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Morrey-Sobolev Spaces on Metric Measure Spaces

Yufeng Lu, Dachun Yang* and Wen Yuan

Abstract In this article, the authors introduce the Newton-Morrey-Sobolev space
on a metric measure space (£, d, pt). The embedding of the Newton-Morrey-Sobolev
space into the Holder space is obtained if 2~ supports a weak Poincaré inequality
and the measure p is doubling and satisfies a lower bounded condition. Moreover,
in the Ahlfors Q-regular case, a Rellich-Kondrachov type embedding theorem is also
obtained. Using the Hajlasz gradient, the authors also introduce the Hajtasz-Morrey-
Sobolev spaces, and prove that the Newton-Morrey-Sobolev space is a subspace of the
Hajtasz-Morrey-Sobolev space when p is doubling and 2~ supports a weak Poincaré
inequality. In particular, on the Euclidean space R™, the authors obtain the coinci-
dence among the Newton-Morrey-Sobolev space, the Hajtasz-Morrey-Sobolev space
and the classical Morrey-Sobolev space, and also the coincidence between the Hajtasz-
Morrey-Sobolev space and the Hardy-Morrey-Sobolev space. In the case when 2" is a
metric space of homogeneous type, a characterization of the Hajlasz-Morrey-Sobolev
space via the grand maximal function is also established. Finally, when y is doubling
and satisfies some measure decay property, the authors obtain the boundedness of
some fractional maximal operators on Morrey spaces, Newton-Morrey-Sobolev spaces
and Hajlasz-Morrey-Sobolev spaces.

1 Introduction

In 1996, via introducing the notion of Hajtasz gradients, Hajtasz [18] obtained an equiva-
lent characterization of the classical Sobolev space on R"™, which becomes an effective way
to define Sobolev spaces on metric spaces. From then on, several different approaches
to introduce Sobolev spaces on metric measure spaces were developed; see, for example,
[32, 15, 47, 21, 19, 28, 52, 33].

Throughout the paper, (£, d, 1) denotes a metric measure space with a nontrivial Borel
regular measure p, which is finite on bounded sets and positive on open sets. Let f be a
measurable function on 2 . Recall that a non-negative function g on 2" is called a Hajlasz
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gradient of f if there exists a set £ C X such that u(E) =0 and, for all z, y € 2"\ E,

|f(z) = f(y)] < d(z,y)[g(z) + g9(y)]-

The Hajtasz-Sobolev space M'P(27) with p € [1,00] is then defined to be the space of all
measurable functions f € LP(Z") which have Hajlasz gradients g € LP(Z2"). The norm
of this space is defined by [|f|lar1e(2y = [|fllr(2) + infy |9l Lr(27), Where the infimum
is taken over all Hajlasz gradients g of f. It was proved in [18] that when 2~ = R"™ and
p € (1,00], MIP(R") coincides with the classical Sobolev space W1P(R").

Over a decade ago, based on the notions of upper gradients and weak upper gradients,
Shanmugalingam [47, 48] introduced another type of Sobolev spaces on metric measure
spaces, which are called Newtonian spaces or Newton-Sobolev spaces. These spaces were
also proved to coincide with the Hajlasz-Sobolev spaces if 2" supports some Poincaré
inequality and the measure is doubling. Now we recall their definitions.

Recall that we call v a curve if it is a continuous mapping from an interval into 2 .
A curve v is rectifiable if its length is finite. All rectifiable curve can be arc-length pa-
rameterized. Without loss of generality, we may assume that all curves appearing in this
article are always treated as parameterized.

Let p € [1,00) and T be a family of non-constant rectifiable curves on 2. The p-
modulus of T is defined as Mod,(T") := inf, ||p||", (2 where the infimum is taken over all
functions p in the admissible class F/(I') for I' and

(1.1) FI) = {p € [0,00] : p is measurable and /p(s) ds > 1 for all v € F} .
g

If I' contains a constant curve, then F(I') = (). We let the infimum over the empty set
always be infinity.

Let f be a measurable function on 2 . A non-negative function ¢ is called an upper
gradient of f if, for any curve v € I'yecy ,

(12) 1F o7(0) — Foy(i(n)] < / o(s) ds,

v

where ['yeet is the class of all non-constant rectifiable curves in Z . Moreover, if the
inequality (1.2) holds for all the curves except for a family of curves of p-modulus zero,
then we call g a p-weak upper gradient of f. The notion of p-weak upper gradient was
introduced by Heinonen and Koskela in [20]; see also [25] and [47, 48].

For all p € [1,00), denote by the symbol N'P(2) the space of all measurable functions
f € LP(Z") which have p-weak upper gradients g € LP(2") and, for all f € NYP(2), let

1950y = 1oy + inf gl oo,
where the infimum is taken over all p-weak upper gradients g of f. The Newton-Sobolev

space NYP(Z) is then defined to be the quotient space NP(27) := NP(2)/ ~ with the
norm || - ||x1.p(2) = || ||ﬁ1’p(%), where ~ is an equivalence relation defined by setting, for
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all fi,fo € NY2(X), fi ~ foif ||f1 — ngﬁl,p(%) = 0. It was proved in [47, Theorem 4.9]
that the Newton-Sobolev space coincides with the Hajlasz-Sobolev space if (X, p) supports
some Poincaré inequality and the measure p is doubling. We refer to [47, 25, 7, 17, 6] for
more properties about these spaces.

Recently, there are some attempts to study Newtonian type spaces in more general
settings. Durand-Cartagena in [14] introduced and studied the Newtonian space N1>°(2")
in the limit case that p = co. Tuominen [51] considered Newtonian type spaces associated
with Orlicz spaces by replacing the Lebesgue norm in the definition of N'P(.2") with
Orlicz norms. Using Lorentz spaces instead of Lebesgue spaces, Costea and Miranda [12]
introduced Newtonian type spaces related to Lorentz spaces. Maly [37, 38] studied the
Newtonian type spaces associated with a general quasi-Banach function lattice X, namely,
a quasi-Banach function space X satisfying that, if f € X and |g| < |f| almost everywhere,
then g € X and gl x < | flx.

Let 0 < p < ¢ < co. Recall that the Morrey space MZ(Z") (see [42]) is defined to be
the space of all measurable functions f on 2" such that

Vet 1/p
(13) g = sup 1 | [ p@pau)] <.

where the supremum is taken over all balls in 2. In recent years, Morrey spaces and the
Morrey version of many classical function spaces such as Hardy spaces and Besov spaces,
namely, the spaces defined via replacing Lebesgue norms by Morrey norms in their norms,
attract more and more attentions and have been proved to be useful in the study of partial
differential equations and harmonic analysis; see, for example, [1, 2, 3, 4, 43, 41, 35, 39, 56]
and their references.

The main purpose of this article is to develop a theory of Newtonian type spaces based
on Morrey spaces, namely, Newton-Sobolev-Morrey spaces, as well as the Hajtasz-Sobolev-
Morrey spaces on metric measure spaces.

We begin with the following generalized modulus based on Morrey spaces.

Definition 1.1. Let 1 < p < ¢ < oo and I' be a collection of rectifiable curves. The
Morrey-modulus of I" is defined by

Mod{(T") := inf

p
peF(T) HpHMZ(%)’

where F(I') is defined as in (1.1).

Definition 1.2. Let f be a measurable function and g a non-negative Borel measurable
function. If the inequality (1.2) holds for all non-constant rectifiable curves in 2~ except
a family of curves of Morrey-modulus zero, then g is called a Mod}-weak upper gradient

of f.

Via these Modg—weak upper gradients, the Newton-Morrey-Sobolev space is introduced
as follows.
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Definition 1.3. Let 1 < p < ¢ < co. The space NMJ(Z") is defined to be the set of all

p-measurable functions f such that || f]| M) < 00, where
||f||NMq = [[fllma(2y + inf 191l a2

with the infimum being taken over all Mod{-weak upper gradients g of f. The Newton-
Morrey-Sobolev space N M (Z") is then defined as the quotient space

M) {1 € M) Wi, =0

with
[ fllvarscay = Ifll

NME(2)

It is easy to see that || - || yaze(2) is @ norm. Moreover, when p = g, the space NMI(Z)
is just the Newton-Sobolev space N'P(.Z") introduced by Shanmugalingam [47]. We also
remark that, since Morrey spaces are Banach function lattices, these Newton-Sobolev-
Morrey spaces are special cases of the Newtonian type spaces associated with quasi-Banach
function lattices considered by Maly [37, 38].

This article is organized as follows. In Section 2, we show that the Newton-Morrey-
Sobolev space is non-trivial by proving that the set of Lipschitz functions with bounded
support is contained in the Newton-Morrey-Sobolev space (see Theorem 2.4 below), but
not dense (see Remark 2.5 below), which is different from the Newton-Sobolev space.

In Section 3, the embedding of the Newton-Morrey-Sobolev space into the Holder space
is obtained when 2~ supports a weak Poincaré inequality, the measure y is doubling and
satisfies a lower bounded condition (see Theorem 3.1 below). Moreover, if the space 2 is
Ahlfors Q-regular and supports a weak Poincaré inequality, via proving the boundedness
of some fractional integrals on Morrey spaces, we also obtain a Rellich-Kondrachov type
embedding theorem of the Newton-Morrey-Sobolev space (see Theorem 3.6 below). Both
embedding properties on Newton-Morrey-Sobolev spaces generalize the corresponding re-
sults for Newton-Sobolev spaces obtained by Shanmugalingam in [47, Theorems 5.1 and
5.2].

In Section 4, using the Hajtasz gradient, we introduce the Hajtasz-Morrey-Sobolev space
on metric measure spaces and show that, when 2~ supports a weak Poincaré inequality and
the measure p is doubling, the Newton-Morrey-Sobolev space is a subspace of the Hajtasz-
Morrey-Sobolev space (see Theorem 4.3 below). We also prove that the intersection of
the Hajtasz-Morrey-Sobolev space and C(Z"), the set of all functions which are almost
everywhere continuous with respect to the Morrey modulus, is continuously embedded into
the Newton-Morrey-Sobolev space (see Theorem 4.6 below). This generalizes the result
on the relation between Newton-Sobolev spaces and Hajlasz-Sobolev spaces obtained by
Shanmugalingam in [47, Theorem 4.9]. In particular, when 2~ = R", both the Newton-
Morrey-Sobolev space N M (R") when 1 < p < g < oo and n < g and the Hajtasz-Morrey-
Sobolev space HMJ(R™) when 1 < p < g < oo are proved to coincide with the classical
Morrey-Sobolev space on R™ (see Theorem 4.8 and Corollary 4.11 below). We point out
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that, in the proof of Theorem 4.8, we use two key tools: the predual space of the Morrey
space, which was found by Adams and Xiao in [1, Theorem 2.3] and [4, Theorem 7], and
the density of C2°(R™) in the predual space (see Lemma 4.10 below).

In Section 5, invoking the maximal function characterization of Hardy-Morrey-Sobolev
spaces from Jia and Wang [30], and the coincidence between Hardy-Morrey spaces and
some special cases of Triebel-Lizorkin-type spaces in [54, 46, 56|, together with the lift-
ing and the mapping properties of Fourier multipliers and pseudo-differential operators
on Triebel-Lizorkin-type spaces, we first prove that, on the Euclidean space R", when
4 < p < ¢ < oo, the Hajtasz-Morrey-Sobolev space H My (R™) (see Definition 5.3 below)
coincides with the Hardy-Morrey-Sobolev space s#M{ (R") (see Theorem 5.5 below),
which generalizes the known result for Hardy-Sobolev spaces obtained by Koskela and
Saksman [33, Theorem 1]. In a more general case when 2 is a metric measure space
of homogeneous type in the sense of Coifman and Weiss [10, 11], namely, a metric mea-
sure space satisfying the doubling measure condition, we give a characterization of the
Hajtasz-Morrey-Sobolev space via grand maximal functions (see Theorem 5.11 below),
which generalizes the case when s = 1 of [34, Theorem 5.2]. It should be pointed out that,
differently from the proof of [34, Theorem 5.2], the proof of Theorem 5.11 involves several
localized arguments via a partition of unity on homogeneous type spaces.

Finally, Section 6 is devoted to the the boundedness of some fractional maximal op-
erators on Morrey and Morrey-Sobolev spaces. We first show, in Subsection 6.1, the
boundedness of some certain modified maximal operators on modified Morrey spaces over
geometrically doubling metric spaces (see Theorem 6.5 below). As an application, the
boundedness of related fractional maximal operators on modified Morrey spaces is ob-
tained (see Proposition 6.6 below). As further applications, in Subsection 6.2, we show
the boundedness of fractional maximal operators on Hajtasz-Morrey-Sobolev spaces when
2 is a doubling metric measure space satisfying the relative l-annular decay property
and the measure lower bound condition (see Theorem 6.9 below). If 2" supports a weak
Poincaré-inequality, and the measure is doubling and satisfies the measure lower bound
condition, then the boundedness of discrete fractional maximal operators on Newton-
Morrey-Sobolev spaces is also obtained (see Theorem 6.10 below). All these conclusions
generalize the corresponding known results on Newton-Sobolev spaces and Hajlasz-Sobolev
spaces by Heikkinen et al. in [23, 24].

