ON CLOSE-TO-CONVEX ANALYTIC FUNCTIONS
BY

CH. POMMERENKE

1. Introduction.
1.1. For 0<a<1,
let Ra denote the family of functions f(z) analytic in
IzI < 1 for which there exists a convex function h(z) such that(1)

(1.1)

Jargf'(z)/h'(z) 1= 2

(jZI <1).

Here a function is called convex if it maps the unit disk conformally onto a
convex region. These classes were introduced by Kaplan [7] and later studied
by Reade [19]. In particular, So is the family of convex functions and S,
the family of close-to-convex functions.
Kaplan [7] proved that all close-to-convex functions are univalent, and
that an analytic function f(z) with f'(z) #0 belongs to M?a if and only if
02

f

darg[ei"f(rei")]

_ - ar

(01 < 02 <01+

2w, 0

r <1).

Later, Lewandowski [8; 9] (see also [2]) gave the following completely
geometric characterisation: An analytic univalent function f(z) is close-toconvex in Jz J< 1 if and only if the complement E of the image-region
F= {f(z): Iz I < 1 } is the union of rays that are disjoint (except that the
origin of one ray may lie on another one of the rays).
Similarly, it is possible to prove the following characterisation of the
classes S, : An analytic univalent function f(z) belongs to R"a if and only
if E is the union of rays that are disjoint (except that the origin of one ray
may lie on another one of the rays) such that for every ray the sector of
angle (1-a))7r whose bisector is the given ray lies also in E.
The most interesting classes of close-to-convex functions are formed by
the starlike functions and the functions convex in one direction. A function
f(z) with f(O) =0 is called starlike if the image region F is starlike with
respect to the origin. A necessary and sufficient condition is
(1.2)

Re [zf'(z)lf(z)] > 0

(jzl < 1).

Received by the editors August 22, 1963.
(1) If a > 0 we may replace ? by < in (1.1) because equality for one value z implies
f' (z) = const. h'(z) for all z, and this means that f(z) is convex too.
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For an elegant proof see [21 ]. It is well-known that a function f(z) is starlike if and only if it has the form f(z) = zh' (z) where h(z) is convex. A function is called convex in one direction [20] if each line of a certain fixed
direction intersects F in at most one interval.
1.2. We shall first study a coefficient problem. If
n

f(z) =anZ

(IZI < 1)

n=1

is univalent in IzI < 1 and M(r)

=

M(r) = O((1- r) -X) implies

(1.3)

I then

max IzI=I f(z)

0(nA-l)

an=

provided that X > 1/2 [6, p. 46]. On the other hand, Littlewood has given
an example of a bounded univalent function for which an # 0(no1) for some
positive a. Thus the implication (1.3) breaks down for small X.
The author conjectures that (1.3) is true for all X ? 0 if f(z) is close-toconvex. For starlike functions, it is known that (1.3) holds for X _ 0 [4; 14].
It will be proved for two further special cases:
THEOREM 1. Let f(z) =Z=1anzn
be convex in one direction. If

M(r)=max

belong to

B

If(z) I <

Lzi=r

with 0

*Ra

? a

< 1 or let f(z)

(0 < r < 1)

(1r)

with X ? 0 then
Ian I < KBnx-1

(n=1, 2,*

where K depends only on a in the first case and K

?

)
16/r in the second case.

Actually, we will prove a more general result in each case. This theorem
generalises in part some earlier results of the author [15] on symmetric
functions in Ra
1.3. Next we shall consider some invariance properties of the families
Finally the following theorem about the continuity behaviour will be proved:
ta

THEOREM

2. Let f E Ra

(a) If 0 < a < 1 then f(z) is continuous in Iz I < 1 (if
value) and assumes no finite value more than once.
(b) Ifa =1then

o

is allowed as a

f(e id) = lim f(z)
z -ei

exists as a finite or infinite angular limit for all 0 with at most two exceptions,
and two exceptions may really occur.
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Again, this theorem will be contained in more general results.
2. Coefficient problems.
2.1.

