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Abstract
In this paper we study interpolation of bilinear operators between products of Banach
spaces generated by abstract methods of interpolation in the sense of Aronszajn and
Gagliardo. A variant of bilinear interpolation theorem is proved for bilinear operators from
corresponding weighted c0 spaces into Banach spaces of non-trivial the periodic Fourier
cotype. This result is then extended to the spaces generated by the well-known minimal and
maximal methods of interpolation determined by quasi-concave functions. In the case when a
maximal construction is generated by Hilbert spaces, we obtain a general variant of bilinear
interpolation theorem. Combining this result with the abstract Grothendieck theorem of Pisier
yields further results. The results are applied in deriving a bilinear interpolation theorem
for Calderón–Lozanovsky, for Orlicz spaces and an embedding interpolation formula for
ðE; pÞ-summing operators.
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1. Introduction
Multilinear operators arise naturally in many areas of classical, harmonic analysis
as well as functional analysis, including the theory of Banach operator ideals.
Fundamental multilinear operators arising in Euclidean harmonic analysis include
convolutions, paraproducts as well as multilinear Fourier multiplier operators. For
an extended discussion of important multilinear operators and their interesting
applications, one may consult [8] and references therein. Recently, various singular
multilinear operators have been investigated intensively. The latest progress (see [19])
in the study of the bilinear Hilbert transform has stimulated the need of the
development of a systematic analysis of bilinear operators. It should be noticed that
in the last few years, the attention to Lp analysis of certain bilinear extensions of
standard linear operators increased. We mention here only the remarkable paper of
Grafakos and Kalton [13] in which bilinear multipliers of Marcinkiewicz type are
studied. A natural question that arises is whether one could extend those results for
operators between general spaces using interpolation techniques. We note that
interpolation of bilinear operators is a classical problem in interpolation theory. The
situation for the real and complex method of interpolation is well understood
however few results are known for other interpolation methods.
The purpose of this article is to prove some new abstract results on interpolation
of bilinear operators that involve minimal and maximal interpolation construction in
the sense of Aronszajn and Gagliardo [1] (see also [7]).
We now describe the main results of this paper. In Section 2 we ﬁx the
notation and recall basic facts that will be needed in this paper. In Section 3 we prove
some vector-valued preliminary results related to double sequences and series
generated by bounded bilinear operators deﬁned on the product c0  c0 with values
in Banach spaces with nontrivial Fourier cotype. Then, via abstract interpolation,
these results are used to state and prove the key bilinear interpolation Theorem 2.2
of the paper.
In Section 3 we discuss the abstract interpolation of bilinear interpolation between
Banach couples. The general results are shown for minimal and maximal methods of
interpolation in the sense of Aronszajn and Gagliardo. Using these results and the
main result of Section 2, we prove a general result on interpolation of bilinear
operators involving the well-known interpolation methods of interpolation
determined by quasi-concave functions. We should point out here that using the
abstract Grothendieck theorem of Pisier, we prove a theorem which seems to be
interesting on its own. Applications of this result are shown to Calderón–
Lozanovsky spaces. Applying this result to bilinear operators between products of
Lp spaces, we obtain new bilinear interpolation theorems for Orlicz spaces.
Finally, in Section 4, we present applications to the problem of interpolation of
spaces of operators. We use the bilinear interpolation theorems proved in the paper
to show certain continuous inclusions for interpolation spaces between spaces of
operators. For the ﬁnite-dimensional couples satisfying geometrical assumptions
involving cotype 2 and 2-concavity, we show similar inclusions for certain Banach
operator ideals. In particular, for 2-summing operators, we obtain a variant of Pisier
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result for the complex method of interpolation for the Gustavsson–Peetre method
(7method) of interpolation.

2. Preliminaries
This section contains notation, most notions and basic facts necessary in the whole
paper.
We shall use standard notation and notions from interpolation theory, as
presented, e.g. in [3,7,28]. Throughout the paper we will let ðO; S; mÞ be a complete sﬁnite measure space. Let L0 ðmÞ denote, as usual, the space of equivalence classes of
real-valued measurable functions on O; equipped with the topology of convergence
in measure m on sets of ﬁnite measure. By a Banach lattice on O we mean a Banach
space X which is a subspace of L0 ðmÞ such that there exists uAX with u40 and if
j f jpjgj a.e., where gAX and f AL0 ðmÞ; then f AX and jj f jjX pjjgjjX :
In the special case when O ¼ J and m is the counting measure, where J ¼ Z (resp.,
J ¼ N) denote the set of all integers (resp., the set of all positive integers), a Banach
lattice on O is called a Banach sequence space on J:
If X is a Banach lattice on ðO; mÞ and wAL0 ðmÞ with w40 a.e., then the weighted
Banach lattice X ðwÞ is deﬁned by jjxjjX ðwÞ :¼ jjxwjjX oN:
% YÞ
% be
If X% ¼ ðX0 ; X1 Þ and Y% ¼ ðY0 ; Y1 Þ are couples of Banach spaces, we let LðX;
% Y% (which means, as usual, that
the Banach space of all linear operators T : XT : X0 þ X1 -Y0 þ Y1 is linear and the restrictions TjXj are bounded operators from
Xj to Yj for j ¼ 0; 1). This space is equipped with the norm
jjTjjX% Y% :¼ maxfjjTjjX0 -Y0 ; jjTjjX1 -Y1 g:
The K-functional is deﬁned on X0 þ X1 by
% :¼ inffsjjx0 jjX þ tjjx1 jjX ; x ¼ x0 þ x1 g;
Kðs; t; x; XÞ
0
1

s; t40:

% instead of Kð1; t; x; XÞ:
%
In what follows, we write in short Kðt; x; XÞ
Let ðX0 ; X1 Þ be any Banach couple, E a Banach sequence space on Z which is an
intermediate space with respect to ðcN ; cN ð2 n ÞÞ: We denote by ðX0 ; X1 ÞE the
%
Banach space of all xAX0 þ X1 such that fKð2n ; x; XÞgAE
equipped with the norm
% E:
jjxjj ¼ jjfKð2n ; x; XÞgjj
Let F denote the set of all functions j : ½0; NÞ  ½0; NÞ-½0; NÞ such that j is
homogeneous of degree one and r ¼ jð1; Þ is a quasi-concave function on ð0; NÞ
(i.e., t/rðtÞ is a non-decreasing and t/rðtÞ=t is non-increasing positive function
on ð0; NÞ).
If jAF; then the function j is deﬁned by j ðs; tÞ ¼ 1=jð1=s; 1=tÞ for s; t40:
The subset of all jAF for which jðs; 1Þ-0 and jð1; tÞ-0 as s-0 and t-0 is
denoted by F0 :
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A function jAF is called non-degenerate if the ranges of the functions t/jð1; tÞ
and t/jðt; 1Þ where t40; coincide with ð0; NÞ:
A quasi-concave function r is called a quasi-power function if the dilatation indices
dr and gr of the function r satisfy 0odr pgr o1 (see, e.g., [16] or [15]). If jAF and
r ¼ jð1; Þ is a quasi-power function, we write in short that jAFþ :
We will deal with vector-valued Banach sequence spaces. Let E be a Banach
sequence lattice on J and let X be a Banach space. The vector sequence x ¼ fxn gnAJ
in X is called strongly E-summable if the corresponding scalar sequence fjjxn jjX g is in
E: We denote by EðX Þ the set of all such sequences in X : This is a Banach space
under pointwise operations and a natural norm given by
jjxjjEðX Þ :¼ jjfjjxn jjX gjjE :
Throughout the paper, for any scalar
P vector-valued sequence fxn gnAZ the series with
unspeciﬁed range of summation nAZ xn will always be interpreted as
X
nAZ