At the end of this section, we make some conventions on notation. Throughout the
paper, we denote by C a positive constant which is independent of the main parameters,
but it may vary from line to line. The symbol A < B means A < CB, where C is a
positive constant independent of A and B. If A < B and B < A, then we write A ~ B.
If F is a subset of R"™, we denote by x g its characteristic function.

2 Some basic properties
In this section, we consider some basic properties of Newton-Morrey-Sobolev spaces

including their completeness and non-triviality. Throughout this section, we only assume
that p is a nontrivial Borel reqular measure.



6 YUreENG Lu, DACHUN YANG AND WEN YUAN

Recall that the Newton-Morrey-Sobolev space is a special case of the Newtonian spaces
based on quasi-Banach function lattice X introduced in [37]. The following result is a
special case of [37, Theorem 7.1].

Theorem 2.1. For all 1 < p < q < oo, the space NMy(Z") is a Banach space.

The next lemma is usually called the truncation lemma, which shows how a Mod]-weak
upper gradient behaves when multiplying a characteristic function. Its proof is similar to
those of [12, Lemmas 4.6 and 4.7] and we omit the details.

Lemma 2.2. Let f € NMj(Z') and g1,92 € MH(Z") be two Modf-weak upper gradients
of f.

(i) If f is a constant on a closed set E, then g := gixo\g is also a Mod]-weak upper
gradient of f.

(ii) If E is closed in 27, then h := gixE + gaX 2\E 5 also a Mod]-weak upper gradient

of f.
We also need the following conclusion.

Proposition 2.3. Let 1 < p < q < oo. For any set E C 2 with finite measure,
Bl pma 2y is bounded by a multiple of w(E)Ya,

Proof. Notice that

1/p
IxEll M2y = BSEE){MB)]W [%}

If u(B) > p(E)/2, then by p < g, we have

w(BNE)

1/p
T5] S e B B S e

e |
If u(B) < p(FE)/2, then

(BN E)
1(B)

This finishes the proof of Proposition 2.3. U

1/p
[u(B)]M/ [ ] < [u(B)]M.

Recall that NMJ(2) = N'P(Z'), which is a non-trivial space. The following con-
clusion shows that even when ¢ > p > 1, NM}J(2") is also not a trivial space. In what
follows, Lip,(Z") denotes the set of all Lipschitz functions on 2 with bounded support.

Theorem 2.4. Let 1 < p < q < oo. Then Lipy(2") C NMI(Z").

Proof. Let B be a ball in 2". By Proposition 2.3, we know that yp € M}(2") and

Bz 2y S (B < oo,
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Now let f € Lip,(2") with supp (f) C B and L be the Lipschitz constant of f. Since
f € Lipy(Z), we know that there exists a positive constant My such that |f| < Myxp.
Hence, by (1.3), we see that f € M}(2") and [ fllmacay S Mo [p(B)]Y.

On the other hand, notice that, for all recitable curves ~, it holds that

£ oy (E(0)) = £ oy(E())| < Ld((E(0)),1(E(7)) < / Lds.

Hence L is an upper gradient of f. Then by Lemma 2.2, Lysp is a Modj-weak upper
gradient of f, which further implies that f € NM}(2") and

1f wasg (o) S (Mo + L)[u(B)] V7.
Thus, Lip,(2") € NMJ(Z"), which completes the proof of Theorem 2.4. O

Remark 2.5. We point out that the set Lip,(.:2") might not be dense in NMZ(Z") when
1 < p < g < oo, which is different from the Newton-Sobolev space NP(2°) (see [47,
Theorem 4.1]). We give a counterexample in the case 2" = R as follows. For N € N and
jeZ, et I = [2V 4+ jN, 2V 4+ jN + 1],

43:—4c§v+2, xG[C;V—%,C;-V_%)a
ACES SO 0 B
—dz +4c) +2, z€le +7,¢ +3l,
0, x € (—o0, cjv—%)u(cj-v—ké,oo),
and
oY (@) —{4’ el g
0, z€ (-0 ,cj—i)U(cj + 3, 00),

where c] is the middle point of the interval I; N Let f:=> N>No z Q,Z)N and ¢ :

D NN z (b , where Ny € N such that, for every N > Ny, it holds that 2N+1 >
2N + N2 — N+ 1. Then, {IJN : N> Ny, j€{0,...,N—1}} are disjoint with each other.
By this and (1.3) with 2" = R, we see that, when p = ¢,

o= Y 3 [ L +i)\ > Yo
N>Np j=0 N>Np
which implies that f ¢ LP(R). When p < ¢, by this and (1.3) with 2~ = R, together with
some computations same as in [8, Lemma 2], we know that f € MJ(R) and g € M} (R).
Furthermore, by noticing that curves in R are intervals and {1 JN : N>Ny,je{0,...,N—
1}} are disjoint with each other, we see that (b;-v is an upper gradient of wj-v and hence
g is an upper gradient of f. Now for any g € Lip,(R), let supp g C [A, B], N1 € N and
41 € {0,..., Ny — 1} such that Ny > Ny and 2™ + j;N; > B. Then, we have

5)"
> (= .
MI®R)  \2

NH-%]

1F = sl > [,
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Thus, f can not be approximating by any sequence of functions in Lip,(R) in the norm of
NMZ(R) and hence the above claim holds true.

3 Sobolev embeddings

Let a € (0,1] and C%%(2") denote the a-Hdélder space on 2, namely, the space of all
functions f satisfying that, for all z,y € 27, |f(z) — f(y)| < Cld(x,y)]*, where C is a
positive constant independent of x and .

It is well known that, when 2~ = R", the following Sobolev embeddings hold true:

(3.1) WLP(R") — [P/ (PN (R™) if p < n,
and
(3.2) WLP(R"Y) — COTVP(R™) if p > n,

where the symbol < means continuous embedding. The generalizations of (3.1) and (3.2)
to the Newton-Sobolev space and the Hajlasz-Sobolev space on metric measure spaces
were obtained in [47] and [20, 21]. This section is devoted to the corresponding Sobolev
embedding theorems for Newton-Morrey-Sobolev spaces.

Recall that a space 2 is said to support a weak (1,p)-Poincaré inequality if there exist
positive constants C' and 7 > 1 such that, for all open balls B in 2" and all pairs of
functions f and p defined on 7B, whenever p is an upper gradient of f in 7B and f is
integrable on B, then

1 . 1 » 1/p
33 i [ 1@ - el < caim@) { s [ ey o}

where above and in what follows, fp denotes the integral mean of f on B, namely,

1
(3.4) fp= B /B f(y) du(y),

diam(B) the diameter of B and 7B the ball with the same center as B but T times the
radius of B. In particular, if 7 = 1, then we say that 2~ supports a (1,p)-Poincaré
inequality.

It is well known that the Euclidean space supports a (1,p)-Poincaré inequality. For
more information on Poincaré inequalities, we refer to [26, 27, 21] and their references.

A measure p on 2 is said to be doubling if there exists a positive constant C' such
that, for all balls B in 2, it holds that u(2B) < Cu(B). As a generalization of (3.2) to
Newton-Morrey-Sobolev spaces, we have the following conclusion.

Theorem 3.1. Let 1 < p < ¢ < oo and Q € (0,q). Assume that (2 ,d,p) is a metric
measure space with doubling measure , supports a weak (1,p)-Poincaré inequality and
satisfies that there exists a positive constant C' such that, for all x € Z and 0 < r <
2diam(2"), it holds that u(B(z,r)) > Cr®. Then NMJ(Z) — CO1=Qla( 2.
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Proof. By the same reason as that stated in the proof of [47, Theorem 5.1], we only need
to show that if f € NMJ(2") and z,y are Lebesgue points of f, then

1£(2) = FW)] S 1A, )]~ f I vaz 2y
To this end, let By := B(z,d(x,y)), B_1 := B(y,d(x,y)) and, for all i > 1,

1 1
Bi = §Bi_1 and B—i = §B_i+1.

Let By be a ball contained in By N B_; with radius rp, := d(z,y)/4. Since z,y are
Lebesgue points, it follows that

1F@) = FO) <D |fB, — fBil-

1€EZ
Let p be an upper gradient of f such that
I Fllmacary + Iollamsczy S I vagg 2y

Then, by this, (1.3), the doubling condition of x and the weak (1, p)-Poincaré inequality,
together with p(7B;) 2 riQ, we see that, when i € N,

(35) 5.~ Il S s [ 1 Sl )
1 1/p
Sdinn(B) { s | o auto) )
< rili(rB) Ml gy < i Il g o)
S 270D A, )] fll vagg
where we denote by r; the radius of B;. Similarly, for all i« < —2, we also have
B = o] S 207D d(a, y)]' ) fll sy 2)-

On the other hand, by the Holder inequality and the doubling condition of u, we see
that

1 1
’fo1 - fBo‘ < m /Bo ‘fo1 - f(x)| du(‘r) 5 M/Bl ’fo1 - f(x)’dﬂ(x)
1
Sy [ Ve - @)l

and then, similar to (3.5), we further conclude that

Fos = Fiol S [ )= Fll s -

Meanwhile, by the same method as this, we also find that

B0 = Foul S 1, )]~ fllvarg 2)-
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Thus, combining the above estimates, by @ € (0, q), we see that

f(@) = )] < ld(a,y)]' [Z 2‘“1_%)] 1F | v arg )

i€Z
S [d(%y)]l_Q/quHNMg(%),

which completes the proof of Theorem 3.1. O

Remark 3.2. Theorem 3.1 generalizes [47, Theorem 5.1] by taking p = q.

Next we give a Rellich-Kondrachov type embedding theorem for NMZ(2") when p is
small, which can be seen as a generalization of (3.1). We begin with the following notion
of the Ahlfors Q-regular; see, for example, [47, Definition 5.1].

Definition 3.3. Let Q € (0,00). A metric measure space 2" is said to be Ahlfors Q-
reqular (or Q-regular), if there exists a constant C' > 1 such that, for any =z € 2" and any
r € (0,2diam(Z")),

érQ < u(B(z,r)) < CrC.

Let M be the Hardy-Littlewood mazimal operator defined by setting, for all f €

L%CC (Z), the set of all functions which are integrable on all balls, and x € 2,
(36) M) 7 | 1wldu)
. €)= Sup ——< Yy Y),
Bon 1(B) Jp T

where the supremum is taken over all balls B in 2" containing z. The following statement
shows that the operator M is bounded on Morrey spaces. For its proof, we refer to [5] for
example.

Lemma 3.4. Let (Z27,d,u) be a metric space with doubling measure and 1 < p < q < 0.
Then there exists a positive constant C' such that, for all f € MA(Z"),

1M fll g2y < ClUFllma -

We also need the following boundedness of fractional integral operators on Morrey
spaces.

Proposition 3.5. Let 2" be Ahlfors Q-regular with @Q € (0,00), o € (0,Q) and 1 < p <
q < Q/a. Then the following fractional integral I, is bounded from M}(Z") to Mg*(%),
where p* = Qq_?’;a, q* = Q@‘;a and I, is defined by setting, for all f € MHZ) and
reZ,
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Proof. Without loss of generality, we may assume that f € MZ(2") is non-negative. For
any r € 2, fix § > 0 and write

fy) f)
LD [y Tl 0T [ T 0

= () + g5 ().

By the Holder inequality, (1.3) and the Ahlfors Q-regular property of 2", together with
q < Q/a, we see that

oo

[(y)

(@)
(3.7 s (@) B(z,20+10)\B(x,296) [d(,y)]9~

du(y)

S

¢ 1M

Il
o

(2,27119)

1/p
(276)*Q (B, 27T 4)) 1P [/B [f ()P du(y)]

J

A
Nk

(276)* (B, 2O f | g )

<.
I
o

2
Nk

(276)*=9(276) M| Fll sy S 0% Fll g2y

<.
Il
o

For bs, let Aj := B; \ Bjy1 := B(x,2798) \ B(x,277714) for all j € NU {0} =: Z.
Then, by the Ahlfors Q-regular property of 2", together with v > 0, we see that, for all
re X,

(3.8) Z/ e dpu(y) & Y (2776)* 79 T duly)

JEL+ JEL+

/ F(y) ly) S 8 M(f)(@).

<o* N oo
JEZ

Combining (3.7) and (3.8), we have
Lo(f) (@) S 6"M(f)(x) + 67 fll g2 -
Now let § := Hqu/Q [M(f)(m)]_Q/Q. Then for any = € 2,

Ia(£)(@) S 1IN M) @) o,

which, together with Lemma 3.4, further implies that

1l lyga: ) S WIS I COT 2 g
~ 15 I (It 08 S 16 g

This finishes the proof of Proposition 3.5. U
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Now we have the following Rellich-Kondrachov type embedding result, which generalizes
[47, Theorem 5.2] by taking p = ¢, « = 1 and 2" being bounded.