THEOREM

3. Let 0 _

a

< 1, f(z)=a1 z?+ ... &

If 0 < r < 1 then

Sa.

s27r

f'(re0) Ido ?

r

(2.1)

max If(z) I

K(a)

IzI =r

where K(a) depends only on a.
The left side of (2.1) is equal to the length L(r) of {f(z): Iz I= r}. Since
trivially L(r) > 2M(r), inequality (2.1) shows that L(r) and M(r) have essentially the same growth. (For a related result for starlike functions see [16,
Theorem 2]).
Proof. Let v(r, 0) = arg [eLOh'(retO)].Then we have by (1.1)

1arg [eW
fl (re10)]-v(r,

(2.2)

0)j

Let m = [8/ (1--a) ]+ 1. For fixed r < 1 we define

Om= 00+

0k

by

(k=O, ..., m-1)

v(r, Ok)=2rk/m
and

.

?a7'

2r. Since v(r, 0) increases with 0 we see that
00 <

ol

...

<

<

Om=

0o+27r

and that
v(r, 0)-v(r,

0

for 0k<?

m

4

Together with (2.2) this gives

0<?k+1.

Iarg [e'f' (re'0) ]v(r,

for Ok _ 0

-

(1-a)

0k) _-<

< Ok+1.

I < (I + a)

0k)

4

< 2-

2

Hence

Cos ((1-+a) 7)

rf

4

If (re"0)I
do

'Ofk+l

< r

I

f' (rel') Icos
_

=REVee-lu(r

ek)

I0k+1

[arg(e'9 f' (re0))

m.*,-

v(r,

0k)]

d

re0 f' (re0) do

= Re [e-IV(r, Ok)-i7r/2 (f(rei0k+l)

for k= 0, 1,

-

1. By summation

-

f(re'Ok)) ] ? 2M(r)

we obtain
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J0+ ?2w

Id <

2mM(r)

18M(r)

<

:

COS((l ? a) 7r/4)

Proof of Theorem 1, first case. Let
have

f&E

179

(1-a)sin((1-a)7r/4)

(O_ a < 1). By Theorem 3 we

t

27r

r

nlanlrjr=
(2.3)

ff(rei
o

X

<?i
Taking r=n/(n+1)

r

)eta 1)odo

2w

If (re")Ido?<

we obtain

nlanJ

COROLLARY1. If f(z) is bounded
an=

?

K(a)M(r).

eK(a) M(n/(n+1))

and belongs

to

RMa

?

Ki(a)Bn'.

(O -< a < 1) then

o(n-1).

Proof. As Theorem 3 shows f(z) belongs to the Hardy class H1. If we make
r

1 G-

in (2.3)

we see that

nlanI=L r |

do
fp(eLo)e-L(n-1)6

and the integral tends to 0 by the Riemann-Lebesgue lemma.
2.2. The second case of Theorem 1 is contained in the next theorem.
THEOREM4. Let f(z) = a1 z + *

be convex in the direction of the imaginary

axis and
A(r)=maxIRef(z)I

<B(1-r)-A

lzl =r

with X ? 0. Then
IanI < 16BnA1.

In particular, if X= 0 then IanJ < 4B/ir, and 4/7r cannot be replaced by a smaller
constant.
Proof. If f(z) is convex in the direction of the imaginary axis then for each
fixed r < 1 there are numbers 0l and O2such that u(r, 0) = Ref(rei) increases
for 01 <f < 02 and decreases for 02 <0 < 01+27r. Hence
(2.4)
(2.4)

J

-u(r
0)
au(r,
t)ad0
-

< 2(maxu(r,0)-minu(r,0) 0"

_
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[12, vol. I, p. 307] we obtain for

From the well-known representation
n=1, 2, *.

do=
)
( O)et7rinr5J0

a'=lJ'u(r,

n 7rrn
Jx

[January

00

u(r,o)~/ e- do.,

Therefore (2.4) shows that
4anI? irnrn A(r).

(2.5)

Let A(r)
(2.5)

?B(1-r)

-.

With r=(n-1)/n

4 B(

lan|_

If X=0 we make r

nx)

3,

(n=2,

-_ =

Bnx-

in (2.5) and find IanI <

,1-0

we obtain from

*.)