xn ¼

lim

M;N-N

M
X

xk ;

k¼ N

where the double limit exists in the Pringsheim sense.
Let ðX0 ; X1 Þ be any Banach couple, r a given quasi-power function and 1ppj pN
with j ¼ 0; 1: We denote by ðX0 ; X1 Þr;p0 ;p1 the Banach space of all xAX0 þ X1 which
can be represented in the form
X
un ðconvergence in X0 þ X1 Þ
x¼
nAZ

with fun =rð2n ÞgAcp0 ðX0 Þ and f2n un =rð2n ÞgAcp1 ðX1 Þ: This space is equipped with the
norm
jjxjj ¼ inf maxfjjfun =rð2n Þgjjcp ðX0 Þ ; jjf2n un =rð2n Þgjjcp ðX1 Þ g;
0

1

where the inﬁmum is taken over all the above representations of x as in above.
If jAFþ and r ¼ jð1; Þ; we also write jðX0 ; X1 Þp0 ;p1 instead of ðX0 ; X1 Þr;p0 ;p1 :
Note that in the case when rðsÞ ¼ sy and 0oyo1 these spaces were introduced by
Lions and Peetre and were called the spaces of means (see [21]).
We will use the following theorem (see [24,26]).
Theorem 2.1. If ðX0 ; X1 Þ is a Banach couple and jAFþ and 1ppj pN for j ¼ 0; 1;
then
jðX0 ; X1 Þp0 ;p1 ¼ ðX0 ; X1 Þjðcp ;cp ð2 n ÞÞ :
0

1

In particular, if ðLp0 ðw0 Þ; Lp1 ðw1 ÞÞ is any couple of the weighted spaces Lp -spaces,
then
ðLp0 ðw0 Þ; Lp1 ðw1 ÞÞj;p0 ;p1 ¼ jðLp0 ðw0 Þ; Lp1 ðw1 ÞÞ:
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Here, as usual, if E% ¼ ðE0 ; E1 Þ is a couple of Banach lattices on ðO; mÞ and
jAF is a concave function (in each variable). Then the Calderón–Lozanovsky
% ¼ jðE0 ; E1 Þ consists of all xAL0 ðmÞ such that jxj ¼ jðjx0 j; jx1 jÞ for
space jðEÞ
% is a Banach lattice equipped with the norm
some xj AEj ; j ¼ 0; 1: The space jðEÞ
(see [22])
jjxjj :¼ inffmaxfjjx0 jjE0 ; jjx1 jjE1 g; jxj ¼ jðjx0 j; jx1 jÞ; x0 AE0 ; x1 AE1 g:
Here and throughout the paper for positive functions f and g; we write f ^g
whenever f !g and g!f ; where f !g means that there is some c40 such that
f pc g:
Let frk g be the sequence of Rademacher functions, and assume that
1ppp2pqoN: A Banach space X is said to have (Rademacher) type p (resp.,
(Rademacher) cotype q) if there exists a constant C40 such that, for any choice of
mAN and x1 ; y; xm AX ;
Z
0

1



!1=p
X

m
m
X


p
r ðtÞxk  dtpC
jjxk jjX

 k¼1 k

k¼1
X

R1 P
Pm
q 1=q
1
(resp., 0 jj m
). We denote by Tp ðX Þ (resp.,
k¼1 rk ðtÞxk jjX dtXC ð k¼1 jjxk jjX Þ
Cq ðX Þ) the smallest constant C for which this holds.
Let 2pqoN and fon gnAZ be the sequence of functions deﬁned on T :¼ ½0; 2p
by on ðtÞ ¼ eint for any tAT and nAZ: A (complex) Banach space X is said to
have the periodic Fourier cotype q (cf. [12]) if there exists a constant K40 such
that for all sequences fxn gnAZ of elements in X with only ﬁnitely many non-zero
elements,
X
nAZ

!1=q
jjxn jjqX

0

q0 11=q0
Z X

1


pK @
on ðtÞxn  dtA ;


2p T  nAZ
X

where as usual q0 is the conjugate exponent to q deﬁned by 1=q þ 1=q0 ¼ 1: We
denote Kq ðX Þ the smallest constant K for which the above holds.
Let us recall that if 1opp2; then the notion of the periodic Fourier cotype p0 of
the Banach space X coincides with the well-known notion of Fourier type p which is
equivalent to the validity of an X -valued Hausdorff–Young inequality. For details
we refer to the interesting survey paper [12].
Let us note that on the basis of Contraction Principle (see, e.g., [11, p. 231]) the
periodic Fourier cotype q implies the Rademacher cotype q: It is also well-known
that the periodic Fourier cotype q implies the Rademacher type q0 (see, e.g., [5]).
Thus, the result due to Kwapień [18], implies that any Banach space which has the
periodic Fourier cotype 2 is isomorphic to a Hilbert space. We see immediately that
any Hilbert space H has the periodic Fourier cotype 2 with K2 ðHÞ ¼ 1: We note that
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Bourgain [6] proved that if a Banach space X is of type p for some p41; then it has
0
the periodic Fourier cotype q with q ¼ 18 Tp ðX Þp :
In the
Psequel we will need the following lemma. Before proving it we recall that the
series
nAZ xn of elements of a Banach space is said to be weakly conditionally


convergent
(resp., unconditionally convergent) if for
P every functional x AX the series
P

nAZ jx ðxn Þj is convergent (resp., the series
nAZ en xn converges for all en with
en ¼ 71 for nAZ).
For the basic properties of weakly conditionally and unconditionally convergent
series we refer to [11] or [20]. As usual, let fen gJ be the standard unit vector basis in
c0 ðJÞ deﬁned on the set J:
Lemma 2.1. Let X be a Banach space. Then, for any bounded bilinear operator
T : c0 ðZÞ  c0 ðZÞ-X the following statements are true:
P
(i) If X does not contain an isomorphic copy of c0 ; then
kAZ Tðek ; em k Þ is
unconditionally convergent series in X for every mAZ:
(ii) If X has the periodic Fourier cotype q for some 2pqoN; then fxm gmAZ Acq ðX Þ
P
where xm ¼ kAZ Tðek ; em k Þ for mAZ:

Proof. (i) Fix x AX  and deﬁne a bounded bilinear form A : c0 ðZÞ  c0 ðZÞ-K by
A :¼ x 3T: Then by Aron et al. [2], we conclude that
X

jAðek ; em k ÞjoN;

kAZ

P
i.e., the series kAZ Tðek ; em k Þ is weakly conditionally convergent in X : If X does
not contain an isomorphic copy of c0 ; it follows by the well-known result of Bessaga–
Pe"czyński (see [4]) that every weakly conditionally convergent series is unconditionally convergent. As a consequence, it follows that the series
X

Tðek ; em k Þ

kAZ

is unconditionally convergent in X for every mAZ:
(ii) Assume that X has the periodic Fourier cotype q for some 2pqoN: We have
already mentioned that this implies that X has cotype q: Hence, X does not contain a
copy of c0 : Further, we note that as an easy consequence of the Orlicz–Pettis
Theorem (see, e.g., [11]) every weakly compact operator acting between Banach
spaces is unconditionally convergent, i.e., it maps every weakly conditionally
convergent series into unconditionally convergent series. By the well-known result of
Pe"czyński that every bounded linear operator from c0 into a Banach space X
containing no isomorphic copy of c0 is compact, it P
follows that Ak ¼
Tðek ; Þ : c0 ðZÞ-X is a compact operator. Since the series
mAZ em k converges
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weakly conditionally in c0 ðZÞ; the series
X
Tðek ; em k Þ
mAZ

converges unconditionally in X for every kAZ:
If we combine the above remarks with the equality
X
X
om ðtÞ Tðek ; em k Þ ¼
okþm ðtÞ Tðek ; em Þ
mAZ

mAZ

which holds for any tAT and kAZ; we obtain that the following series converge
unconditionally in X for any NAN and tAT:
0
1
!
X
X
X X
om ðtÞ @
Tðek ; em k ÞA ¼
om ðtÞ Tðek ; em k Þ
mAZ

jkjpN

¼

jkjpN

mAZ

X

X

jkjpN

mAZ

!
okþm ðtÞ Tðek ; em Þ :

Since okþm ðtÞ ¼ ok ðtÞ om ðtÞ for any tAT; it follows that

0
1 


X
 X


@
A
okþm ðtÞ Tðek ; em Þ 

jkjpN jmjpM

X
 0
1 


X
X




@
A
p sup sup T
ok ðtÞek ;
om ðtÞem 
tAT M;NX1

jkjpN
jmjpM

X

pjjTjjc0 ðZÞc0 ðZÞ-X
for any positive integers M and N:
Now ﬁxing NAN and combining the previous relations with the Dominated
Convergence Theorem yields

q 11=q


X  X


@
Tðek ; em k Þ A


mAZ jkjpN
X
0

0
1q0 11=q0



Z
X
 X

B1
C


@
A
pKq ðX Þ lim @
om ðtÞ
Tðek ; em k Þ  dtA


M-N 2p T 


jmjpM
jkjpN
0

X

0
B1
¼ Kq ðX Þ @
2p

Z
T


0
1q0 11=q0
 X

X


C


lim 
om ðtÞ@
Tðek ; em k ÞA dtA
M-N 


jmjpM
jkjpN
X
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Z

B1
¼ Kq ðX Þ @
2p

T

267


0
1q0 11=q0
 X

X


C


@
A
lim 
okþm ðtÞ Tðek ; em k Þ  dtA
M-N 

jkjpN jmjpM
X

pKq ðX Þ jjTjjc0 ðZÞc0 ðZÞ-X
for any NAN: Since the series
immediately deduce that
X

P

kAZ

Tðek ; em k Þ converges for every mAZ; we

!1=q
jjxm jjqX

pKq ðX Þ jjTjjc0 ðZÞc0 ðZÞ-X

mAZ

and the result follows.

&

We will need one further preliminary technical lemma.
Lemma 2.2. Let X bePa Banach space and let fxk;m g be an infinite matrix in X with
k;
P for every
P m in Z and
PmAZ:PIf the series kAZ xk;m k is unconditionally convergent
jj
x
jj
oN;
then
the
double
limit
lim
M;N-N
mAZ
kAZ k;m k X
jkjpM
j jjpN xk;j exists
in X and
lim

M;N-N

Proof.P
Let um :¼
series kAZ xk;m

X

X

xk;j ¼

X X
mAZ

jkjpM j jjpN

!
xk;m

k

:

kAZ

P

P
xk;m k for mAZ: Fix e40: Since mAZ jjum jjX oN and the
converges unconditionally, there exists m0 AN such that
kAZ

k



 X

um

jmjpm0

X X
mAZ

xk;m

kAZ

!


k  oe=2

X

and

X  X
x

kAF k;m

jmj4m0

m




k  oe=4;

X

where Fm is any ﬁnite subset of Z: Further, there exists k0 AN such that for any
km Xk0 with jmjpm0 ; we have


X  X

xk;m

jmjpm0 jkj4km





k  oe=4:

X
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Let M and N be positive integers with M4k0 and N4m0 þ k0 : Let us deﬁne two
subsets A and B of Z  Z by
A ¼ fðk; jÞ; jkjpM; j jjpNg
and
B ¼ fðk; jÞ; jkjpk0 ; j j þ kjpm0 g:
For mAZ we let Fm ¼ fkAZ; ðk; m kÞAAg and km ¼ maxfkAZ; kAFm g: Since
BCA; we conclude that km Xk0 ; whenever jmjpm0 : This implies that the above
inequalities hold for Fm and km deﬁned as in above. It is easy to verify that
X X
X
X X
X X
xk; j ¼
um
xk;m k þ
xk;m k :
jkjpM j jjpN

jmjpm0

jmjpm0 jkj4km

jmj4m0 kAFm

If we combine this equality with the three inequalities above, we obtain

!

X X
 X X


xk;j
xk;m k  oe

jkjpM j jjpN

mAZ kAZ
X

for M4k0 and N4m0 þ k0 : This proves the assertion.

&

Theorem 2.2. Let ðX0 ; X1 Þ be a couple of Banach spaces such that Xj for j ¼ 0; 1 has
the periodic Fourier cotype for some 2pqj oN: Assume that the quasi-concave
functions r0 ; r1 and r with r a quasi-power function are such that for some C40; we
have CrðstÞXr0 ðsÞ r1 ðtÞ for all s; t40: If T0 : c0  c0 -X0 and T1 : c0 ð2 n Þ 
c0 ð2 n Þ-X1 are bounded bilinear operators such that T0 ðx; yÞ ¼ T1 ðx; yÞ for any
finitely supported sequences x and y on Z; then for any x ¼ fxn gnAZ AcN ð1=r0 ð2n ÞÞ and
y ¼ fZn gnAZ AcN ð1=r1 ð2n ÞÞ there exists a double limit
X X
Sðx; yÞ :¼ lim
xk Zm T0 ðek ; em Þ
M;N-N

jkjpN jmjpM

in X0 þ X1 and it defines a bounded bilinear operator S from cN ð1=r0 ð2n ÞÞ 
cN ð1=r1 ð2n ÞÞ into ðX0 ; X1 Þr;q0 ;q1 with the norm
jjSjjpC maxfKq0 ðX0 ÞjjT0 jjc0 c0 -X0 ; Kq1 ðX1 ÞjjT1 jjc0 ð2

n Þc

0 ð2

n Þ-X

1

g:

Proof. Fix norm one elements x ¼ fxn gAE0 :¼ cN ð1=r0 ð2n ÞÞ and y ¼ fZn gAE1 :¼
cN ð1=r1 ð2n ÞÞ: We prove that the double limit
X X
lim
xk Zj T0 ðek ; ej Þ
M;N-N

jkjpN j jjpM
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exists in X0 þ X1 : First, we show that

X X
x k Zm


mAZ kAZ

k

T0 ðek ; em




Þ
k 


oN:
X0 þX1

To see this, we ﬁrst observe that for every mAZ the series
X

xk Zm

k

T0 ðek ; em k Þ

kAZ

converges in both X0 and X1 : In fact, it follows immediately from jjxjjE0 p1;
jjyjjE1 p1 and our hypothesis CrðstÞXr0 ðsÞr1 ðtÞ for s; t40; that jck;m jpC where
ck;m :¼

xk Zm k
rð2m Þ

for any ðk; mÞAZ2 ;

while we can apply Lemma 2.1 to obtain that the series
unconditionally convergent in X0 for every mAZ: Since

P

kAZ T0 ðek ; em k Þ

is

X
1 X
xk Zm k T0 ðek ; em k Þ ¼
ck;m T0 ðek ; em k Þ;
m
rð2 Þ kAZ
kAZ
we get the required assertion. Combining the above remarks with Lemma 2.1(ii)
yields
0


 1q0 11=q0

X
1

 A A
@
@
x
Z
T
ðe
;
e
Þ


k m k 0 k m k 
m Þ

rð2
mAZ
kAZ
X

0

X0

0


q0 11=q0

X X

¼@
ck;m T0 ðek ; em k Þ A




mAZ kAZ
X0

0


q0 11=q0

X X

pC @
T0 ðek ; em k Þ A pCKq0 ðX0 ÞjjT0 jjc0 c0 -X0 :




mAZ kAZ
X0

Further, we note that a bounded bilinear operator U : c0  c0 -X1 deﬁned by
Uðfxn g; fZn gÞ :¼ T1 ðf2n xn g; f2n Zn gÞ
for ðfxn g; fZn gÞAc0  c0 satisﬁes
jjUjjc0 c0 -X1 pjjT1 jjc0 ð2

n Þc

0 ð2

n Þ-X

1

:
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Thus repeated use the above arguments gives the following estimates:
0


 1q1 11=q1

m X
2

 A A
@
@
x
Z
T
ðe
;
e
Þ



1
k
m
k
k m k
m Þ

rð2
mAZ
kAZ
X

0

X1

0


q1 11=q1

X X

p@
ck;m T1 ð2k ek ; 2m k em k Þ A




mAZ kAZ
0


q1 11=q1

X X

pC @
Uðek ; em k Þ A




mAZ kAZ

X1

X1

pCKq1 ðX1 ÞjjT1 jjc0 ð2

n Þc

n Þ-X

0 ð2

1

:

2
Since T0 ðek ; em k Þ ¼ T1 ðek ; em k Þ for
Pall ðk; mÞAZ ; the above estimates show that
the sequence fum gmAZ with um :¼ kAZ xk Zm k T0 ðek ; em k Þ satisﬁes the following
inequalities:

jjfum =rð2m Þgjjcq

0

ðX0 Þ pC0

and
jjf2m um =rð2m Þgjjcq

1

ðX1 Þ pC1 ;

where Cj :¼ C Kqj ðXj ÞjjTj jjc0 ð2 jn Þc0 ð2 jn Þ-Xj for j ¼ 0; 1: Our hypothesis that r is a
quasi-power function easily implies that
X

jjum jjX0 þX1 oN:

mAZ

P
Recall that for any mAZ the series
kAZ xk Zm k T0 ðek ; em k Þ converges unconditionally in both X0 and X1 ; and thus also in X0 þ X1 : Applying Lemma 2.2, we
conclude that the double limit
Sðx; yÞ :¼

lim

M;N-N

X

X

xk Zj T0 ðek ; ej Þ

jkjpM j jjpN

exists in X0 þ X1 : This immediately implies that S is a bilinear map from E0  E1
into X0 þ X1 : Since
Sðx; yÞ ¼

X
mAZ

um

ðconvergence in X0 þ X1 Þ;
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we obtain by the above obtained estimates that Sðx; yÞAðX0 ; X1 Þr;q0 ;q1 for any
ðx; yÞAE0  E1 with jjxjjE0 p1 and jjyjjE1 p1: In consequence, we have proved
that
S: cN ð1=r0 ð2n ÞÞ  cN ð1=r1 ð2n ÞÞ-ðX0 ; X1 Þr;q0 ;q1
is a bounded bilinear operator with jjTjjpmaxfC0 ; C1 g: This ﬁnishes the proof.

&

3. Abstract bilinear interpolation
In this section we prove general results on interpolation of bilinear operators. We
will need some further interpolation space concepts. Recall that the mapping F from
the category of all couples of Banach spaces into the category of all Banach spaces is
% F ðXÞ
% is an
said to be an interpolation functor if for any Banach couple X;
% and for any TALðX;
% YÞ
% it follows that
intermediate Banach space with respect to X;
%
% If additionally
T : F ðXÞ-F
ðYÞ:
jjTjjF ðXÞ-F
%
% pmaxfjjTjjX0 -Y0 ; jjTjjX1 -Y1 g
ðYÞ
holds, then F is called an exact interpolation functor.
We will consider particular cases of the following two constructions by Aronszajn
% such that A is an
and Gagliardo [1] of exact interpolation functors. Given A and A;
% two interpolation functors are
intermediate space with respect to the couple A;
deﬁned by
(
)
N
N
X
X
%
% :¼
% ¼ GAA ðXÞ
T n an ;
jjTn jjAGðXÞ
% X% jjajjA oN
n¼1

n¼1

and


% :¼ xAX0 þ X1 ; TxAA for every T : X% A% :
% ¼ HAA% ðXÞ
HðXÞ
The norms are given by
(
jjxjjGðXÞ
% ¼ inf

N
X
n¼1

jjTn jjA% X% jjajjA ; x ¼

N
X

)
Tn an

n¼1

and, respectively,
jjxjjHðXÞ
% ¼ supfjjTxjjA ; jjTjjX% A% p1g:
% and H is the
Note that G is the minimal interpolation functor satisfying A+GðAÞ
%
maximal interpolation functor satisfying HðAÞ+A:
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The interpolation functor GAA is called approximable (cf. [15]) on a Banach couple
%
X with a constant c40 if for any xAX0 -X1 ; we have
x¼