Theorem 3.6. Let 1 < r < p < g < oo. Let1l < p/r < q/r < Q/a < 0, a €
(0,7)N(0,Q) and Z be an Ahlfors Q-regular metric measure space supporting a weak (1,7)-
Poincaré inequality. Then there exists a positive constant C' such that, for all functions
f € NMXZ), upper gradients p of f and R € (0, 0),

If = feemll e < CR™"|lpll pas -
M () g
e

Proof. Let f € NM} (%) and p be an upper gradient of f. For any Lebesgue point z for
f, we write By := B(x, R) and B; := B(z,27'R) for all i € N. Since an Ahlfors Q-regular
space is doubling, by the weak (1, r)-Poincaré inequality and r > «, we see that

|f(z) — fB(xR‘<Z‘fB1 IBial S — Bl du(z)

i e / . [p(z)]rdm)}l/r
=3 % {[ ver i)}

> - ZT;RQ/T {/TB@-%@@)}W

z:O

l—a/r [p(z)]r’ 5 1/7«% 1—a/r V(2 1/r
R e =T O T AT IO

Z/\

Z/\

A

where 7 is the same as in (3.3). Applying Proposition 3.5, together with 1 < p/r < ¢/r <
Q/a, we conclude that

1—a/r rN\11/7 ~ pl—a/r ry1/7
IF = ol g SR e =R g

Qpr (#) Qpr M qua ()
Qr—qa Tr—qa e
1—afr /T ~ pl—a/r
SEZ e = B oty
which completes the proof of Theorem 3.6. O

Remark 3.7. (i) Let 1 <r <p< oo, 1 <p/r <Q < oo, and Z be an Ahlfors Q-regular
metric measure space supporting a weak (1, 7)-Poincaré inequality. Then, by Theorem 3.6,
we see that there exists a positive constant C' such that, for all functions f € N'P(2),
upper gradients p of f and R € (0, 00),

o - < 1—1/7”
I f fB(~,R)HLQ%(%) <CR ol Le(2
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which has its own interest.

(ii) We also remark that Theorem 3.6 generalizes the classical result for Newton spaces
in [47, Theorem 5.2]. Indeed, if we further assume that 2" is bounded, then we know
that fo = fB(sdiam(2)) for almost all z € 2. Thus, it follows from (i) that, under the
same assumptions on @, r, p as in (i), there exists a positive constant C' such that, for all
functions f € N'?(2") and upper gradients p of f,

IF = 7ol e, . < Cldiam(2)] ™ ol

which is just [47, Theorem 5.2].

4 Hajlasz-Morrey-Sobolev spaces

In this section, we introduce Morrey-Sobolev spaces associated with Hajlasz gradients
and consider the relation between the Hajlasz-Morrey-Sobolev space and the Newton-
Morrey-Sobolev space.

Definition 4.1. Let 0 < p < ¢ < co. The inhomogeneous Hajtasz-Morrey-Sobolev space
HM{(Z) is defined to be the space of all measurable functions f having Hajlasz gradients
h € ML(Z). The norm of f € HMZ(Z") is defined as

1 zraag oy = 1 f 1l pmg ) +InE (2] jgg 2y
where the infimum is taken over all Hajtasz gradients h of f.

We remark that HM; (2 ) when p = ¢ is just the Hajlasz-Sobolev space M'?(2") in
[18]. Moreover, | f{|gazi (2 = 0 if and only if f = 0 almost everywhere.
Next we consider the relationship between the Hajtasz-Morrey-Sobolev space and the

Newton-Morrey-Sobolev space. We first need the following lemma, which is a special case
of [37, Lemma 5.6].

Lemma 4.2. Let 1 < p < ¢ < o0 and g be a Mod]-weak upper gradient of f. Then
for any e € (0,00), there exists a function g., which is an upper gradient of f, such that
llge — QHMZ(%) < e and g. > g everywhere on Z .

Applying Lemma 4.2, we obtain the following result.

Theorem 4.3. Let 1 < p < q < oco. If Z supports a weak (1,p)-Poincaré inequality and
the measure p is doubling, then NMg(Z") — HMZ(Z).

Proof. Let f € NMZ(Z'). By [31, Theorem 1.0.1], we see that 2~ supports a weak (1,7)-
Poincaré inequality for some r € (0,p). By Lemma 4.2, there exists an upper gradient g
of u such that

[ fllmacary + N9llmaczy S I vagz -

Since £ supports a weak (1,r)-Poincaré inequality for some r € (0,p), by [21, Theorem
3.2], we know that there exists a set E C 2~ with pu(FE) = 0 such that, for all z, y € 27\ E,

@) = F@) S ) { M) @] + M) )]}
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Hence a constant multiple of h := [M(g")]"/" is a Hajlasz gradient of f. Then, by Lemma
3.4, we know that

1 zaag 2y S WFllmacary + 1Rlaa ) S 1l + 19llmaey S I FlIvaz ey,
which completes the proof of Theorem 4.3. O

Remark 4.4. When p = ¢, under the same assumptions as in Theorem 4.3, it was proved
in [47, Theorem 4.9] that NMP(2") = HMY(Z').

Next we turn to consider the inverse embedding of Theorem 4.3. The following property
of the Morrey modulus is needed, which is a special case of [37, Proposition 4.7].

Lemma 4.5. Let 1 < p < g < oo and I" be a collection of rectifiable curves. Then the
following two statements are equivalent:

(i) Mod}(T") = 0;

(ii) there exists a mon-negative Borel measurable function p € MA(Z) such that, for
any v €T, fﬁ/ p(s)ds = oco.

Recall that a function f on 2 is said to be almost everywhere continuous with respect
to Mod] if there exists a set F C 27, with Mod}(I'z) = 0, such that f is continuous on
2\ E. Let C(Z") be the set of all such functions f on 2 . Then we have the following
conclusion.

Theorem 4.6. Let 1 <p<q<oo. Then C(Z)NHMH(Z) — NMI(Z).

Proof. Let f € C(Z') N HM(Z'). Then, by f € C(Z"), we know that there exists a
set By C 27, with Mod}(I'g,) = 0, such that f is continuous on 2"\ Ej;. Also, by
f € HMI(Z), we see that there exists a Hajtasz gradient h of f such that h € ME(Z),
which further implies that there exists a set Fy C 27, with pu(Es) = 0, such that, for all
x, y € 2\ Es,

(4.1) [f(z) = f(y)| < d(z, y)[h(z) + h(y)].

Since pu(Ey) = 0, similar to [47, Lemma 4.6], we may redefine the values of f and h on
a set containing Es of measure 0 such that (4.1) holds for all x,y € 2 and with the
same M} (2") norm. Let ' be the collection of non-constant rectifiable curves such that
fy h(s)ds = oo. By Lemma 4.5, we have Mod?(T') = 0 and hence Mod(I' UT'g, ) = 0.

Let v ¢ TUT'g,. Fix n € N and divide v into n subcurves v;, ¢ € {1,...,n}, with equal
length. Since « is continuous, we know that I; := v~!(v;) is an interval and [0,4(v)] =
ur,IL;. By f,y h(s)ds < oo, we know that f% h(s)ds < oo for any i € {1,...,n}. Then,
by the argument as in [47, Lemma 4.7], we see that, for any ¢ € {1,...,n}, there exists
ti € I; such that h(y(t;)) < ﬁ f%_ h(s)ds, where [(v;) denotes the length of ;. Write
v(t;) =t z;. Then, by this and (4.1), together with I(v;) = 1i(y) and U™y = 7, we
conclude that

n—1

n—1
1£(21) = f(2)| €D 1F (i) = flzip)] < d(zi, 2i01) [h(z) + hlzig1)]
i=1

1=1
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L ds+ %H) /%+1 h(s) ds]
=) [[ﬁh(s)der[ﬁHh(s)ds] §4Lh(s)ds.

i=1

Since v C £\ E1 and f is continuous on 2"\ Ej, by the fact that z; — ~(0) and
zn — Y(4(7)) as n — oo, we further find that

£60) = F )| < [ h(s)ds,
v
that is, 4h is a Mod#-weak upper gradient of f. Thus, f € NMJ(2") and I fllvasacay S
£l zrazg(27)- This finishes the proof of Theorem 4.6. O

Remark 4.7. (i) We point out that, in the proof of Theorem 4.6, the condition f € C(Z")
is used to exclude those “bad curves” on which the function f may not be continuous.

(ii) From Theorem 4.6, we deduce that the closure of C(2") N HMZ(Z") in HMZ(Z")
continuously embeds into NMg(2").

(iii) When p = ¢, then HM}(2") = MYP(2") and NMJ(2") = N'P(2"). Since the set
of all Lipschitz functions is dense in M"P(.2") (see [18, Theorem 5]), Theorems 4.3 and 4.6
go back to the known result: under the assumptions of Theorem 4.3, NYP(27) = M1P(%)
for p € [1,00), which is just [47, Theorem 4.9].

(iv) Let 2 be as in Theorem 3.1 with the weak (1, p)-Poincaré inequality replaced
by the weak (1,¢)-Poincaré inequality for some ¢ € (1,p). Observe that if 2  supports
a weak (1,t¢)-Poincaré inequality for some ¢ € (1,p), then it also supports a weak (1,p)-
Poincaré inequality, via the Holder inequality. Then, by Theorem 3.1, we know that, when
Q€ (0,g)and 1 < p < q< oo, NMI(Z) C C(Z), which, together with Theorems 4.3
and 4.6, further implies that

(4.2) C(2)NHMI(Z) = NMI(Z).

(v) It is still unknown whether HMJ(2") < NMJ(Z") for 1 < p < ¢ < oo also holds
true or not since we do not know whether HM,}(2") is contained in C(.2") or not. Observe
that, from (4.2) and [47, Theorem 4.9], it follows that HMP(2") C C(Z).

We now consider the relation between the Hajlasz-Morrey-Sobolev space and the clas-
sical Morrey-Sobolev space on R™. Let 1 < p < ¢ < oo. Recall that the classical Morrey-
Sobolev space W M}(R™) is defined as

WMI(R™) := {fe MI(R™): Vfe MZ(R")},
where V f denotes the weak derivative of f. The norm of f € WM} (R") is given by
1 lwarg@ny = 1l mg@ny + IV Fllpa@n)-

Observe that W MJ(R™) is just the Sobolev space W1P(R™).
We have the following conclusion.
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Theorem 4.8. Let 1 < p < q < oo. Then WMZ(R™) = HMg(R™) with equivalent norms.

Before we prove Theorem 4.8, we need some key facts on the predual space of Mp(R™)
when 1 < p < ¢ < oo from Adams and Xiao [1, 4]. To state them, we begin with recalling
some notions.

Let p € (1,00). A non-negative function w on R" is called an A,(R") weight, denote by
w € Ap(R™), if there exists a positive constant C, depending only on p and n, such that,
for all balls B,

(43) 51 [ ww) {, 57 [ /o dy} <c.

A non-negative function w is called an A;(R"™) weight, denoted by w € A;(R™), if there
exists a positive constant C' such that, for almost every z € R", Mw(z) < Cw(z).

For a € (0,n), the a-th order Hausdorff capacity at the level e € (0,00] of E C R™ is
defined by

A(8 = inf Zr EC U B(zj,r;) and r; <¢e, j €N
j=1

Recall that A((fo) is finite on all bounded sets and is only a capacity in the sense of Meyers
(see also [4]).

Definition 4.9. Let 1 < p < ¢ < oo and n € N. The space HJ(R") is defined to be the
space of all as f € L¥ (R™) such that

1/p
gy = int { [ 150 L7ay} < o,

where L’foc (R™) denotes the class of all p-locally integrable functions on R™ and the infirm
is taken over all non-negative weights w € A;(R"™) satisfying that

/ wdA®),, ;:/ A, ({z € R : w(z) > t})dt < 1.
n q 0 q

Let 1 < p < ¢ < oo and A := pn/q. Observe that the space Hj(R™) is just the
space HP* defined by Adams and Xiao in [4], where they also proved that H?A which
is H Z,/ (p _1)(R") by our notation, is the predual space of LP*, which is the same space as
M (R™) in this paper; see [1, Theorem 2.3] and [4, Theorems 6 and 7]. Using this, we
have the following useful and key lemma.

