c(n+1)2a, . + ... +c, (n+m)ia,,,, = On¥m++1-8)
Proof of Theorem 4. We may assume that |a,}=|f'(0)|=1 and
{g’(0)] = 1. Because of (27) and because g(z) is starlike, the functions

: #'(2) 2g'(2)
F(z) = , Gz)=2% 30
() ) (2) ) (30)
have positive real part, and | F'(0)] = G'(0) = 1. Since g(z) is univalent

we can choose a { = {(r) with | {| = r such that

272

Q(r) = max|(z—{)g(z)| =

1
izl=r 1—72 (31)
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((3) 162). If h(z) = zf'(2) then, by (30),

W(e) = o (g(2) Flz) = 2 g(2) (61e) F2)+ 2" (2).

With z = re?? we therefore obtain
1 2r 1 2n
5], le=0r@assran (5 7160 Fes+ 5[ 1P e)as),
By the Schwarz inequality,

1 2n 1 2m . 1 2n . )
E;fo lG(z)F(z)|d0§(~27rfo |6(2)] d9.2-ﬂ-_fo |Fz)| da) .

Hence application of the lemma to G(z) and F(z) shows, with (31), that

2m
52, le=0r @IS0 (T + )

2r(1 +2r +3r%)

< _ ]
=TIy

(32)

Since A'(z) = %(zf "(2)) = ;)nz a, z""! we see that
1

(z=0k(z)= § nta, 2" — § nia,, {z"1
1 1

[oo]
=—0 C+ E (n2an_ (n+ l)za’n+1 C) 2n
1
Therefore (32) implies that

l 2r(1+2r + 37‘2)
(1—r2)2

We take r = r, = (n/(n+1))2. Because |C| = r, it follows that

|n2a, —(n+1)2a,,, (| =

2 1 142,432 2,
n “aﬂnl Ian+1”— nn (1-}-7‘ )2 1_7.”)2

3 \"2n+2)2 , ..,
<Z[(l+ﬁ> 2n+1] n? < $e?nl.

This proves the first part of Theorem 4.
The second part follows from Theorem 5. We have

(n+1)2[lay | —lapnll £|n?a, |- (n+ 1)@, ]+ (2n+ 1)a,].  (33)

By Theorem 5 the first term is O(n?-%) for some §’ > 0. From the assumption
about g it follows that the starlike function ¢ has an order «; <2. Hence
g(z) = O((1 —r)~#), for some B with 1<B<2. Since ReF(z)>0, so that
F(z) = 0((1 —r)—1 ), and zf'(z) = g(z) F(z), we see that f'(z) = O((1 —r)~#-1).
Therefore f(z) = O((1 —7)~#). Since f(z) is univalent and §>1 it follows




300 CHRISTIAN POMMERENKE

that «,, = O(n#-1) ((5) 46). Therefore (33) implies that
(n+1)?a,| -], ]| = O(n**)+0mf) = O(n?-?)

for 6 = min(8’,2—8)>0.

Proof of Theorem 5. 1. Let
V(6) = lim argg(re'”).
r—>1
Let may, (b =1,...,m+1) be the m+1 greatest jumps of the monotone
function V(8), and let

G2 .. 20, (34)

Since V(6) is monotone,
1 27 )
0‘1+"'+am+am+1§2; fo av(o) = 2, (35)

with equality only if V(8) is constant except for the jumps wo;. Let 6,
be the point in 0 £ 6 < 27 at which V(6) has the jump oy,

2. We have now to distinguish two cases.
(1) Suppose that oy <1+ 2/(m+1). It follows from (34) and (35) that

oy <1+2/(m+1) and (m+1)oy, Sy +...+o, S2;
hence «), ., =2/(m+1). If we had equality then V(6) would be constant
except for jumps of height 2r/(m+1)at § = 8, (k= 1,...,m+1). But then

¢(2) would have the form excluded in Theorem 5. Therefore o, < 2/(m +1).
We define

m

9*(2) = 9(2)(z) with (z) = IT (1 - *2). (36)

k=1
Let S(8) be the function which is constant in —oo<6<oo except for
positive jumps of height 7 at the multiples of 2. Let

V(6) = V(6) - kﬁ:fl.g(o ~6,). (37)

Then all positive jumps of V*(8) have height
Smmax(g—1,...,0,—1,a,,)<27/(m+1).
(ii) Suppose that o;=1+2/(m+1). It follows that m=2 because

otherwise «; = 2, and ¢(z) would be of the excluded form. By (35) we
obtain o, £2—0, <1 for L2 2. Also by (35),

2 m—1
- < €2 Sl— im
m-1ao,fay+... 4+, S2—a; 51 L1 i
hence o, £ 1/(m + 1) < 2/(m + 1). We define
m—1

g*(2) = g(z)P(z) with (2) = (1 —e~2)? [T (1 —e~i%2). (38)
k=2
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Then all positive jumps of
m—1
V@)= V(0)—2806-6,)~ ¥ S(0-96,) (39)
k=2

have height <7 max(a;—2,05—1,..., 0,41~ 1,a,) = 7ma,, < 27/(m+1).