N
X

S n an

n¼1

% X% satisfying
for some positive integer N; an AA0 -A1 ; n ¼ 1; y; N and Sn : AN
X

jjSn jjA% X% jjan jjA pcjjxjjGA% ðXÞ
% :
A

n¼1

For a study of approximable interpolation functor we refer to [17].
In what follows, we need a deﬁnition of interpolation bilinear theorems. Let X% ¼
ðX0 ; X1 Þ; Y% ¼ ðY0 ; Y1 Þ and Z% ¼ ðZ0 ; Z1 Þ be Banach couples. We will say that ðT0 ; T1 Þ
% and write T ¼ ðT0 ; T1 ÞABðX;
% Y;
% ZÞ
% if
is a bilinear operator from X%  Y% into Z;
Tj : Xj  Yj -Zj is a bounded bilinear operator ð j ¼ 0; 1Þ and T0 ðx; yÞ ¼ T1 ðx; yÞ for
any xAX0 -X1 and yAY0 -Y1 :
% Y;
% ZÞ
% is a Banach space equipped with the norm
It is easy to check that BðX;
jjðT0 ; T1 ÞjjX
% Y% Z% :¼ max jjTj jjXj Yj -Zj :
j¼0;1

% Y;
% ZÞ
% deﬁnes a bilinear map T which is called in the
Note that any ðT0 ; T1 ÞABðX;
%  SðYÞ-Sð
%
% by
sequel a natural bounded bilinear extension of ðT0 ; T1 Þ from DðXÞ
ZÞ
Tðx; yÞ :¼ T0 ðx; y0 Þ þ T1 ðx; y1 Þ
% and y ¼ y0 þ y1 ASðYÞ
% with y0 AY0 and y1 AY1 : It is easy to see that
for any xADðXÞ
% and T is bounded with
T does not depend on the representation of yASðYÞ
jjTjjDðXÞSð
%
%
% pjjðT0 ; T1 ÞjjX
% Y% Z% :
YÞ-Sð
ZÞ
Assume that X ; Y and Z are Banach spaces intermediate with respect to the couples
% Y% and Z:
% We say that a triple of Banach spaces ðX ; Y ; ZÞ is a bilinear
X;
% Y;
% ZÞ;
% and write ðX ; Y ; ZÞAIntðX;
% Y;
% ZÞ
% if for every
interpolation with respect to ðX;
% Y;
% ZÞ
% there is a constant CT such that a natural bounded bilinear
ðT0 ; T1 ÞABðX;
extension T of ðT0 ; T1 Þ satisﬁes
jjTðx; yÞjjZ pCT jjxjjX jjyjjY
%  Y : If CT ¼ C does not depend on T; we write
for any ðx; yÞADðXÞ
% Y;
% ZÞ
% and say that C is a constant of the bilinear interpolation.
ðX ; Y ; ZÞAIntC ðX;
% Y;
% ZÞ;
% then there is a constant C40
It is shown in [25] that if ðX ; Y ; ZÞAIntðX;
%
%
%
such that ðX ; Y ; ZÞAIntC ðX; Y; ZÞ:
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For simplicity, we shall use the following notation for interpolation functors F0 ; F1
and F2 :
%
%
%
F0 ðXÞ#F
1 ðYÞ-F
2 ðZÞ;
and say that a bilinear interpolation theorem holds, provided that
% F1 ðYÞ;
% F2 ðZÞÞAIntð
%
% Y;
% ZÞ:
%
X;
ðF0 ðXÞ;
% Y% and Z;
% we write in short
If the above relation holds for all Banach couples X;
F0 #F1 -F2 :
We are now ready to prove the following general theorem. We note that a variant of
multilinear result holds (for details we refer to [25]).
%

% B;
% If the interpolation functor GAA is
% CÞ:
Theorem 3.1. Assume that ðA; B; CÞAIntM ðA;
%
approximable on a Banach couple X with a constant c40; then the following bilinear
interpolation theorem:
%
B% %
C% %
%
GAA ðXÞ#G
B ðYÞ-HC ðZÞ

%
with the constant equals cM holds for any Banach couples Y% and Z:
% Y;
% ZÞ
%
with jjðT0 ; T1 ÞjjX
Fix
Proof. Assume that ðT0 ; T1 ÞABðX;
% Y% Z% p1:
% X;
% S1 : B% Y% and R : Z% C% with jjRjjZoperators S0 : Ap1:
Deﬁne
operators
% C%
Uj by
Uj ða; bÞ :¼ RTj ðS0 a; S1 bÞ
% B;
% with
% CÞ
for ða; bÞAAj  Bj and j ¼ 0; 1: We have ðU0 ; U1 ÞABðA;
jjðU0 ; U1 ÞjjA
% B% X% jjS1 jjB% Y% :
% C% pjjS0 jjA%  SðBÞ-Sð
% be a natural bounded bilinear extension of ðU0 ; U1 Þ: It
%
Let U : DðAÞ
CÞ
is easy to see that
Uða; bÞ ¼ RTðS0 a; S1 bÞ
%  SðBÞ;
% where T : DðXÞ
%  SðYÞ-Sð
%
% is a natural bounded
for any ða; bÞADðAÞ
ZÞ
% B;
% we have
% CÞ;
bilinear extension of ðT0 ; T1 Þ: Since ðA; B; CÞAIntM ðA;
jjUða; bÞjjC pMjjS0 jjA% X% jjS1 jjB% Y% jjajjA jjbjjB
for any ða; bÞAðA0 -A1 Þ  B:
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Fix e40: Then, by our hypothesis on GAA it follows that for any xAX0 -X1 and
% %
yAGBB ðYÞ
we have
x¼

N
X

S0n an ;

y¼

n¼1

N
X

S1m bm

m¼1

% X;
%
for some positive integer N and an AA0 -A1 ; n ¼ 1; y; N and, bm AB; S0n : A%
%
S1m : B-Y satisfying
N
X

jjS0n jjA% X% jjan jjA pcjjxjjG A% ðXÞ
%
A

n¼1

and
N
X

jjS0m jjB% Y% jjbm jjB pð1 þ eÞjjyjjGB% ðYÞ
% :
B

m¼1

% C% with jjRjjZThis implies that for any R : Z% C% p1; we have
N X
N
X

RTðx; yÞ ¼

RTðS0n an ; S1m bm Þ ¼

n¼1 m¼1

N X
N
X

Unm ðan ; bm Þ;

n¼1 m¼1

%  SðBÞ-Sð
% is a natural bounded bilinear extension of
%
where Unm : DðAÞ
CÞ
ðU0n ; U1m Þ (deﬁned in a similar way as U in above) satisfying
jjUnm ða; bÞjjC pMjjajjA jjbjjB
for any aAA0 -A1 and bAB:
In consequence, the above remarks and estimates implies
jjRTðx; yÞjjC p

N X
N
X

jjUnm ðan ; bm ÞjjC

n¼1 m¼1

pð1 þ eÞM

N X
N
X

jjS0n jjA% X% jjan jjA jjS1m jjB% Y% jjbm jjB

n¼1 m¼1

¼ ð1 þ eÞM

N X
N
X

!
jjS0n jjA% X% jjan jjA

n¼1 m¼1

m¼1

pð1 þ eÞcMjjxjjGA% ðXÞ
% :
% jjyjjGB% ðYÞ
A

N
X

B

!
jjS1m jjB% Y% jjbm jjB
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Since e40 is arbitrary, we get
jjTðx; yÞjjH C% ðZÞ
% C% p1g
% ¼ supfjjRðTðx; yÞÞjjC ; jjRjjZC

p cMjjxjjGA% ðXÞ
%
% jjyjjG B% ðYÞ
A

B

% %
for xAX0 -X1 and yAGBB ðYÞ:
This completes the proof.