Lemma 4.10. (i) If 1 < p < ¢ < 00, then C°(R") is dense in HJ(R™).
(ii) If 1 <p < q < o0, then for any f € MA(R™),

||f||Mg(Rn>=sup{ [ F@(@)dz| g CE@Y, HQHHZ/@D(R”)ﬁl},

1, 1 _
where > + = 1.
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Proof. Notice that (ii) is an immediate corollary of (i) and the fact that (Hg,/ » _1)(R”))* =
ME(R™) when 1 < p < g < oo (see [1, Theorem 2.3] and [4, Theorems 6 and 7]), together
with a density argument. Thus, we only need to prove (i). To this end, let f € Hj(R™).
By Definition 4.9, we see that, for any e € (0,00), there exists a weight w € A;(R™) such

that fRnwdA( Zl/ <1 and

1/p
gy < { [ 1P @RGP 7dnf < g + ¢
Thus, f € L ,_,(R"), where

qu1 (R = {h is measurable : ||h||Lp ®v) ;:/

R

|h(z)|P[w(z)]' P d < oo} .

We now claim that if w € A;(R"), then C°(R™) is dense in LV, (R"™). Let v := w'=P
and h € L(R™). By the weighted boundedness of the Hardy-Littlewood maximal function
M on LE(R™) (see, for example, [49, p. 201]), and v € A,(R™), which is deduced from
w € A;(R™) (see [13, Proposition 7.2]), we see that

(1.4 [ th@p o) s S [ p@P o) do ~ Ay

Let ¢ € C°(R™) and [g, ¢(z)daz = 1. For all t € (0,00) and z € R™, let ¢ () := L o(%).
From h € LE(R™), we deduce that

(45) lim [ [h(z) ~ (hxp(o,p) @) v() dz = 0.

R—0o0 Rn

Moreover, by the Holder inequality, h € L(R") and v € A,(R™), we conclude that, for
any ball B C R",

[ @l = [ @) ) de
< [ /B Ih(z)Po(z) dx} v [ /B [v(g;)]—l”/pdx] "o

Thus, h € Lj,, (R™), which implies that, for any R € (0,00), hxp(o,r) € L*(R"). By this
and [50, Theorem 1.25], we see that, for any R € (0,00) and almost every x € R,

(4.6) %i_l)%(hXB(O,R) * @) () = hxpo,r)(T)-

Observe that both h and (hxp(o,r)) * ¢ for any R € (0,00) and ¢ > 0 are controlled by
Mh. By this, (4.4), the Lebesgue dominated convergence theorem, (4.5) and (4.6), we
conclude that

lim lim [ |h(z) = (hxBo,r)) * ¢¢(z)"v(z) dz

R—00t—0 Jpn
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S lim [ |h(z) = (hxpo,r)) (@) o(z) do

~

R—oo Rn
+ lim lim |[(hxB(o,r) (¥) — (hxB(0,R)) * ¢t (2)[Pv(2) dz = 0O
—00 Jpn t—0

which, together with the fact that (hxp(o,r)) * ¢+ € C°(R™) for all t, R € (0,00), further
implies that h is approximated by functions in C2°(R™). This finishes the proof of the
claim.

Moreover, by this claim and f € Li; 1 (R™), we see that there exists g € C2°(R"™) such
that

[ 15@) = gla)Plu) 7 do <.
which, by Definition 4.9, further implies that
If = 9llmz@ny < /Rn |f(z) = g(@)P[w(@)]' 7P dz < e.
This finishes the proof of (i) and hence Lemma 4.10. O

Now we are ready to present the proof of Theorem 4.8.

Proof of Theorem 4.8. Observe that the conclusion of Theorem 4.8 when 1 < p=¢ < o0
is just [18, Theorem 1]. Thus, in what follows of this proof, we always assume that 1 <
p <q <.

We first show that WM} (R") ¢ HMJ(R"). Let f € WMg(R™). By the definition
of WMJ(R™), we see that Vf € LP(Q) for all cubes @ in R™ and then, following the
argument as in [18, p.404], we know that, for all Lebesgue points x, y € R" of f,

[f(2) = FWI S |z =y MV ) () + MV f[)(y)] -

Hence a constant multiple of M (|V f|) is a Hajlasz gradient of f. Moreover, by Definition
4.1 and Lemma 3.4, we further see that

[ e nagny < Nl ny HIM AV D mawry S 1 lag ey + IV F g @y 2 1 lw g n)-

This shows that WMJZ(R") C HMJ(R™).

Next we prove HM}(R") C WMJ(R"). Let f € HM}(R"). Then, by Definition 4.1,
we see that there exists a nonnegative function h € MZ(R™) such that, for almost every
z,y € R",

(4.7) |f(z) = fW)] < |z = yl[h(x) + h(y)]
and
1l g @ny + 10l mg ny S 1FITEasg )

To complete the proof, it suffices to show that there exists a sequence of functions
{Nc}ec(0,00) € ME(R™) such that, for all ¢ € C°(R™) and i € {1,...,n},

L)
48 97 L) <
(19 (5o} < s

/ _pla)ne(x) de
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and

(4.9) sup 1|l g ey < N0l mag reny-
€€(0,00)
Assume that the sequence {1: }.c(0,00) satisfying (4.8) and (4.9) exists for a moment. To
complete the proof, by Lemma 4.10(ii), (4.8) and (4.9) for any i € {1,...,n}, we conclude
that

b 0
‘ f — sup ‘< f,¢>‘§ sup sup /w(w)na(fc)dw
Oz || g ) PECE (B O PECE RN e€(0,00) [JR™
HM\HZ//(;FU(R”)S IleIHzl/(pq)(Rn)Sl
— s sup / (@) (z) da
c€(0,00)  pECE®M) n

IIADIIHq/(p,U(Rn) <1

= sup el mamny S NAllmg@n)-
e€(0,00)

From this, the definition of WMy (R™) and the choice of h, we deduce that

[ fllwargeny S 1 f ey + 12l ag@ny S 1 age@ny

which implies that f € WMJ(R") and [flwarg@ny S I1flasggny- Thus, HM(R™) C
W M} (R™), which is desired.

We now turn to the proof of the existence of {1 }.c(9,00)- Fix z € R" and let ¢ € (0, 00).
Integrating (4.7) twice on B(z,¢), we see that

/ / (y)| dedy < 2e / h(y)] dzdy
(z,e) 4 B(z,e) B(z,e) (z,€)

= 2|B(z,¢)[? /
[B(z. )l Ja-e)

which further implies that

1
4.10) ——— By dr < ————= / / dzdy
( ) |B(z7€)| B(z,) | ( ) Blze) | |B 2 5 B(z,) (2,€) )|

§2€7 h dx.
BE Jan "

Choose 1 € C°(B(0,1)) such that [p, ¢ (x)dz = 1 and let ¢(-) := A"p(-/A) for all
A € (0,00). Notice that [g, a% (x)dx = 0. Then

O O
[ oz, = (f = [B(ze) * O
and hence, for all z € R",
0 0
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—n—1 87[) r—1
x50 = ool [ ()|

1
- F(O) = fron | dt.
B Sy 1O Ioe)

Let x = z and A = . Then by (4.10), we conclude that

oY, 1
(4.11) ‘f a—%<z>\ e _H) e S M)

SATHVY| oo (e

On the other hand, since f € L} (R") and ¢ € C°(R"), it follows that

loc

Oy L Oy L 0.
[ et =tiy [ L2 ) e =~ tin [ o) (G201 @)
For any ¢ € (0,00), let n. := g—ﬁj « f. Then we see that, for any € € (0, 00),
f@) 5@ ] <l | [ pn @@ ] < sw | [ oo
Rn 8$Z e—0 n 66(0700) n

Moreover, by (4.11), we have |.| < M(h), which, together with Lemma 3.4 again, implies
that, for all € € (0, 00),

17l mg ny S MM g ny S N0l s -
This finishes the proof of Theorem 4.8. O

We remark that Theorem 4.8 when p = ¢ goes back to the equivalence between Sobolev
spaces and Hajlasz Sobolev spaces on R™ obtained in [18].
From Theorems 4.3, 4.6 and 4.8, we deduce the following corollary.

Corollary 4.11. Let 1 < p < g < oo and n < q. Then WMJ(R™) = NM}(R™) with
equivalent norms.

Proof. We first observe that, when p = ¢, the conclusion is proved by [47, Theorem 4.5].
Now, we assume that 1 < p < ¢ < co. By Theorems 4.3, 4.6 and 4.8, it suffices to show
that WM (R") C C(R"). Notice that, if f € WMJ(R"™), then Vf € L} (R"). Then,

following the argument in [18, p.404], by [16, Lemma 7.16], we know that, for almost every
x € R"™ and any ball B,

(4.12) @)= fal S [ %dy.

Therefore, from (4.12), the Holder inequality and (1.3), together with ¢ > n, it follows
that, for almost every z € R™ and all R € (0, c0),

413) @)~ Fol s [ L

B(z,r) |x —y|"?
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>/ viwl

_ yyln—1
= /B, 2)\B@ ) [T~ Yl

e’} 1/10
1
SRY 27F | ——— \Vf(y)\pdy]
kZ:O |1B(x, 36)| JB(, 1)

SRS T DY ] gy S BTV | g
k=0

Thus, for almost every z,y € R", letting R := 2|z — y/, by (4.13) and B(z, R) C B(y, 38),
we then conclude that

[f (@) = fWI<1f(@) = fB@,m| + 1/ () = FB@R)

S L ZLC I /T TW
B(z,R) T — 2[" B(a,r) [y — 2"

o V)
S P e

Sl =yl Y £l g ey -

Then, by [40, Corollary 1], there exists a (1 —mn/q)-Hélder continuous function f such that
f= f almost everywhere, and hence in WM (R™). Further, we could treat f and f as
the same function in WM} (R™). In this sense, f € C(R"), which completes the proof of
Corollary 4.11. O

Thus, by Theorem 4.8 and Corollary 4.11, we know that both Newton-Morrey-Sobolev
spaces and Hajlasz-Morrey-Sobolev spaces coincide with classical Morrey-Sobolev spaces
on R".

5 Pointwise characterization of Hardy-Morrey-Sobolev
spaces

In this section, following some ideas used in [33], we consider the coincidence between the
Hajtasz-Morrey-Sobolev space and the Hardy-Morrey-Sobolev space on R™ (see Definition
5.3 below). When 2 is a space of homogeneous type in the sense of Coifman and Weiss,
a characterization of the Hajtasz-Morrey-Sobolev space via the grand maximal function is
also established.

Let S(R™) denote the set of all Schwartz functions on R™, and 8’ (R™) its topological dual,
namely, the class of all tempered distributions. Let Soo(R™) be the set of all ¢ € S(R™)
such that fR" x)xY dx =0 for all multi-indices v € Z, and S. (R") its topological dual.
We first recall that the definition of Hardy-Morrey space which was originally introduced
by Jia and Wang [30].

Deﬁnltlon 5.1. Let 0 < p < ¢ < 00, ¥ € S(R™) with fRn x)dr =1 and supp ¢ C {z €
. |z| < 1}. The Hardy-Morrey space 7 M, (R") is defined to be the set of all f € S'(R™),
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which denotes the , such that My f € M(R™), where My, f(z) := sup;~q | f * ¢ (x)| for
all 2 € R™, and 44() := £-"45(-/1). Moreover, [[f Lpan) = | Mo S | vatcan
Remark 5.2. (i) From [49, p.57] and the boundedness of the Hardy-Littlewood maximal
function on M3} (R™) (see Lemma 3.4), it follows that, when 1 < p < ¢ < oo, M}(R") =
€M} (R™) with equivalent norms.

(ii) By the results in [30, Section 2], we know that #M}(R") is independent of the
choice of ¥ as in Definition 5.1.

The Hardy-Morrey-Sobolev space is then defined as follows.

Definition 5.3. Let 0 < p < g < co. The homogeneous Hardy-Morrey-Sobolev space
A MY ,(R") is defined to be the set of distributions f € S, (R") such that D;f €

%Mg(R") for all j € {1,...,n}, where D;f denotes the jth distributional derivative
of f. Moreover,

HfH;fM{{p(Rn) = Z ||Djf\|ij;§(Rn)-
j=1

The homogeneous Hajtasz-Morrey-Sobolev space on R™ is defined as follows.

Definition 5.4. Let 0 < p < ¢ < oo. The homogeneous Hajtasz-Morrey-Sobolev space
HM{(Z) is defined to be the space of all measurable functions f who has a Hajlasz
gradient h € M}(2). The norm of f € HMZ(2") is then defined as

”f”HMg(gz) = inf HhHMg(%)’
where the infimum is taken over all Hajtasz gradients h of f.
Then we have the following conclusion on the relation between these spaces.

Theorem 5.5. Let ;25 < p < q < co. Then c%”Mﬁp(R”) = HMJ(R™) with equivalent

norms.

To prove this theorem, we need some knowledge on the Triebel-Lizorkin-type spaces on
R"™ (see [54, 46, 56]). Let 2 :={Qjx : j € Z,k € Z™} be the collection of all dyadic cubes
in R", where Qj == 277([0,1)" + k). For Q € 2, we denote by /(Q) its side length and
let jo := —log, ¢(Q).