3. The functions V*(8) defined by (37) or (39) have variation < (m+2)#«
over every interval of length 27. We have proved that in either case the
positive jumps of V*(0) have height <2n/(m+1). Also, it follows from
(37) and (39) that V*(8) — (1 —m/2) 8 has the period 27. Using (7) we obtain

27
g*(z) = byzexp (-1 J , log —1———1—~-dV*(t))

This equation implies (see the proof of Theorem 1 in (7)) that
log|g*(re”) | —logr|b,|

_ A‘l— m ) 2r si_l’lq' * B _zn—
—277f—”1—2rc037+r2(v (6 +7) (1 2)1’)(11-

2rsm-r~ * *(O_ Y _ "
%f 1_2NOST+72(V (O+7)— V*O—1) (1 ~)T)df

For given 0 < <#/2 we split the integral into an integral over [0, 5] and
one over [n,7]. The second integral is
3(m+2)mr
=1-2rcosn+7r2
The integral over [0,7] is either negative or
§llog lﬂ sup (V¥ 0+7)—V*l—-7)—(2—m)7).

LA St A P
Since the positive jumps of V*(t) are < 2x[(m + 1), it follows that there are
a 6> 0 and an n > 0 such that

sup (V*@+7)—-V*(l—-1)— 2 —m)T)< w(~—£— - 8)

072 m+1

for all 8. Hence

il 2 1 .
log | g*(re'?)| < (m 1~ 8) log —— g+ K, (40)
where K, does not depend on 7.
4. As in the proof of Theorem 4, let 2(z) = zf’(2). Then again

) — oo gl GO P oF 00
If (2) is defined by (36) or (‘38) then (with z = rei?)
27
32 J. 1K (@180 = o 7194211 6le) Fla) +2F"(2) a0

2
s Q)
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by the lemma where, from (40),
Q(T) = maXIQ*(Z)I = 0((1 _,,.)—2/(m+1)+8)_

Hence we see that
27
35 J, 1HE) N (E)]d0 = O((1=r)-armsn-ii), (41)

By (36) and (38) we can write
m
¢'(2) =2 ckzm_k
k=0
with |¢,| = ¢, | = 1. In the power series expansion of
m [o2]
YN (2) = T ez * Brla,z!
k=1 v=1
the coefficient of zn+m-1 jg
m
3 e+ k)2 dp .

k=0
Therefore (41) implies that

m
s Ck('ﬂ+ k)2 Qpir| £ K2 r—-n—m+1(1 _,,.)—2/(m+1)—1+8’
k=0

where K, does not depend on n and r. If we choose » = 1 —1/n, Theorem 5
follows.

[oo]
THEOREM 6. Let f(z) = Y a,2" be starlike in |z|<1. Let m =1,2,....
1

If there is a sequence {n} satisfying

Ny —n, =0nyf) forevery >0, ifm=1, (42)
n,,1—n, = o(logn,) ifm>1, (43)

such that
max @, | = O(n2n+0-1-7) (44)

0k=m-1
for some n' > 0, then either
m 1
&) = a2 I G i yarnn: (45)

or there ts an n > 0 such that for all n,
a, = 0(n2/(m+1)—1—v),

Remark. The coefficients of f(z) = z(1 —2zm+1)~2/m+l) satisfy a, =0
for n£1 (mod(m+1)) and a, ~ const.n?m+0-1 for n=1 (mod (m + 1)).
Therefore the assumption that f(z) shall not have the form (45) cannot
be dropped.
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Finally we shall prove that if a starlike function has not too few gaps

then either the coefficients are very regularly distributed or they are
small. ‘

CoroLLARY 2. Let f(2) be starlike in |z| < 1. If there is a sequence {n,}
satisfying (42) such that a,, = O then either
(1) there is @ g>0 isuch that {a,,} has the period q and a, = 0 exactly if
n=0 (modq), o
(ii) thereis an m> 0 such that a, = O(n™).

Proof of Theorem 6. 1. Let first m = 1, and let us assume that (45) is
not true. From Corollary 1 we obtain [a,[—|a,,;|= O(u~) for some
8>0. If nis given let n, be such that n,_; <n <n,. Then

lan|§”an|_|an+1”+ +”a‘nv—1l_la"lz,ll'*"aw,,l

g (nv_nv—l) m>a,x “ a‘/zl —la’/4+1 ” +la'n,,l*
pZN

Because of (42) we have n,~n,_, = O(n,_,%?). Therefore (44) implies that
a, = 0(n,_*?)0n?%)+0(n, ) = O(n7),
with % = min (y’, 8/2).
2. Let now m>1, and let (45) be not true. By Theorem 5 (with
g(z)=f(z)) there are a 6 >0 and a K such that

m
na, | S B el (n+ k) @y ]+ Km0,
k=1

If C = max |c¢,]it follows by induction that

1Sk=m ]
n? | a, | = C(l + C)’),El(’"’ +k + 2))2 | a’n,+l«'+11 !
=
+ K (14 C)P (n+ p)2/im++1=s (46)
for every p = 0,1,.... Forgivennletn, ;<n<n, Wetakep =n,—n—1
in (46). Together with (44) we thus obtain
n l aﬂ' = (l + O)'n,,—n,,_l (O(nv2/(m+1)+1—7l’) + 0(,”‘2/1m+1)+1—6)). (47)

By (43) we have log (1 + C)yw—"-1 = o(logn,).

Therefore it follows from (47) that
n? I a’nl = 0(n2l(1n+1)+1—1])’
with n = min (y'/2,8/2)>0.

Proof of Corollary 2. Let us assume that (ii) is not trne. Then it follows
from Theorem 6 that

_ a2 _ @ (v 1
f@) = (1—e-liz) (1—ePrz) ~ e~ —g—ils (l_e-m.z 1-- e--w.z)'
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(It is not possible that 6, = 8, because then |a,| = n#0.) The coefficients
of this function are
a, = const.e~ (] — gi0i=0um),

If (8, — 0,)/27 were irrational then a,, # 0 for all n. If ¢ is the lowest positive
denominator of (6, — 6,)/2n then (i) follows.
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