&

We present some applications of the obtained results for special interpolations
functors. Throughout the rest of the paper, for a given function jAF0 we let Gj :
%
¼ GAA with A :¼ cN ðj ð1; 2 n ÞÞ and A% :¼ ðc0 ; c0 ð2 n ÞÞ deﬁned on the set of integers
Z: We note that Gj coincides with the so called 7 method of interpolation
introduced by Gustavsson–Peetre [14] (see [15] or [28, p. 468]).
In the sequel, we write that the functions j0 ; j1 and j in F satisfy the (generalized
super-multiplicativity) condition (SM) if there exists a constant C40 such that
j0 ð1; sÞ j1 ð1; tÞpCjð1; stÞ
holds for all s40 and t40: If the above condition (SM) holds with j ¼ j0 ¼ j1 ;
then j is called super-multiplicative.
Theorem 3.2. Let the functions j0 ; j1 and j in F0 with j0 being non-degenerate and
jAFþ being a concave function satisfy condition (SM). Assume that Z% ¼ ðZ0 ; Z1 Þ is
a Banach couple such that Zj has the periodic Fourier cotype qj for some 2pqj oN;
j ¼ 0; 1: Then the following bilinear interpolation theorem:
%
%
Gj0 ðXÞ#G
j1 ðYÞ-ðZ
0 ; Z1 Þjðcq

0

;cq1 ð2

n ÞÞ

%
holds for any Banach couples X% and Y:
Proof. An immediate consequence of Theorem 2.2 is that the triple
ðcN ðj0 ð1; 2 n ÞÞ; cN ðj1 ð1; 2 n ÞÞ; Z% jðcq0 ;cq1 ð2

n ÞÞ

Þ

is a bilinear interpolation with respect to
%
ððc0 ; c0 ð2 n ÞÞ; ðc0 ; c0 ð2 n ÞÞ; ZÞ:
Further, under our hypothesis on j0 ; the functor Gj0 is approximable on any
Banach couple (see [15] or [28, pp. 451–452] or [17]). By Theorems 2.2 and 3.1, this
completes the proof. &
In what follows, for any jAF and 1ppoN we let Hj;p be the maximal
%
interpolation functor HAA with A% :¼ ðcp ; cp ð2n ÞÞ and A :¼ cp ðj ð1; 2n ÞÞ deﬁned on Z:
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If p ¼ 1; then Hj;1 is the upper Ovchinnikov functor ju (see [28]) which is denoted in
short by Hj :
Theorem 3.3. Assume that the functions j0 ; j1 and j in F0 with j0 being nondegenerate and jAFþ satisfy the condition (SM). Then the following bilinear
interpolation theorem holds:
Gj0 #Gj1 -Hj;2 :
Proof. It follows by Theorem 2.1 that for any jAFþ ;
ðc2 ; c2 ð2n ÞÞj;2;2 ¼ jðc2 ; c2 ð2n ÞÞ ¼ c2 ðj ð1; 2n ÞÞ:
Since any Hilbert space has the periodic Fourier cotype 2; the argumentation used in
the prove of the Theorem 3.2 completes the proof. &
In order to present more general applications, we will need ﬁrst a preparatory
theorem which is probably of independent interest.
Theorem 3.4. Assume that X% ¼ ðX0 ; X1 Þ is a Banach couple and jAF: Then the
following statements are true:
%
%
(i) Hj ðXÞ+H
j;2 ðXÞ:
%
% with the
(ii) If jAF0 and both X0 and X1 have cotype 2, then Hj;2 ðXÞ+H
j ðXÞ

constant of embedding depending only on the cotype 2-constants of X0 and X1 :
Proof. (i) Since Hj;2 is a maximal interpolation functor and
Hj ðc2 ; c2 ð2n ÞÞ ¼ jðc2 ; c2 ð2n ÞÞ ¼ c2 ðj ð1; 2n ÞÞ;
the required continuous inclusion follows.
(ii) We use the abstract Grothendieck theorem of Pisier. It states (see [29,
Theorem 4.1]) that if X ; Y are Banach spaces, X  and Y have cotype 2 and
T : X -Y is approximable operator, then for a given e40 there is a Hilbert space H
and operators V : X -H; U : H-Y such that T ¼ UV ; and
jjUjj jjV jjpð1 þ eÞð2C2 ðX  ÞC2 ðY ÞÞ3=2 :
% To show that xAHj ðXÞ
% we need to prove that for any operator
Fix xAHj;2 ðXÞ:
n

n
n
%
T : X-ðc
1 ; c1 ð2 ÞÞ; we have TxAc1 ðj ð1; 2 ÞÞ: Since both spaces c1 and c1 ð2 Þ with
jn
bases have cotype 2; T : Xj -c1 ð2 Þ is an approximable operator ð j ¼ 0; 1Þ: Thus,
combining the abstract Grothendieck theorem of Pisier with Lemma 11.1.1 in [28],
we conclude that there exist a Hilbert couple H% ¼ ðH0 ; H1 Þ and operators
V : ðX0 ; X1 Þ-ðH0 ; H1 Þ

and

U : ðH0 ; H1 Þ-ðc1 ; c1 ð2n ÞÞ
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%
%
such that T ¼ UV : Since xAHj;2 ðXÞ;
Kðt; x; XÞ^jð1;
tÞ for any t40;
%
%
Kðs; t; x; XÞAF0 by jAF0 : In consequence Kðs; t; Vx; HÞAF0 : This yields that there
exists xAc2 þ c2 ð2n Þ such that
%
Kðt; x; c2 ; c2 ð2n ÞÞ^Kðt; Vx; HÞ:
By Sedaev’s result [31], we know that interpolation between Hilbert couples is
described by the K-method of interpolation. Thus, we can construct operators
S1 : ðH0 ; H1 Þ-ðc2 ; c2 ð2n ÞÞ