Recall that, for all s € R, 7 € [0,00), p € (0,00) and r € (0, 00|, the Triebel-Lizorkin-
type space FyT(R™) is defined as the set of all f € S’ (R") such that

p/r 1/p

”f”F“"’Z(Rn) := sup |P|7" / Z 2jsr’(pj « f(z)[" d < o0,
P Pe2 P/,

where ¢ € S(R™) satisfies

~ .3 5
§!§\§2}, B> >0 D <<

- 1
suppng{{E]R”: 5

It was proved in [46, Corollary 3.2] that, for all 0 < p < g < oo, the Hardy-Morrey space
S MY (R™) = Fﬁ ) /P=1/4(RnY with equivalent quasi-norms.
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Proposition 5.6. Let 0 < p < ¢ < co. Then %”Mq H(RY) = 11/p 1/q(}R") with equiva-
lent quasi-norms.

Proof. We first show %Mq H(R™) — F1 M=ty Let f € %Mq »(R™). Then for all
ie{l,...,n}, D;f € %Mq(R") and HD ijqu R S Hijqu (D) Recall that, by [46,

Corollary 3.2, 57 M} (R") = 1?7 21 =1/ 7(R") with equivalent quasi-norms. We then know
that D;f € Evy/"~"/%(R™) and
(5.1) HDif\|F§:2}/p71/q(Rn) S W enrs ny:

For i € {1,...,n}, let R; be the Riesz transform defined by setting, for all g € S’ (R"),

(Rig)\(€) := —12G(6), € e R™\ {0},

where ¢+ denotes the imaginary unit, and I, with ¢ € R be the Riesz potential operator
defined by setting, for all g € S, (R"™),

(Io9)"(€) = [¢I79(¢), € eR™\ {0}
Then it is well known that
(5.2) Dif = —~LR;f in S (R).
Recall that, by [54, Proposition 3.5], f € Fp,”7(R") if and only if I, f € Fy,(R"), and

0,1/p—1/q /mon .
HfHF;j"’T(Rn) ~ |]IUfHF;,TT(Rn). Hence, by D, f € Fp72/p /q(]R ) and (5.2), together with
5.1), we know that R, f € ELV/P~Y4(Rn) and
P2

||Rif||F;:2}/P*1/q(Rn) ~ HDifHFZ(,J:Z}/pfl/q(Rn) S enrs )

for all i € {1,...,n}.
On the other hand, by the mapping properties of Fourier multipliers on Triebel-Lizorkin-
type spaces in [55, Theorem 1.5], we know that R; is a bounded operator on F ’1/ Pt/ 1(R")

and hence R;R;f € Fplél /p=1/ Y(R™), which, together with the fact that

f=Y_RiRif inS,(R"),
=1
further implies that f € F15/""/4(R") and | /| praoiaggny S IFests ey This fin-
P, s
ishes the proof for %pr(R") — F;”;/p_l/q(R").

Now we prove F;’Ql/p_l/q(R”) — c%”Mﬁp(R”). Let f € Fljlv’;/p_l/q(]l%”). Then by the
mapping properties of pseudo-differential operators on Triebel-Lizorkin-type spaces in [46,
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Theorem 1.5], we know that, for all i € {1,...,n}, D;f € F;’Ql/p_l/q(R") = M} (R™)
and
1D e eny = NDif Nl poyrm-1va gy S ISl 1701/ gny:

This implies that Fplz1 /p=1/ HR") — # Mf’p(R") and hence finishes the proof of Proposi-
tion 5.6. O

In particular, when p = ¢, Proposition 5.6 goes back to the known coincidence between
Hardy-Sobolev spaces and Triebel-Lizorkin spaces.

By [56, Proposition 8.2], we know that F;’Ql/p_l/q(R") C L},.(R™) in the sense of
S (R™), which, together with Proposition 5.6, further implies the following conclusion,

the details being omitted.
Corollary 5.7. Let 0 < p < q¢ < oco. Then ijfp(R") C L . (R") in the sense of
S (R™).

Next we turn to the proof of Theorem 5.5.

Proof of Theorem 5.5. The case ¢ = oo is a special case of Hajlasz [18, Theorem 1], and
we only need to consider the case ¢ < oco. Assume first that f € 7 Mf’p(R"). Then, by
Definition 5.3, we see that, for each j € {1,...,n}, D;f € M} (R™) . By Corollary 5.7
and [33, Theorem 7|, we know that, for all balls B C R", there exists a set E C R" of
measure 0 such that, for all z,y € B\ E,

[f(@) = fW)I S |z = yl[My(Df) () + Mi(Df)(y)],
where we used the notation in [33] that, for all x € R,

(5:3) My(Df)(x) = e My (D f)(x) := max }SUPKDjf, ),

(A J yeens Tl
in which the supremum is taken over all compactly supported smooth functions ¢ satisfying
that, for some r € (0,00) and all j € {1,...,n},

n—1

(5.4) supp ¢ C B(z,7), [[¢llpe@n) < 77" and [[Djp||pocgny <77

Therefore, by the definition of Hajlasz gradients, we see that g := My (Df) is a positive
constant multiple of a Hajlasz gradient of f.

We now choose that 1 satisfies (5.4) with ¢ replaced by ¢, and [, 1(x)dx = 1. Using
Remark 5.2(ii) and repeating the proofs of Lemma 2.1 and Lemma 2.4 in [30], we find
that, if HLH < 1 < g < oo, then it holds that

191l gy = D 1M (D )| pag ey

J=1

which, together with Definitions 5.1 and 5.3, further implies that

gl gz @y = D IMp(Ds )l sz ey = D> ID5 Fllenss eny ~ £ nis my:
= =1
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Thus, f € HMJ](R™) and 1 ez rmy S 1fLseazs gy~ This implies that %pr(R”) C
. ’p ’
H M (R™). .
Now we suppose f € HM,(R™). Then, by Definition 5.4, there exists a Hajlasz gradient
g € MZ(R™) of f such that 91l Ay < 2||f||HM;§(Rn)' Notice that, for any ball B(a,r) C
R"™ with the center a € R" and the radius r € ( o0), by the Holder inequality, we have

ge Lt (B(a,2r)) C Lﬁjcl (B(a,2r)), since p > L. From this and [33, Proposition 5], it
follows that
1 (n+1)/
5.5) inf ————— / —cldx S —=—— g(2)]™ ) dg .
( ) ceR ’B a, T ‘ (a,r) ’ {‘B(aa 2T)‘ B(a,2r)[ ( )]

This inequality implies that f € L} _(R"™). Moreover, from (5.5), we further deduce that

(n+1)/n
Jjn/ )
) By )~ el % {|Ba2r|/m d} |

By (5.6), (1.3) and Definition 5.4, we conclude that, for all ¢ € Soo(R™),

f()¢(x) d
Rn

[ 1#6@) = foolote) da
|f(z) — fB(Ol f(x)—fB(o,1)|
< dz A IBOD] g
N/B(O,l) (1 + [z))N +Z/ BO2)\BOz2-1) (1+]z[)V !
(n+1)/n

< n/(n+1) —iN - ;

< { / e dw} + g > [ o ) 0
+Z2—“V | 1@ = Faon)da

B(0,1)

. / [ ( )]n/(n+1) . (n+1)/n Z(N n) / f | g
x x | dz
~ /B2 g |B (0,29)] Jp(0,2) B(0.2

> 1
9~ i(N—n—1) - g(x P
S { (0,277, B(O,g@-m[ ) }

o0
<Y 2 WD gl oy S 1 F g ey
=0

where we chose N € Nand N >n+1—n/q. Thus, f € S, (R").
Moreover, similar to the proof of [33, Theorem 1], by (5.6), we conclude that, for all
xr € R™,

(5.7 Mo(D; (@) S [M(g o)) "
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Applying Lemma 3.4, together with 1 < "THp < "THq < o0, we know that M(g"/(”+1)) S
n+1

M:lq( R™), which, together with (5.7) and (1.3), implies that My (D, f) € ME(R™) and
H./\/lw(D lms@ny < 19l mg@n). Therefore, by Definition 5.3 and the choice of g, we
know that f € c%”Mﬁp(R”) and

1 e gy ol adgaey < 1 gy
which completes the proof of Theorem 5.5. O

Remark 5.8. Observe that Theorem 5.5 generalizes [33, Theorem 1] by taking p = q.

Next we consider the corresponding result of Theorem 5.5 on spaces of homogeneous
type, which were introduced by Coifman and Weiss in [10, 11]. Recall that a metric
measure space (2, d,u) is called a space of homogeneous type, if there exists a constant
Cy € [1,00) such that, for all x € 2" and r > 0,

(5.8) w(B(z,2r)) < Cou(B(z,7)) (doubling property).

We now recall the notions of test functions and the approximation of the identity on
spaces of homogeneous type (see, for example, [22, 34]). In what follows, for any z,y € 2
and r € (0,00), let V(z,y) := p(B(z,d(z,y))) and V() := u(B(z,r)). It is easy to see
that V(z,y) = V(y,z) for all x,y € 2.

Definition 5.9. Let 21 € 27, r € (0,00), § € (0,1] and v € (0,00). A function ¢ on 2
is said to be in the space G(z1,r, 3,7), if there exists a nonnegative constant C' such that

(i) le(2)] < CVT m1)+v($1 m)[r+d(rwl,m)]ﬁ/ for all x € 2

(il) |p(z)—ply)] < C[ch(la?x)]ﬁ w.(xl)Jer(xl,x) [r+d(;1,x)]ﬁ/ for all z,y € 2 satisfying that

d(z,y) < [r+ d(z1,)]/2.
Moreover, for any ¢ € G(x1,7,3,7), its norm is defined by
Hgng(xl’T,’Bﬁ) :=inf{C : (i) and (ii) hold}.

FiX I S '%'7 let g(/Bafy) = og(xhlaﬁu’y) and go(/Baf}l) - {f S g /8 ’Y fﬂf
0}. Denote by (G(5,7))" and (g(ﬁo, 7)), respectively, the dual spaces of G(B,v) and g(ﬁ
Obviously, by the Definition of G(3,7), we see that (G(3,7)) = (G(8,7))'/C. Let A :

{Ax() }re 2 kez With
(5.9) Ap(@) == {6 € G(1,2) ¢ 0llg(pn-b 10 < 1}
for all x € Z (see [34, Definition 5.2]).

7)-

Definition 5.10. A sequence {S}rez of bounded linear integral operators is called an
approximation of the identity of order 1 (for short, 1-AOTI) with bounded support, if
there exist positive constants Cs, Cy such that, for all k € Z and z,2',y,y' € 2", Sk(z,v),
the integral kernel of S}, is a measurable function from 2 x 2" into C satisfying that
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(i) |Sk(z,y) — Sp(2',y)| < C32kd(x,x/)m if d(z,2') < max{Cy, 1}2!7F,

(ili) |Sk(y,z) — Sk(y,2")| < C32kd(x,x/)m if d(z,2') < max{Cy, 1}2!7F;
(V) [1St(,y) = Skl )] = [Sk(a,y) = Sula’, )| < Cy22 o ATTIEIL for d(w,a') <
max{Cy, 1}2' 7% and d(y,y’) < max{Cy,1}2'*;

(V) [y Sz, y)duly) =1 = [, Si(z,y) du(z).

It is known that there always exists an 1-AOTI with bounded support on a space of
homogeneous type; see [22, Theorem 2.6].

Let 2" be a space of homogeneous type, s € (0,1], p € (0,00), q € [p,o0] and r € (0, o0].
The homogeneous grand Triebel-Lizorkin-Morrey space AF;W(% ) is defined to be the set
of all f € (G(1,2)) such that

1/r
FlLais, )= {sz” sup !<f,¢>\7”} <o

pe A (-
with the usual modification made when r = oo.

Theorem 5.11. Let 2" be a space of homogeneous type. If p € (=2=,00) and q € [p, o],

: : ntl’
then AF)  (2) = HMJ(Z") with equivalent norms.

To prove this theorem, we need the following partition of unity for %", which is an
immediate consequence of Christ’s dyadic cube decomposition for spaces of homogeneous
type in [9, Theorem 11], and the partition of unity for open sets with finite measure
constructed by Macias and Segovia in [36, Lemmas (2.9) and (2.16)].

Lemma 5.12. Let 2" be a space of homogeneous type. Then there exist a sequence {Bj};
of open balls with the finite intersection property and a sequence {¢;}; of non-negative
functions in G(1,2) such that ju(2°\(J;B;)) = 0, supp ¢; C B; for all j and 3_; ¢j(z) =1
for almost every x € Z .

Proof. By Christ’s dyadic cube decomposition in [9, Theorem 11], there exists a sequence
{Qi}ien of open sets such that u(2\ (U;Q;)) =0 and Q; N Qy = 0 if i # k.