(4/ r)

B. This inequality

is best possible as is shown by the function
2B
riI

log

1+z

4Bc

1-z

irt k=O 2k+1

z2k+1

that is convex in the direction of the imaginary axis and satisfies A (r)

?

B.

3. Invariance properties.
3.1. LEMMA 1. If f(z)

is analytic,

jargf'(z)/h'(z)

h(z) is convex
a7r

I

-

Iz < 1 and

in

(0 <a <1)

then
ff(z2)-f(z)

-<

ar

(IzZl <1,

IZ21 <1)

Proof. Let x(w) be the inverse function of w = h (z). Then x(w) is analytic
With w-=h(zj)
in the convex region {h(z): Izi < 1}. Let g(z) =f(x(w)).
(j= 1, 2) we can write
f(z2) -f(z1)

(3.1)

h(z2)-h(z1)

(W2-wDt)

=j gC(w+
-oW

g(w2)-g(W

w2-w1

t dt.

lies in the convex sector I Iargsl < ar/ 2
Since s=g'(w) =f' (x(w)) /h'(x(w))
the same is true of its integral mean value (3.1).
THEOREM 5. Let Izil < 1, IZ21 < 1. If
=aalz+
so+an
then

f(z)

+

a

(O

<

_

also
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f

Z2(-Z) dA1 5d

+ n(z2_Z)anz+ Z

ajz+

For the special case z1= 0, Z2= 1, this was proved by Sakaguchi [22].
Proof. Let h(z) be the convex function of (1.1). Since zh'(z) is starlike,
inequality (1.2) shows that
Re dz(zh'(z)) / Ih'(z) > O.
Applying Lemma 1 with f(z) = zh' (z), a =
therefore obtain
Re

(3.3)

1

and with zjz instead of zj we

0

z2zhhZZ zzh(zlz)

Let

h* z)

h(Z2t) -h(zl)d

Then
d zz2'z)1
zh'(z)=Z2zhZ2)
h(z2z)
dz (zh(z))I(zh(z))

-

zlzh'(zlz)

h(ziz)

Hence h*(z) is convex by (3.3). If f(z) denotes the function defined by (3.2)
then Lemma 1 shows that
|argf*(z)
ar

(z)

Thereforef, C
COROLLARY

(3.4)

arg-

<
a-

(z2z)-f(zlz)

ah~(Z 2)Z=

2

a

2. If f(z) = z + *a**

ta(0-a?

argf(z2)-f(zl)
Z2-Z1

<
< (1

1)

then for IziI <

1, Iz21 <

1,

+ a)

and the constant on the right side is best possible.
For z1=Z2 = z, inequality (3.4) reduces to Iargf' (z) < (1 + a)7r, and the
constant will be shown to be best possible. In the case a = 1 this result is
contained in the work of Biernacki [3]; for a = 0 it was proved by Bieberbach
[1].
In contrast to the best possible inequality Iarg f'(z) <
<2 w for analytic
close-to-convex functions f(z) = z+ **- the author has shown [13, Theorem 7]
that Iarg q'(v) I < 3w/ 2 for meromorphic dose-to-convex functions
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OW )=

+bo

[January

+bjtl+.

>t >1)

Proof. By (1.1) we can write

f' (z) = h' (z) g(z)

(3.5)

where h(z) = e'Yz+
is a convex function and g(z) = e"'+ * is a function satisfying argg(z) I ? ar/2. Therefore yI = Iargg(O) I < ar/2. Also,
is convex and therefore jarge ' h'(z)j <r[ 1]. Hence
e-zh(z) = z*
(3.5) shows that
Iargf' (z) I -<111+ Iarg e-' h'(z) + Iargg(z)
air
< -+T+

air
--

2

2

(1+a)

r.