and

S2 : ðc2 ; c2 ð2n ÞÞ-ðH0 ; H1 Þ

pﬃﬃﬃ
such that jjSj jjp 2 for j ¼ 0; 1 and
Vx ¼ S2 S1 ðVxÞ:
%
Since S1 V : ðX0 ; X1 Þ-ðc2 ; c2 ð2n ÞÞ and xAHj;2 ðXÞ;
S1 ðVxÞAc2 ðj ð1; 2n ÞÞ ¼ Hj ðc2 ; c2 ð2n ÞÞ:
Further, US2 : ðc2 ; c2 ð2n ÞÞ-ðc1 ; c1 ð2n ÞÞ implies by interpolation property that
US2 : Hj ðc2 ; c2 ð2n ÞÞ-Hj ðc1 ; c1 ð2n ÞÞ ¼ c1 ðj ð1; 2n ÞÞ:
Combining the above relations, we obtain
Tx ¼ US2 ðS1 VxÞAc1 ðj ð1; 2n ÞÞ
%
and in consequence xAHj ðXÞ:
&
We can now state main applications of Theorems 3.3 and 3.4.
Theorem 3.5. Assume that the functions j0 ; j1 and j in F0 with j0 non-degenerate
and jAFþ satisfy condition (SM). Assume that Z% ¼ ðZ0 ; Z1 Þ is a Banach couple such
that both Z0 and Z1 have cotype 2: Then the following bilinear interpolation theorem:
%
%
%
Gj0 ðXÞ#G
j1 ðYÞ-H
j ðZÞ
%
holds for any Banach couples X% and Y:
Let us show an application of this result for Calderón–Lozanovsky spaces. We do
not discuss here applications to concrete bilinear operators. The interested reader
may consult the results on boundedness of a large class of bilinear operators on a
product of Lp -spaces presented, e.g. in [8] or [13] in order to get via the bilinear
interpolation Theorem 3.7 the results on boundedness of these operators on a
product of Orlicz spaces.
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Theorem 3.6. Assume that the concave functions j0 ; j1 and j in F0 with j0 being nondegenerate and jAFþ satisfy condition (SM). Assume that Z% ¼ ðZ0 ; Z1 Þ is a couple
of maximal Banach lattices such that both Z and Z1 have cotype 2: Then the following
bilinear interpolation theorem:
%
%
%
j0 ðXÞ#j
1 ðYÞ-jðZÞ
%
holds for any Banach couples of lattices X% and Y:
Proof. It is well-known that if jAF0 is a concave function, then
jðE0 ; E1 Þ+Gj ðE0 ; E1 Þ
% ¼
for any couple ðE0 ; E1 Þ of Banach lattices (see [27] or [28, p. 453]). Since Hj ðZÞ
% whenever Zj is maximal ð j ¼ 0; 1Þ (see [28, pp. 474–475]), Theorem 3.5
jðZÞ
applies. &
We note that by the well-known description of Calderón–Lozanovsky construction for any weighted Lp spaces (see, e.g., [27]) the application of the above theorem
yields a bilinear interpolation theorem for the products of Musielak–Orlicz spaces
with respect to the products of weighted Lp spaces. For the sake of completeness we
recall that if 1pp0 op1 pN and ðLp0 ðw0 Þ; Lp1 ðw1 ÞÞ is a Banach couple of weighted
Lp spaces on a measure space ðO; mÞ; then for any concave jAF; we have
jðLp0 ðw0 Þ; Lp1 ðw1 ÞÞ ¼ LM ;
where LM is the Musielak–Orlicz space generated by the function
Mðu; tÞ :¼ Mððw1 ðtÞ1=p0 w0 ðtÞ

1=p1 q

Þ uÞðw0 ðtÞ=w1 ðtÞÞq

for uX0 and tAO with 1=q ¼ 1=p0 1=p1 and M 1 ðsÞ ¼ jðs1=p0 ; s1=p1 Þ for sX0
(see [27]) equipped with the norm


Z
jjxjj :¼ inf l40;
MðjxðtÞj=l; tÞ dmp1 :
O

Combining the above remarks with the well-known fact that any Lp -space with
1ppp2 has cotype 2 (see, e.g., [20]), we obtain the following bilinear theorem for
Orlicz spaces.
Theorem 3.7. Assume that the concave functions j0 ; j1 and j in F0 with j0 being nondegenerate and jAFþ satisfy condition (SM). Let 1pp0 op1 pN; 1pq0 oq1 pN
and 2pr0 or1 oN and let M0 ; M1 and M be Orlicz functions defined by M0 1 ðsÞ ¼
j0 ðs1=p0 ; s1=p1 Þ; M1 1 ðsÞ ¼ j1 ðs1=q0 ; s1=q1 Þ and M 1 ðsÞ ¼ jðs1=r0 ; s1=r1 Þ for any sX0:
Then the triple of spaces ðLM0 ; LM0 ; LM Þ is bilinear interpolation with respect to the
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triple ððLp0 ; Lp1 Þ; ðLq0 ; Lq1 Þ; ðLr0 ; Lr1 ÞÞ of couples of Lp -spaces defined on any measure
spaces.
4. Interpolation spaces of operators
In this section we present certain applications of the obtained results. We ﬁrst
present a result which shows that bilinear interpolation theorem yields an
information on relations about spaces of operators between interpolation spaces
and interpolation spaces with respect to couples of operator spaces. To be more
precise, let X% ¼ ðX0 ; X1 Þ; Y% ¼ ðY0 ; Y1 Þ be Banach couples. It is clear that we have the
following continuous inclusion:
LðXjD ; Yj Þ+LðX0 -X1 ; Y0 þ Y1 Þ
for j ¼ 0; 1; where for a Banach space X intermediate with respect to ðX0 ; X1 Þ; XD
(resp., X  ) denotes a normed space ðX0 -X1 ; jj jjX Þ (resp., the closed hull of X0 -X1
in X ). In consequence ðLðX0D ; Y0 Þ; LðX1D ; Y1 ÞÞ forms a Banach couple denoted for
simplicity by ðLðX0 ; Y0 Þ; LðX1 ; Y1 ÞÞ:
Theorem 4.1. Let F0 ; F1 and F2 be interpolation functors such that the bilinear
interpolation theorem F0 #F1 -F2 holds with a constant C40: Then for any Banach
couples X% and Y% the following continuous inclusion holds
%
F1 ðLðX0 ; Y0 Þ; LðX1 ; Y1 ÞÞ+LðF0 ðX%  ÞD ; F2 ðYÞÞ:
Proof. Assume that a bilinear interpolation theorem F0 #F1 -F2 holds with a
constant C40: Let Pj : Xj  LðXj ; Yj Þ-Yj be a bilinear operator deﬁned by
Pj ðx; Tj Þ :¼ T% j x

for ðx; Tj ÞAXj  LðXj ; Yj Þ;

where T% j : Xj -Yj is a norm preserving the extension of Tj : XjD -Yj : Since
% Z pjjTjj
% X  -Y jjxjjX  ¼ jjxjjX  jjTjjX -Y ;
jjPj ðx; Tj ÞjjYj ¼ jjTxjj
j
j
j
jD
j