For each @Q);, applying Macias-Segovia’s partition of unity for open sets with finite
measure (see [36, Lemmas (2.9) and (2.16)]), we know that there exist a sequence {B;}]
of open balls with the finite intersection property and a sequence {qb;}] of functions in
G(1,2) such that Uiji- = ; for all 7, supp (;53- C B; for all 7, j, and Zj (;52- = xq, for all 7.
Then (2" \ (U”BJZ)) =0, supp qﬁé» C B]i- for all 4, j, and 3, ; (b;(a;) =1 for almost every
x € 2. This finishes the proof of Lemma 5.12. O

We also need the following two technical lemmas.
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Lemma 5.13. Let 2 be a space of homogeneous type, x,y € 2" and ko € Z such that
27kl < d(z,y) < 27%0. Assume that k < ko. Then there exists a positive constant C,
independent of ko, k, x and y, such that

C2*[d(w, y)] ! [Sk(x,-) = Sk(y,-)] € Ax(a),
where Ag(z) is as in (5.9).
Proof. For z, y € & and k € Z as in Lemma 5.13, let
,(f’y) (2) == 27*[d(z, y)] ' [Sk(z, 2) — Sk(y,2)] for all z € 2.

By Definition 5.10(v), it is easy to see that
| 0@ dute) =0
v

We now prove that (blgx’y) satisfies Definition 5.9(i) with v = 2 and r = 27, namely, for
all z € 2,

_k 2
(5.10) (¢ff’y)(z)‘ S V@) i V(.2 [2—’f id(w,ZJ '

We establish this estimate by considering the following two cases.

Case 1) d(x,z) > C427% and d(y, z) > C427%. In this case, (5.10) automatically holds
true by Definition 5.10(i).

Case 2) d(z,z) < C427F or d(y, z) < C427F. In this case, by k < kg and hence

(5.11) d(z,y) <27k <27F < max{Cy,1}2'F,

together with Definition 5.10(ii), we see that

1
Vore () + Vo-i (2)°

(5.12) |Sk (. 2) = Sk(y, 2)| S 2*d(x,y)

When d(z,z) < C427F, we see that

2—k

(5.13) 27k +d(x, z)

~1, and Vo n(x)+ Voi(z) = Vor(x) + V(z,2) (by (5.8)).

When d(y, z) < C427%, by k < ko, we know that
d(z,z) < d(z,y) +d(y,z) <27+ Cc27F < 14+ 0y)27*.

Thus, in this case, (5.13) also holds true. By (5.13) and (5.12), we then obtain (5.10).
We turn to proving that (blgx’y) satisfies Definition 5.9(ii) with 8 =1,y = 2 and r = 27,
that is, for all z,w € 2" with d(z,w) < %

d(z,w) 1 [ 9k r
ktvd(z,2) Voor(x) + V(z,2) [27F +d(x,2) |

)

(5.14) o () = ¢ (w)| £ 5
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Write
Li= o) (2) — 67 (w)| = 27Md(w, )] [Sk(, ) = Sk(x, )] = [Sk(y, 2) — Si(y, )]l
We establish the estimate by considering the following three cases.
Case a) d(z,z) < max{Cy,1}2'7%. In this case, we see that (5.13) holds true and

d(z,w) < % < max{Cy,1}2'7%. Thus, by the last estimate, (5.11) and Definition
5.10(iv), we see that

2kd(z, w)
~ V2—k (a:) + V2—k (Z) ’
From this and (5.13), we further deduce (5.14) in this case.

Case b) d(x,z) > max{Cy,1}227F. In this case, by Definition 5.10(i), we know that
Sk(z,z) = 0. Observing that

(5.15)

d(y, z) > d(z,z) — d(z,y) > max{Cy,1}2*7% —27F > ¢ 27,

by Definition 5.10(i) again, we also have Si(y, z) = 0.

If d(z,w) < %d(z,z), then

(5.16) d(z,w) > d(z, 2) — d(z,w) > =d(z,z) > C,27*

1w

and
(5.17) d(y,w) > d(z, z) —d(z,y) — d(z,w) > Zd(az, 2) —d(z,y) > C427",

Thus, Si(z,w) = Si(y,w) = 0, and hence I = 0 in this case.

Recall that, since d(z,y) < 275 < 27% we have 27% + d(y,w) ~ 2% + d(z,w) and
Vor () +V(y,w) = Vo-r (2) + V(x,w). By this, together with Si(y, z) = Sk(x,z) = 0 and
Definition 5.10(i), we see that, if d(z, w) > 1d(x, z), then

1 27* i
_ ok -1
(5.18)  I=2""[d(x,y)]""[Sk(z,w) — Sk(y, w)| S Vo (z) + V(2 w) [2—’“ + d(x,w)} '

Observing that, in the present case, it holds true that %d(m, z) <d(z,w) < % and
d(x,z) > 27, which implies that

(5.19) 27F 4 d(z,w) ~ 27F + d(x, 2).

From these estimates, we further deduce that

(5.20) Voi(z) + V(z,w) = Vor(x)+ V(z,2)

and

d(z,w) - d(z,w)

21 1< .
(5:21) ~od(x,z) ~ 27k +d(z, 2)
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Combining (5.18), (5.19), (5.20) and (5.21), we then obtain (5.14).
Case ¢) max{Cy,1}2' % < d(z,z) < max{Cy,1}2%27%. In this case, we further conclude
that Sk(x,z) =0 and

27F 4 d(z, 2)

(5.22) d(z,w) < 5

< max{Cy, 1}227F,

If d(z,w) < max{Cy,1}2'7%  the proof is same as that in Case a). If max{Cy,1}2'7% <
d(z,w) < max{Cy,1}227% then d(z,w) ~ d(z,2) ~ 2% and d(y, z) > d(z,2) — d(z,y) >
max{Cy, 1}2'% — 270 > ¢,27F By this and Definition 5.10(i), we see that Si(y,2) =0
and, in this case, I = 27%[d(z,y)] "' |Sk(z,w) — Sk(y,w)|. Then, repeating the proof of
Case b), we also obtain (5.14). This finishes the proof of Lemma 5.13. O

Lemma 5.14. Let 2" be a space of homogeneous type, x € 2" and k € Z. Then, there
exists a positive constant C, independent of k and x, such that C[Ski1(x, ) — Sg(z,-)] €
A (z).

Proof. For any x € 2" and k € Z, let ¢i.(y) := |Sk+1(x,y) — Sk(x,y)| for ally € 2. Then,
by Definition 5.10(v), we know that [, ¢7(y) du(y) = 0. Write

I1 = ‘Sk—l-l(x?y) - Sk(‘ray)’

and
Iy := |[Skt1(2,y) — Sk(z,y)] — [Skr1(z, 2) — Sk(w, 2)]|.
It suffices to show that

x —k7?
(5.23) I [Vor(z) + V(z,9)] [%] <1
) < ey,

and, for any d(y, z

27F +d(.y)]’ Vo r(@) + Vi) _
2-2kd(y, 2) ~

(5.24) I,

To prove (5.23), we consider the following two cases.

Case 1) d(z,y) > C427%. In this case, from Definition 5.10(i), we deduce that I; = 0
and hence (5.23) holds true.

Case 2) d(z,y) < C427%. In this case, by Definition 5.10(i), we know that

T —k1?
(5.25) L [Va-i(2) + V(z,y)] [‘“Z#}

C V@) V) Ve 1 V()
~ Vo—k—1 (x) + Vo—k-1 (y) Vo (z) + Vo (y)

From (5.8), it follows that

(5.26) Ve, y) S Va-r(y),  Vo-r(2) S Vamrmi(2) and Vo-i(y) S Vo-r-1(y)-
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Combining (5.25) and (5.26), we then obtain (5.23).
To prove (5.24), we let d(y, z) < % and consider the following three cases.
Case a) d(y,z) < max{Cy,1}27%. In this case, by (5.26) and Definition 5.10(iii), we
see that

2%d(y, 2)

.2 I, < — — < .
(5 7) 2 > |Sk+1(flf,y) Sk+1($,Z)| + |Sk(flf,y) Sk($,2)| ~ ‘/2—1@(%) +‘/27k(y)

If d(z,y) < C427F, then (5.27) implies (5.24). If d(x,y) > C427% and d(z,z) > C427F,
then (5.24) is trivially true, since, by Definition 5.10(i), Iy = 0 in this subcase. If d(x,y) >
C427% and d(x,z) < C427F, then d(x,y) < 27F since d(y, 2) < L;(m’y) and d(z,y) <
d(x,z) + d(y, z); thus, in this subcase, (5.24) also holds true.

Case b) max{Cy,1}27% < d(y,2) < max{Cy, 1}27%*1. In this case, by (5.8), we see
that

Vor1(z) + V(z,y) = Vora(z) + V(z, 2) = Vor(x) + V(x,y) = Voi(z) + V(z,2).
From this and Definition 5.10(i), we further deduce that

I, S ! .
Vo (@) +V(w.9)

(5.28)

If d(z,y) < C427% or d(z,2) < C427F, then, by d(y,z) < 27F, we always have d(z,y) <
27% which further implies that 27% 4 d(z,y) ~ 1; by this and (5.28), we conclude that
(5.24) holds true. If d(z,y) > C427% and d(z,z) > C427%, then, in this subcase, Iy = 0
and (5.24) is trivially true. Thus, (5.24) always holds true in Case b).

Case ¢) d(y, z) > max{Cy, 1}27%+1, From this assumption and d(y, z) < %, We
further deduce that

(5.29) d(z,y) > 2d(y, z) — 2% > max{Cy, 1}27F2 —27F > ¢ 27 F+1,

If d(z,z) > C427, then, in this subcase, Iy = 0 and (5.24) is trivially true. If d(z,z) <
C427F, then d(z,y) < d(z,2) + d(y,z) < C427F —I—w and hence d(z,y) < 27F,
which, together with (5.29), (5.8) and d(y,z) < %M, implies that d(z,y) ~ 27,
V(z,y) < Voor(z), dy,z) < 27% and hence d(y,z) ~ 27F; from these estimates and

~

Definition 5.10(i), we finally deduce that

1 1 272k d(y, 2)
Iy S S N 3 '
Voi(z) + Vorr(2) ™ Vor(z) + Vi(,y) ™ [27F + d(z, y)])° [Vor () + V (2, 5)]
This finishes the proof of (5.24) and hence Lemma 5.14. O

Proof of Theorem 5.11. The proof of HMJ(%Z') C AFqu’OO
Theorem 1.1], the details being omitted. . .

We now prove the converse inequality, namely, AF,, (2) € HMJ(Z). Let f €
AF}

0o Z) and {Sk}kez be a 1-AOTI with bounded support. We first assume that f is

(Z) is similar to that of [34,
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a locally integrable function. In this case, applying [22, Proposition 2.7], we know that,
for almost every x € 2,

lim Sk(f)(ﬂf) = f($)’

k—o0

from which we further deduce that, for almost every =,y € 27,

(5.30) [£(x) — F(W)] < [Sko(F)(@) — Sio(f) ()]
+ ) 1Sk (F)(@) = Se(H) @) + [Sera (F) ) — Sk(H @]

k>ko

where ko € Z such that 2750 < d(z,y) < 275, Let gzﬁ]gz’y)(z) = Sko(x, 2) — Sk, (y, z) and
?7(y) == Sky1(x,y) — Sk(x,y). Then, by Lemmas 5.13 and 5.14, there exists a positive
constant C' such that étbgg’y) € Ay, (z) and étbi € Ai(z). For every z € 27, let

(5.31) g(x) :=sup sup 2F|(f,¢),
kEZ pc Ay (x)

where Ai(z) is as in (5.9). Then, by f € AFplgpo(%), we know that g € ME(2") and, by
(5.30), (5.31) and the choice of kg, we conclude that

(5:32)  [f@@) = fWIS swp [(f,d)l+ Y | sup [(f,)l+ sup [(f.9)]

PEA, () k>ko LOEAR(2) €A (y)
S 27  [g(x) + 9(y)] < d,y)lg(x) + 9(y)].
k>ko

Therefore, from Definition 5.4 and g € M%(Z), we deduce that f € HM](2 ) and
HfHHMg(z) S l9llmg o) = ”f”AF;},q,oo(%).

To complete the proof, we only need to show that, for every f € AFI}’[]’OO(% ), there

exists a locally integrable function f which coincides with f in (G(1,2))". In the case that
p € (1,00), the proof is similar to that of [34, Theorem 1.1], the details being omitted.
We now assume that p € (n/(n + 1),1]. Let z, y € 2. We pick kg € Z such that
27ko—1 < d(z,y) < 2% If k > ko, then, by the same reason as that used in the proof of
(5.32), we see that

(5.33) |Sk(f)(x) = Sk(f)(y)]
k—1
S DS (H)(@) = S5 () (@)] + [Sj+1(F)(y) — S5 () W)]
Jj=ko

+[Sko (F)(@) = Sko (/) (W)

S 27[g(a) + gw)] + 2 g(x) S 27 [g(x) + g(y)]
J=ko
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~ d(z,y)lg(z) + g(y)]-

If £ < kg, then by Lemma 5.13 again, we know that there exists a positive constant C
such that B
C27F[d(z, )] [Sk(x, ) — Sk(y. )] € Ap(x).