Applying this inequality to the function defined by (3.2) we immediately
obtain (3.4).
The functions given by
f'(z)

=

eTa(l

-

eLtz)-2(e-T+

elrz)a(1

-

Z)_a

with real t and -7r/2 <T < r/2 belong to g a, and one easily sees that
arg f (z) I comes arbitrarily near to (1 + a)ir for suitable t, T and z.
3.2. A family of functions f(z) = z+ ... that are analytic in Iz < 1 and
satisfy f'(z) Ho is called linear-invariant [171if for every linear transformation 0 of the unit disk onto itself together with f(z) the function
AOV(Z)
]= f( f(o(())))

) =z
+)

belongs to the family. The order of a linear-invariant family is defined as
sup (1/2)11(0) I taken over all functions f in the family. Let ?0 denote the
normalised family consisting of the functions f(z) = z+
ea a
LEMMA2. The family

R? (O < a

?

1) is linear-invariant and has the order

1+ a.
This result is essentially due to Reade [19]. In order to prove that
A<[[1& ta for f C
one considers the convex function
[h(o W) - h (0()) I/>t(O)f (o (0)) I]
The lemma implies [17, Theorem 2.5] that the radius of convexity of 9Xyis
equal to 1+a-(2a+a
2) 12.
Finally, there is another easily proved invariance property of Ra: If
then
fo E_ Ra, fl E0
rz
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4. The continuitybehaviour.
4.1. We shall first consider the case 0 < a < 1. If F is a region in the plane
and w1 E F, W2 F let
l(wl, W2)=1F(W1, w2)=inff
v

v

Idwl

where V runs through all rectifiable curves lying in F that connect w1 and w2.
THEOREM6. Let 0 < a < 1 and f(z) =z+
CE gas F= {f(z): IzI <1
.

If

Izil

<1,

(4.1)

Iz21<1 then
K(a)

IZ1-z21 1+-

<

f(z2))

1F(f(zl),

?

K(a)

If(Z1)

-f(z2)

1

where K(a) > 0 and K(a) depend only on a.
The right inequality (4.1) implies that f(z) is continuous and univalent in
IzIj 1 except that co may be assumed a finite number of times [18, Theorem 3.9]. Therefore the assertion of Theorem 2(a) follows from Theorem 6.
<
where h(z) is convex. Let x(w) denote
Proof. Let Iargf'(z) /h'(z)I ?ar/2
the inverse function of w=h(z). For given zo with Izol< 1 let wo=h(zo)
and let Co be the image of the segment [0, wo] under z= X(w). The function
g(w) =f(x(w)) satisfies largg'(w) I _ car/2. Therefore

cos g*fIf'(z)

I dzl = Iwol cos 2f*

g'(wot)

j

dt

2

Co

<

Iwoj Ig'(wot)Icos[argg'(wot)]dt

_

IwolRe

[w 1g(w.)

?

lg(wo)

I = lf(zo)

.

It follows that
l(0,f(zo))

<

-Cos1a

If(zo)I,

and the right inequality (4.1) follows from Lemma 2.
The normalised family t? is linear-invariant and of order 1 +a. Since all
close-to-convex functions are univalent the family R? is also of bounded
characteristic (beschranktartig). Therefore [17, Theorem 2.9]
C(f(z),

f(z+ ) _

K(a) Z(
I -

COROLLARY3. If f(z)-=a, z+ ** (=-f
C

Z21

then

(O _ at < 1) then
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If' (pe'>)jdp ?

[January

(?O r<

K1(a)If(re')j

1,0<

<0

27r).

This assertion is a consequence of the right inequality (4.1) and the following theorem of Gehring and Hayman [5] (see also [17, Theorem 2.7 ]):
There exists an absolute constant Ko such that for all univalent functions
f(z) with F= {f(z): IzI <1
If'(pe) I dp ? KolF (O), f (re1)).
4.2. We shall study now the case a = 1. We need the following lemma.
LEMMA3. Let h(z) be convex in IzI < 1. Then
(4.2)

v(0) = lim arg [ei>hf(rel)]
r-1

exists for all 0 and is a monotone increasing function. If h(e') is finite then
(4.3)

larg [h(ei) - h(z)] -v(o) I <

< 1).