j

j

Pj is a bounded bilinear operator. Further, for any xAX0 -X1 ¼ X0 -X1 and
TALðX0 ; Y0 Þ-LðX1 ; Y1 Þ; we have
% ¼ Tx ¼ P1 ðx; TÞ:
P0 ðx; TÞ ¼ Tx
Hence, ðP0 ; P1 Þ is a bounded bilinear operator from the product ðX0 ; X1 Þ 
ðLðX0 ; Y0 Þ; LðX1 ; Y1 ÞÞ into ðY0 ; Y1 Þ: Let
%  ðLðX0 ; Y0 Þ þ LðX1 ; Y1 ÞÞ-Y0 þ Y1
P : DðXÞ
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%
be a bounded bilinear extension of ðP0 ; P1 Þ: Note that Pðx; TÞ ¼ Tx for any xADðXÞ
and TALðX0 ; Y0 Þ þ LðX1 ; Y1 Þ: In fact, it follows by deﬁnition of P that
Pðx; TÞ ¼ P0 ðx; T0 Þ þ P1 ðx; T1 Þ
% T ¼ T0 þ T1 ALðX0 ; Y0 Þ þ LðX1 ; Y1 Þ; where Tj ALðXj ; Yj Þ for
for any xADðXÞ;
j ¼ 0; 1: Hence
Pðx; TÞ ¼ T% 0 x þ T% 1 x ¼ T0 x þ T1 x ¼ Tx:
By our hypothesis the bilinear interpolation theorem F0 #F1 -F2 holds with a
constant C40: Thus
%
P : F0 ðX%  ÞD  F1 ðLðX0 ; Y0 Þ; LðX1 ; Y1 ÞÞ-F2 ðYÞ
is a bounded bilinear operator with a norm less or equal to C: This implies that for
% and TAF1 ðLðX0 ; Y0 Þ; LðX1 ; Y1 ÞÞ; we have
any xADðXÞ
jjTxjjF2 ðYÞ
% ¼ jjPðx; TÞjjF2 ðYÞ
% pCjjxjjF0 ðX%  Þ jjTjjF1 ðLðX0 ;Y0 Þ;LðX1 ;Y1 ÞÞ :
In consequence
jjTjjF0 ðX%  ÞD -F2 ðYÞ
% ¼ supfjjTxjjF2 ðYÞ
% ; jjxjjF0 ðX%  Þ p1; jjxjjDðXÞ
% p1g
p CjjTjjF1 ðLðX0 ;Y0 Þ;LðX1 ;Y1 ÞÞ ;
which completes the proof.

&

We conclude the paper with a result concerning the Banach operator ideal of
ðE; pÞ-summing operators. We recall, following [9], that if 1ppoN and E is a
Banach sequence space on N such that cp +E; then an operator T : X -Y between
Banach spaces is said to be ðE; pÞ-summing if there is a constant C40 such that for
all ﬁnite sequences fx1 ; y; xn g in X ; we have
8
9


!1=p
X

< X
=
n
n


jjTðxk ÞjjY ek  pC sup
jx ðxk Þjp
; jjx jjX  p1 :

 k¼1

: k¼1
;
E

We denote by pE;p ðTÞ the smallest constant C satisfying this property, and by
PE;p ðX ; Y Þ the space of ðE; pÞ-summing operators from X into Y : Then ðPE;p ; pE;p Þ
is a Banach operator ideal in the sense of Pietsch provided that jjen jjE ¼ 1: In
particular, if E ¼ cp ; we obtain the Banach ideal of p-summing operators (see [29]).
In what follows, Mn;m :¼ Mn;m ðKÞ denotes the space of n  m matrices on K:
A matrix TAMn;m will be identiﬁed with a linear operator from Km into Kn built
by using the canonical bases.
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Theorem 4.2. Let ðX0 ; X1 Þ and ðY0 ; Y1 Þ be two couples of finite-dimensional Banach
spaces with dim X0 ¼ dim X1 ¼ m; dim Y0 ¼ dim Y1 ¼ n and assume that X0 ; X1 are
2-concave lattices and Y0 ; Y1 have cotype 2. Then, for any super-multiplicative
function jAFþ ; 1ppp2 and 2-convex maximal separable Banach sequence space E
such that cp +E the following holds:
Gj ðPE;p ðX0 ; Y0 Þ; PE;p ðX1 ; Y1 ÞÞ+PE;p ðGj ðX0 ; X1 Þ; Hj ðY0 ; Y1 ÞÞ
with a norm of the continuous inclusion not depending on m and n:
Proof. We observe that an operator T : X -Y is ðE; pÞ-summing if and only if
sup jjT̂k jjLðck0 ;X Þ-EðY Þ oN;
p

kX1

where T̂k : Lðckp0 ; X Þ-EðY Þ is deﬁned by
T̂k ðSÞ ¼

k
X

ðTSei Þei

for SALðckp0 ; X Þ:

i¼1

Now we follow the method of Pisier [30] for the complex method of interpolation.
Fix a positive integer k and consider the bilinear operator
Uj : Lðckp0 ; Xj Þ  PE;p ðXj ; Yj Þ-EðYj Þ;
deﬁned by Uj ðS; TÞ :¼

Pk

i¼1 ðTSei Þei

for j ¼ 0; 1: Then we have

jjUj jjLðck0 ;Xj ÞPE;p ðXj ;Yj Þ-EðYj Þ p1:
p

It is easy to check that if F is a 2-concave Banach sequence space and a Banach
space X has cotype 2, then F ðX Þ has cotype 2: Since E is separable, EðYj Þ is
isometrically isomorphic to E 0 ðYj Þ: Thus, our hypothesis implies that EðYj Þ has
cotype 2 for j ¼ 0; 1 (by 2-convexity of E it follows that E 0 has cotype 2, see [20]).
Now, the bilinear interpolation Theorem 3.5 gives that there is a constant C40
such that


X

k


ðTSei Þei 

 i¼1

Hj ðEðY0 Þ;EðY1 ÞÞ

pCjjSjjGj ðLðck0 ;X0 Þ;Lðck0 ;X1 ÞÞ jjTjjGj ðPE;p ðX0 ;Y0 Þ;PE;p ðX1 ;Y1 ÞÞ
p

p

for all TAMm;k and SAMn;m : Since E is a maximal Banach sequence space, the
following continuous inclusion holds (see [23])
Hj ðEðY0 Þ; EðY1 ÞÞ+EðHj ðY0 ; Y1 ÞÞ:
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To complete the proof, we use the following result (which follows from the proof of
Proposition 4 in [10]): if jAF is a non-degenerate function, then for any ﬁnitedimensional Banach space N of cotype 2 and any couple ðM0 ; M1 Þ of ﬁnitedimensional 2-concave Banach lattices with dimðM0 Þ ¼ dimðM1 Þ;
LðN  ; Gj ðM0 ; M1 ÞÞ+Gj ðLðN  ; M0 Þ; LðN  ; M1 ÞÞ
with a norm of the continuous inclusion depending only on the 2-concavity constants
of M0 and M1 and a cotype 2 constant of N:
Combining the above with the fact that ckp has cotype 2 for any 1ppp2; we obtain
that


X

k


jjðTSei ÞjjHj ðYÞ

% ei  
 i¼1

E

pCjjSjjLðck0 ;Gj ðX0 ;X1 ÞÞ jjTjjGj ðPE;p ðX0 ;Y0 Þ;PE;p ðX1 ;Y1 ÞÞ
p

for all TAMm;k and SAMn;m : This shows that the sequence fT̂k gN
k¼1 of operators
with
T̂k : Lðckp0 ; Gj ðX0 ; X1 ÞÞ-EðHj ðY0 ; Y1 ÞÞ
is uniformly bounded, which yields the desired continuous inclusion.

&
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