From this, we deduce that

2_k[d(<ﬂ7y)]_1/ [Sk(@,2) = Sk(y, 2)].f (2) du(z) S 27*g(x)
ra

and hence

G31)  1S¢H@) - S
— o) {2 | [ 151600 - Sl 2l anta)|
S d(z,y)g(x) S d(z,y)[g(z) + g(y)]-
Thus, by (5.33) and (5.34), we find that ¢ is a Hajlasz gradient of Sy,(f) for all k € Z.

Fix a bounded set B C 2. By [34, Lemma 4.1]|, we know that, for any k& € Z, there
exists Ck € R such that Si(f) — Cy € LP+(B) with

" du(o) " s {-am | o du(az)}l/p |

1(2B)
where p, = n"Tpp > 1, since p > 5. From the weak compactness of LP+(B), it follows
that {Sk(f) — Ck}rez has a subsequence, denoted by {Si(f) — Ck}kez again without loss
of generality, which converges weakly in LP*(B) and hence almost everywhere in B to a

certain function f? € LP*(B). Moreover, notice that, for all z € 27, k € Z and i € N,

(5.35) [ﬁ /B S:(F) (&) — Ci

i—1
(5.36) |SK() (@) = Ska(F) (@) <D 1G4 (@) = Serjra (@) S 27 Fg(@).
§=0

Thus, by g € ML(Z"), we see that, for all k, k' € Z, Sk(f) — Sk(f) € ME(Z"). Since
B is a bounded subset of 2, by p* > p and the Holder inequality, we further know that
Si(f) — Si(f) € LP(B). On the other hand, by the Holder inequality, (5.36) and (5.35),
we deduce that, for all k, ¥’ € Z,,

b
n(B)
1

< /B 1SK(F)(@) — Ck — Su(f)(x) + Ci| dpz)
1

+@/B\Sk(f)($)—Sk’(f)(x)‘d:“(x)

= W [15k(f) = Crll o« () + 1Sk (£) = Chr | 1o+ ()]

€= Cul = = [ 16— Culdu(z)
B
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1
+W\|5k(f) = Sk (H)llLr(s)
1

1 » 1/p i
STB{_,M(QB) /2B[g($)] dﬂ(m)} + 2 (kk)W”gHLP(B)

S(re+ 1)[#(3)]1/(1“9”/\42(%)'

Thus, |Cf — Cy/| is dominated by a positive number depending on B but not on k, k' € Z..
This observation implies that we can choose a subsequence {C’kj }jen which converges to

a positive constant CB, which depends on B. Since {Sk; (f) — Ck; }jen converges almost

everywhere in B to fB , and Si(f) converges to f almost everywhere, it follows that f
coincides with fB + CB almost everywhere in B, and hence in (G(1,2) N ®(B))’, where
®(B) is the set of all functions on .2 with supports in B. Write f? := fB + CB. Then
=B in (G(1,2)N®(B)) and, by fB LP+(B), f? is also a locally integrable function.

We still need to show that there exists f € L1 _(2") such that (f,v) = (f, ) for all
Y € G(1,2). To this end, by Lemma 5.12, choose a partition of unity, {¢;}; C G(1,2),
on 2 and a sequence {B;}; of open balls, with the finite intersection property, such that
u(Z \ (UjB;)) =0, supp ¢; C By, ¢; is non-negative and Ej ¢j(x) = 1 for almost every
re .

Let fBi be the locally integrable representation of f in (G(1,2) N ®(B;))" and define
f = fBi pointwise on Bj for all j. Notice that, by the construction of fBi, for almost
every * € B; N Bj, fBi(z) = f(x) = fBi(x). Thus, f is well defined. Moreover, it is
easy to see that, for all ¥ € G(1,2), Zj ¢, converges in G(1,2). Indeed, we may assume
that the cardinality of {¢;}; is infinite and indicated by N; otherwise, it is trivially true.
For any € € (0,00), by the construction of {B;};en and ¢; € G(1,2), especially, the finite
intersection property, we know that there exists L € N such that B; N B(z1,1/e) = () for
all j > L. For x € B(x1,1/¢), Y cp [(x)¢j(2)| = 0; for z ¢ B(x1,1/€), by 30,51 ¢ < 1
and 1 € G(1,2), we see that

1 1 !
Z|¢ |N [V1(1E1)+V(3317 )] <1+d(3317$)>

j>L

2 2
< 1 1 1 [ }
~ Vi(e) Vi) + Ve, a) \1+ 1) [1+d(z, @)

2
S

Vi(z1) + V(zi,z) [1+d(z1,x)
Therefore, for all z € 2", we have

. 2 L ! 2

j>L

Moreover, for all x,y € 2" satisfying that d(z,y) < (1 + d(z1,x))/2, it holds true that

d(z,y) 1 1 ’
ZWJ b(y)o;(y)] < & [1+d(:171,:1:)] Vi(z1) + V (21, 7) [14“1(331737)] '

j>L
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Indeed, if z, y € B(z1,1/¢), then Y .o, [¢(2);(z) — P(y)¢;(y)| = 0; if y € B(x1,1/e)
but ¢ B(x1,1/e), then ¢;(y) = 0 for all j > L, and hence

S () (@) — )W) = (@) (z) — D= [@)le;(x) - ¢;(y)]

jzL jzL jzL

~ d=,y) 1 [ 1 ]4
~ 1+ d(z,x) [Vi(z) + Ve, x))? |1 +d(z,2)

2 d(z,y) 1 1 2,
S € 1 +d(xy,2) Vi(xr) + V (21, 2) <1+d($1,$)> 7

if z,y ¢ B(z1,1/¢), by the finite intersection property of {B;};en and an argument similar
to that used in the above, we also have the desired inequality. Thus, > jen Y5 converges
in G(1,2), and hence

) = <f,w§j<z>j> =Y (frdy) =Y (FP,0e)) = <f Zw¢g> (f,10).

JEN JEN JEN
This finishes the proof of Theorem 5.11. U

We remark that, Theorem 5.11, when p = ¢, goes back to [34, Theorem 5.2] in the case
s = 1 therein. Moreover, the proof of Theorem 5.11 is different from that of [34, Theorem
5.2]. Indeed, comparing with the proof of [34, Theorem 5.2], the proof of Theorem 5.11
needs several localized arguments, in which a partition of unity on spaces of homogeneous
type plays a key role (see Lemma 5.12).

To end this section, we consider the case of inhomogeneous spaces.

Definition 5.15. Let 0 < p < ¢ < oco. The inhomogeneous Hardy-Morrey-Sobolev space
A M{ ,(R") is defined to be the set of functions f € Mj(R™) such that D;f € 7 M(R")
for all j€{l,...,n}, where D;f denotes the jth distributional derivative of f. Moreover,

||f||)qu @& = Il ma@n) +ZHD Fll e nzs @ny-
7j=1

The inhomogeneous grand Triebel-Lizorkin Morrey space is defined as follows.

Definition 5.16. Let 2" be a space of homogeneous type, s € (0,1], p € (0, 00), q € [p, 0]

and r € (0,00]. The inhomogeneous grand Triebel-Lizorkin-Morrey space AF? ,  (Z) is
defined to be the set of all f € (G(1,2))" such that

pqr

1/r
Il ars, . (2) = Z 2" sup [(f, ¢)|" <00
kEZy ¢eAk()
MG(Z)

with the usual modification made when r = oo.
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Similar to the proofs of Theorems 5.5 and 5.11, respectively, we have the following
results, the details being omitted.

Theorem 5.17. Let p € (37,00] and q € [p,00]. Then, ' M{ (R") = HM;(R") with
equivalent norms.

We remark that, when p € (1,00] and ¢ € [p, o0], Theorem 5.17 goes back to Theorem
4.8, since, in this case, #/M{ (R") = WMg(R") (see Remark 5.2). Also, Theorem 5.17

completely covers [33, Corollary 10] by taking p = q.
Theorem 5.18. Let 2" be a space of homogeneous type, p € ( o0) and q € [p,0].
Then, AF}, (2) = HMJ(Z) with equivalent norms.

p?qiw

_n_
n+17
Observe that, when p = ¢, Theorem 5.18 coincide with [34, Theorem 5.2].

6 Boundedness of (fractional) maximal operators

This section is devoted to the boundedness of (fractional) maximal operators on Morrey
type spaces over metric measure spaces.

In Subsection 6.1, for a geometrically doubling metric measure space (£, d, i) in the
sense of Hytonen [29], we show, in Theorem 6.5 below, that the modified maximal operator
Méﬁ ) (see (6.1) below) is bounded on the modified Morrey space Mg’(k)(% ), which, when
(2 ,d,pu) := (R™,| - |, u) with o being a Radon measure satisfying the polynomial growth
condition (also called the non-doubling measure), was introduced by Sawano and Tanaka
[45]. As an application, the boundedness of the fractional maximal operator M,gﬁ ) on this
space is also obtained in Proposition 6.6 below.

In Subsection 6.2, if p is a doubling measure, as applications of Theorem 6.5 and
Proposition 6.6, we show the boundedness of the fractional maximal operator M, on
Morrey spaces (see Corollary 6.7 below), from which, we further deduce, in Corollary 6.8
below, the boundedness of the fractional maximal operator Ma on Morrey spaces when
o further satisfies the measure lower bound condition (see (6.3) below). If yx is doubling,
satisfies (6.3) and has the relative l-annular decay property (see (6.6) below), we then
obtain the boundedness of M, on H MH(Z) (see Theorem 6.9 below). Finally, we prove
that, if u is doubling and satisfies (6.3), and 2" supports a weak (1, p)-Poincaré inequality,
then the discrete fractional maximal function M} is bounded on NM}J(2") (see Theorem
6.10 below).

6.1 Maximal operators on MZ’(k)(%)

In 2010, Hytonen [29] introduced the notion of geometrically doubling metric mea-
sures which include both spaces of homogeneous type and the Euclidean spaces with non-
doubling measures satisfying the polynomial growth condition; see also the monograph
[53] for some recent developments of this subject.

A key notion appeared in [29] is the following geometrically doubling.
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Definition 6.1. A metric measure space (2, d, u) is said to be geometrically doubling, if
there exists Ny € N such that any given ball contains no more than Ny points at distance
exceeding half its radius.

From the geometrically doubling property, we deduce the following conclusion, which
is used later on.

Proposition 6.2. Let (2 ,d,pn) be a geometrically doubling metric measure. Then, for
any ball B(z,r) C X', with x € 2" and r € (0,00), and any ny > ny > 1, there exist
ro € (0, oo) a constant N € N, depending only on n1, no and the constant Ny in Definition
6.1, and N balls {B(a:,,ro)}Nl such that nyB(zs,m0) C naB(z,7) for alli € {1,...,N}

and B(x,r) C UNlB(xZ,TO)

Proof. Let ny and ns be as in Proposition 6.2, and k := Uogz(g—ﬂ)J + 1, where |[t]
denotes the maximal integer not more than t € R. We claim that, for any y € 2
and ball B(z,r) C 2" with z € 2" and r € (0,00), if B(y,5r) N B(x,r) # 0, then
nB(y, 37) C naB(x,r). Indeed, by choosing 2z € B(y, 55) N B(x,r) and observing that
k> logQ("H' ), we have

1
d(z,y) < d(z,2) +d(z,y) < (1 + 2k> r< (n _ 2_k> "
Thus, for all w € nyB(y, 2%),

nir n
dw,2) < d(w,y) +d(y,2) < T + (n2 = 55 ) r = nar,

which shows the above claim. Then, by repeating the proof of (1) = (2) in [29, Lemma
2.3], we obtain the desired conclusion, which completes the proof of Proposition 6.2. [

Now we recall the definition of the modified Morrey space, which, when (£, d, u) :=
(R™,| - |, ) with p being a Radon measure satisfying the polynomial growth condition,
was originally introduced by Sawano and Tanaka [45].

Definition 6.3. Let k£ € (0,00), 1 <p < ¢ < oo and 2 be a metric measure space. The
modified Morrey space MQ( )(% ) is defined as

MEE) (27 = {f € Lhoe (27 Il g 5y < OO}’

where

1/p
HfHMZ,(k)(jK) = sup |u(B(a, k)P [/B( Lf )P d,u(y)] ;

B(z,r)CZ z,r)

where the supremum is taken over all balls B(z,r), with x € 2" and r € (0,00), of 2.