(lzl

Proof. The function zh'(z) is starlike. Therefore the limit (4.2) exists and
defines a monotone function [14, Lemma 1 ]. If Iz I < 1 then
r)) - h(z)

h ((v+z) /(1 +

is starlike (with respect to 0) as a function of A.Therefore by (1.2)
ag (1
-IzI~
h(z)
( + )
<
r[g(+-)2
h(jZ)
]-arg[h
___

When we choose

v

__

stch that (v+z) / (1+z)

Iv(O)-

arg [h(e)

=

-

_

rei>and let r ->1-0

we see that

h(z) ]I<

for IzI < 1. Since h(z) is not constant equality cannot hold.
THEOREM 7. Let f(z) be close-to-convexand let h(z) be a fixed convex function
such that Re [f'(z)/h'(z)] > 0. Let v(f) be defined by (4.2). Then
f(e>) = lim f(z)
z-e

10

exists as a finite or infinite angular limit for all 0 for which v(Q+0)-v(o-O)

-.

The proof will be based on the theory of prime ends. If f(z) is univalent
then there is a one-to-one correspondence between the points on the unit
circle and the prime ends of the image-region F. The prime end corresponding to e'0 will be denoted by P(O). A point w is called a principal point of
P(O) if every neighborhood of w contains a cross-cut of a chain defining P(O).
Every prime end has either exactly one principal point (possibly at oo) or
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infinitely many principal points. A theorem of Lindelof [10] states that the
angular limit f(et0) exists if and only if P(f) has exactly one principal point.
Proof. (a) Let 0 be such that h(et0) is finite, and let w be a finite point of
P(0). Applying Lemma 1 to z and a sequence zn with zn et0,f(zn) -4 w, we
see that
-

arg [w -f (z) ]-arg

[h(e"e)- h(z)]

By (4.3) it follows that

Iarg [

-

f(Z)

]V(OS)

I

< 7r

for IzI < 1. Hence the ray
T(0, w) = {w: arg (w

(4.4)

-

=
&)v(-)}

lies in the complement E of F.
(b) Let now 0 be arbitrary and let w be a finite principal point of P(0).
Then there is a chain of cross-cuts Qk of F that defines P(0) such that Qk
converges to w. If'
E P(Ok) are the endpoints of Qk we may assume that
h(etok) is finite. We have v(Ok) -*v(O ? 0) and w4 -> W. Therefore (4.4) shows
that T' = T(O', w') converges to T(0 0O, w) = {w: arg(w-w) =v(O 0) }.
Because Tk' C E by part (a), the Jordan curve Jk = Tk U Qk U Tk+ separates
the plane into two regions one of which contains f (0), and the closure A k Of
the other region contains w' where w' is any point of P(0). Since Qk converges
to w the Jordan curve Jk converges to J(O,w) = T(0 + 0, w) U T(o - 0, w).
Since Tk CE and E is closed it follows that J(O, 4 C E. The closed sector determined by J(O, 4) that does not contain f(O) must contain W' because
'E Ak. As w' is a boundary point of F this implies w' E J(O, w).
(c) Suppose that the angular limit f(e') does not exist. Then P(0) has
infinitely many principal points. Hence there are at least two different finite
principal points w and w'. By the result of part (b), we have w' E J(O,w) and
also w E J(O,w'). Since J(O,w) and J(O,w') are identical except for a translation it follows that the angle v(O+ 0) - v(O- 0) of J(O, w) has to be equal
to wr.

Proof of Theorem 2(b). The function v(f) increases monotonely by 2wr in,
0 <?0 < 27r.Hence v(f) can have at most two jumps of height ir. Therefore
f(e10)exists for all 0 with at most two exceptions.
We shall now give an example where two exceptions occur. Let

F= {w=x+

iy:

lxi <2, jyj< 2} \U
U

Ixi =2 -2k '

Ixl =2

-

2k_

Y <2}

-2
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?I 1 } and x = -2, IYI ? 1 } are principal points
Here all points {x = 2, IyI
of one prime end each. The function that maps the unit disk onto F is convex in the direction of the imaginary axis, hence close-to-convex, and there
are two values of 0 where the angular limit does not exist.
REMARK. If there are two points where the angular limit does not exist
then we see that v(0) is constant except for two jumps of height 'X.It is not
difficult to show that this implies that f(z) is convex in one direction.
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