Proposition 6.4. Let (2,d,u) be a geometrically doubling metric measure space and
1 <p<q<oo. Then, the space Mq( )(%) is independent of the choice of k € (1,00).
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Proof. Let ki, ka € (1,00). We need to show that Mg’(kl)(%) and M?,’(’”)(,%) coincide
with equivalent norms. To this end, without loss of generality, we may assume that
k1 < ko. By Definition 6.3, we easily find that Mg’(kl)(% ) C M;’,’(’”’(% ). Thus, we still
need to show the inverse embedding. Let B be a ball in 2°. By Proposition 6.2, there
exist N balls {B;}Y | with the same radius such that, for all i € {1,..., N}, ko B; C k1 B
and B C UifilBi, where N depends only on k1, ko and Ny in Definition 6.1. By these, we
see that

a1 | [ 1) duo)| "o Z]iwlB)Jl/q—l/p I | @) d(o) h

N Y 1/p
<D lut5) [ / (@) du(w)]

By the arbitrariness of B and Definition 6.3, we conclude that

which further implies that M%’(kz)(% ) C M%’(kl)(% ) and hence completes the proof of
Proposition 6.4. ]

Recall that, for a € [0,1] and 8 € [1,00), the modified fractional maximal operator
M,gﬁ) is defined by setting, for all f € L} (2') and x € 2,

loc

(6.1) MO f () = sup [u(B(z, Br))]*" /B L V@),

r>0
In particular, we write M, := Mél).

Then we have the following conclusion, which generalizes [45, Theorem 2.3], wherein
the corresponding result on the power bounded measure spaces on R"™ was obtained. The
proof of Theorem 6.5 is similar to that of [45, Theorem 2.3], and one key tool used in
the proof is the LP(u)-boundedness of the central Hardy-Littlewood maximal operator
on geometrically doubling metric measure spaces (see [44]). For the convenience of the
readers, we give the details.

Theorem 6.5. Let 2" be a geometrically doubling metric measure space, 1 < p < q < 00,
B € (1,00) and k € (1,00). Then, there exists a positive constant C' such that, for all

femi®(2),

(B)
(62) ”MO f”Mg’(k)(%) < CHfHMZv(k)(ggf)
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Proof. By Proposition 6.4, it suffices to consider the case that k := ;—fl > 1. Let f €

MP (k)(,%”) and By C 2 be a ball. Define ﬁ = B+7 > 1, f1:= fXEBo and fo := f — fi.
Then, by Definition 6.3, together with 1 <p <g¢q < oo we have

1/p
[u(kEBol)]l/P—l/q {/B M Fu(y)P? du(y)}

1/p
- [u(kﬁBol)]l/p—l/q { /%[Mow)fl(y)]” du(y)}

1 1/p
e (L B0 B} S 1oy

where we used the fact that Méﬁ ) is bounded on LP (), which follows from the boundedness
on LP(p) with p € (1, 00] of the central Hardy-Littlewood maximal operator Mél) in the

present setting (see [44]) and Méﬁ) < Mél).
To estimate fy, observe that, if B C 2 is a ball satisfying that B N By # () and

BN (2 \ ﬁBo) # (), then the radius rg > 52 By = %TBO, where rp and rp, denote,

respectively, the radii of B and By, and hence By C %B . Therefore, we see that, for
any x € By,

A

8) 1
Mg f2(x)§§l£uﬁ3 /B|f2(y)ldu(y) B?;ElB'uBB /If ) du(y

< sup /!f dp(y) = sup /!f ) dia(y)
BoCB |4 52_513 BoCB NkB

and hence, by this, the Holder inequality and Definition 6.3, we further see that

1/p
[N(klgBol)]l/p—l/q |:/B [MO(B)f2(y)]p du(y):|

[1(By)] /P ]

- (kB Bo)] 71/ myc s A k:B)/ £ W)l duty)
)
]

[ ( ) ]1/p [ (B)]l 1/p p 1/p
: [u(kBBy)|\/P—1/a Bsglch w(kB) [/ i )}
1/p 1=1/p
) [1(Bo)] B " e pye-va g ME®) (2)

Bsouch [u(kBBy)|\/r=1/a  p(kB)

[u(B)]! /Pt
=~ Bsouch [,LL(]{?B)]l_l/p+l/q ”‘f”./\/lg’(k)(%) S ”f”Mgv(k)(ﬂf)a

where the last inequality follows from the fact that By C B and k, B > 1. This estimate
for fo, together with the previous estimate for f; and Proposition 6.4, further implies that

©) ® -
1M £l g0y IS 1 gy ) 1 gy
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which completes the proof of Theorem 6.5. O

Using Theorem 6.5, we have the following boundedness of the modified fractional max-

(8)

imal operator My’ on the modified Morrey space.

Proposition 6.6. Let 2" be a geometrically doubling metric measure space, 1 < p < ¢ <
o0, B € (1,00), a € (0,1/q) and k € (1,00). Then, there exists a positive constant C' such

that, for all f € ME®(2),
(B) _
”Ma f”]v@;(@({@f) S ”f”,/\/lg’(k)(ff”)’

q
l—aq”

where p 1= and q =

1—aq
Proof. By Proposition 6.4, it suffices to consider the case that k = 3 € (1, 00).

For any ball B(z,r) C 2 withx € Z andr > 0and f € Mg’(ﬁ)(%), we know, by the
Holder inequality, (1.3) and (3.6), that

[w(B(z, Br))]*" /B( )!f(y)!du(y)

aq 1-—aq
= [u(B(z, Br)))*"" [/B( )!f(y)!du(y)] [/B( )!f(y)!du(y)]

q

= 1—aq
< [u(B(z, fr))]* 0= e [/B ( )\f(y)\”du(y)] [/B ( )!f(y)!du(y)]

T 1—aq
1 , A
- {[ (B(z, Br))]" " /B(x,r)‘f(y)‘ d”(y)} (B(x, 51)) /B(w)\f(y)\du(y)]

< |If|Io (M7 ()],

Mq (ﬁ)(j)

which, together with (6.1), implies that, for all x € 27,

MP @) < IF1%0, 0 (M7 F ()] 700,

Then, by Theorem 6.5, we see that

8) B) pl—aq <
I 1L pa 015y < 1 0 NS g5y S 1 gy
which completes the proof of Proposition 6.6. O

6.2 Fractional maximal operators on HM!(2") and NMI(Z")

Recently, Heikkinen et al. [23, 24| studied the boundedness of some fractional maximal
operators on the Newton-Sobolev space and the Hajtasz-Sobolev space over metric measure
spaces. In this section, we consider the corresponding problem for Newton-Morrey-Sobolev
spaces and Hajlasz-Morrey-Sobolev spaces.
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Throughout this section, we always assume that the measure 1 is doubling (see (5.8)).

Recall that it is well known that any space of homogeneous type is also geometrically
doubling (see [10, pp. 66-67]). Moreover, since y is doubling, we see that, for any 5 € (1, c0)
and « € [0, 1], there exists a positive constant C', depending on 8 and «, such that, for
all fe L} (2)andz e 2, Myf(z) < C’M(gﬁ)f(x). From these facts, Theorem 6.5 and
Proposition 6.6, we immediately deduce the following conclusion.

Corollary 6.7. Let 1 < p < q < o0 and a € [0,1/q). Then, there exists a positive
constant C, depending on «, p and q, such that, for all f € ML(Z),

||Maf||/\/lg(ﬂ”) < OHfHMZ(;@”))

q
—aq”

where p := 7 and q :=

aq
As an application of Theorem 6.5, we obtain the following boundedness of fractional
maximal operators on modified Morrey spaces.
Recall that a measure p is said to satisfy the measure lower bound condition, if there
exists a positive constant C' such that, for any z € 2" and r € (0, 00),

(6.3) w(B(z,r)) > Cr?

for some @ € (0, 00).
Recently, if p satisfies (6.3), Heikkinen et al. [24] established the boundedness from
LP(Z) to L3(Z) for p € (1,Q) and s := Qp of the following modified fractional

—ap
maximal function M, defined by setting, for any a € [0,1], f € L} (%) and z € 2,

«

(6.4 Maf @)= supps | 15601 du)

It is easy to see that, in the present setting, there exists a positive constant C', depending
on o and @, such that, for all f € L} _(2) and x € 27, M, f(z) < CM,yf(x) , which,
together with Corollary 6.7, implies the following conclusion.

Corollary 6.8. Let 1 <p<qg<ooand« € [0,1/q). Assume that p satisfies (6.3). Then,
there exists a positive constant C, depending on o, p and q, such that, for all f € MH(Z"),

(6.5) H afH Cliflma

Mq(x

q
—aq’

where p 1= and q :=

ocq
Recall that 2 is said to satisfy the relative 1-annular decay property, if there exists a
positive constant C' such that, for all z € 2", R € (0,00) and h € (0, R),

h
(6.6) p(BN[B(x,R)\ B(z,R—h)]) < CEM(B)
for all balls B with radius rp < 3R; see, for example, [24, (2.5)].

Now we turn to the boundedness of the fractional maximal operator Ma on Hajtasz-
Morrey-Sobolev spaces.
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Theorem 6.9. Assume that p satisfies (6.3) and 2 has the relative 1-annular decay
property (6. 6) Let 1 < p<qg< oo and a € (0 Q/q). Then, for any f € HMI(Z),

af € HMq (Z°), where p* := % and q* = QQ?M] Moreover, there exists a positive

constant C, dependz'ng only on the doubling constant Q, p, q and «, such that, for all
fe HM(Z),

1Mo fIIHMq 2y < Clf gy

Proof. The proof is similar to that of [24, Theorem 4.5]. Let f € HMZ(Z) and g €
ML(Z) be a Hajlasz gradient of f such that 9llma 2y S N fllaasgay- 1t is easy to see
that g is also a Hajtasz gradient of |f|. Let r € (1, p) and deﬁne

" —~ , 1/r

g = [Mon“(g )] :
By an argument similar to that used in the proof of [24, Theorem 4.5, we know that g

is a Hajlasz gradient of My(|f]), as well as M, f, since Mo(|f|) = Maf. Moreover, by
p/r > 1, (1.3) and (6.5), we see that

~ . — A 1/7" < ril/r ~

Combining (6.7) and Definition 4.1, we obtain the desired conclusion and then complete
the proof of Theorem 6.9. O

We point out that, Theorem 6.9 when p = ¢ goes back to [24, Theorem 4.5].

Now we recall the discrete fractional maximal operator M} introduced in [23, Section
5]. Let {B(z;,7)}ien be a ball covering of 2" such that { B(z;,7)}ien are of finite overlap.
Since 2" is doubling, the overlap number N depends only on the doubling constant and
is independent of r. Let {y; };en be a partition of unity related to {B(z;,7)}ien such that
0<¢;i<1,¢i=00n Z\B(x;,6r), p; >von B(x;3r) and ¢; is Lipschitz function with
Lipschitz constant L/r, where L € (0,00) and v € (0, 1] are constants depending only on
the doubling constant, and ),y = 1. The discrete convolution of u € Ll (%) at the
scale 3r is defined by setting, for all x € 2",

Z 902 uB(xl ,31r)>

ieN

where up(,, 3,) denotes the integral mean of u on B(z;,3r) (see (3.4)). Now, let {r;}jen
be a sequence of the positive rational numbers, and {B(x; j,7;)}ien for each j is a ball
covering of 2" as above. Then, the discrete fractional mazimal function MZu of u is
defined as by setting, for all x € 2",

MZu(zx) —supro‘]u\rj( x).
jEN

Similar to the proof of [23, Theorem 6.3], we obtain the following result on the boundedness
of M} on Newton-Morrey-Sobolev spaces.
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Theorem 6.10. Let pu satisfy (6.3), 1 <p < g < oo and a € (0,Q/q). Assume that X is
complete and supports a weak (1,p)-Poincaré inequality. Then, for any f € NMI(Z'), it
holds that, M} f € NMg:(%) with p* := Qp/(Q — aq) and ¢* := Qq/(Q — aq). Moreover,
there exists a positive constant C, independent of f, such that

”M:‘f”NMS:(Q”) < CHfHNMg(%)
Proof. Let f € NMZ(2') and g € MA(Z) be a Mod}-weak upper gradient of f such that

(6.8) 19l mac2y < 20 vagaay-

By [23, Lemma 5.1] and (6.5), we have
(69) M5 gy S W iy

By the same reason as that used in the proof [23, Theorem 6.3], observing that the
pointwise Lipschitz constant of a function is also an upper gradient of that function, we
see that a positive constant multiple of (M, ge)l/ s a Mod{-weak upper gradient of M f,
where 6 lies in (1, p) such that the weak (1, 6)-Poincaré inequality is supported by 2". By
g% € M;ég(%) and p/0 > 1, together with [23, Lemma 5.1] and (6.5), we know that
(6.10) M2 gy S Nsllaaz

Combining (6.8), (6.9) and (6.10), we obtain

* . * . * 0\11/60 .
HMafHNMg* (2) S.z ”Maf”Mg*(ggf) + H[ aO(g )] ”MZ*(Q/)
S I sy + l9llagay S 1Fnvagg
which completes the proof of Theorem 6.10. O

We remark that Theorem 6.10 when p = g goes back to [23, Theorem 6.3].
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