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FUNCTIONS WHOSE DERIVATIVE HAS A
POSITIVE REAL PART()

BY
T. H. MAcGREGOR

1. Introduction. Let R denote the class of functions which are regular
and satisfy Re f'(z) >0 for Izl <1 and are normalized by f(0) =0 and f'(0) = 1.
This paper develops some properties of functions in R.

An early consideration of functions satisfying the condition Re f'(z) >0
can be found in a paper by J. W. Alexander [1, p. 18]. He proves: if f(z) is
regular in izl <1 and f'(2) “maps ‘zi <1 upon a region contained within a
half-plane bounded by a straight line through the origin” then f(z) is schlicht
for |z] <1.

J. Wolff [11] showed that f(z) is schlicht in Re 2> 0 if it is regular there
and satisfies Re f'(z) >0. K. Noshiro [6, p. 151] and S. Warschawski [10,
p. 312] each demonstrated that Re f'(z) >0 is a sufficient condition for the
schlichtness of f(z) in any convex domain.

Conversely, S. R. Tims [9] proved that for each simply connected non-
convex domain D there is a function f(2) regular in D such that Re f'(z) >0
and f(2) is not schlicht in D. This result is a particular consequence of some
more general theorems contained in a paper by F. Herzog and G. Piranian
[2]. They determine both necessary and sufficient conditions for a domain
D—not necessarily simply connected—to have the property that every func-
tion regular and satisfying Re f’(z) >0 in D is schlicht there.

A more general class of functions than those satisfying Re f'(2) >0 is
the class of close-to-convex functions. W. Kaplan [3] calls a function f(z)
close-to-convex in |z| <1 providing there is a function g(z) analytic, schlicht
and convex in |zl <1 for which Re{f'(z)/¢' (2)} >0. Each function close-to-
convex in |z| <1 is schlicht there.

Because of Alexander’s result each function in R is schlicht in lz[ <1.
Functionsin R can be constructed by integrating functions g(z) =1+biz+ - - -
which satisfy Re g(z) >0 for Izl <1. The function f(z) = —z—2 log (1—3) is
in R for its derivative if f'(2)=(142)/(1—32) and w=(1+32)/(1—2) maps
|2] <1 onto Re w>0.

2. Distortion theorems. The following lemma contains results due to
C. Caratheodory. A proof can be found in [7, Vol. 1, Problem 235, p. 129, and
Vol. 1, Problem 287, p. 140].

LeMMA. If g(2) =1+ D ., baz* is regular in [zl <1 and Re g(z)>0 then

Received by the editors June 16, 1961 and, in revised form, September 26, 1961.
(*) This paper is part of the author’s dissertation done at the University of Pennsylvania.
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|8, <2fornz1,|g()| = (1+]2])/(1~|5]), and Re g(a) 2 (1= | 2]) /(1 +|2]).

This lemma has similar forms without the normalization g(0)=1. For
example, |b,.| éZ]bo] if bo=g(0).

THEOREM 1. If f(2) =2+ Y r-g Gn2"ER then

(1) la,,lg1 forn=23 -,
n
@) 7@ é;—ill—z—ll’
@ Refi(s 2 L2,
T14 |3
) |f@ | = = |2] —210g(1 = |3]),
(5) |f@] =z — |2] + 2log(1 + |2]).

Proof. Since Re f'(£) >0 the estimates (1), (2), and (3) are immediate
consequences of the lemma where g(z) =f'(z).
Using (2) and (3) we can arrive at (4) and (5) by integration, as follows.

z 12|
1@) = f F(0)de f fte)eieds,

12 .y . "'_1_;!—_!_ _ B B
1 /() | gfo |f(te¢)]dt_§fo i | 2] — 2log(l — |2]),
Iz lzl 1 —
| /() | gf Ref'(tew)dtgf i—_—i_—;dt—: — | 2| + 2log(t + |2]).

This proves the theorem. By considering the function f(z) = —z—2log(1 —2)
=2+ D m; (2/m)2" one can show that all estimates of this theorem are sharp.
The next result follows from estimate (5).

CoRrOLLARY. Each function in R maps [z[ <1 onto a domain which covers
the disc |w| <2 log 2—1.

3. The radius of convexity.
THEOREM 2. Each function in R maps |3| <2Y2—1 onto a convex domain.

Proof. Suppose that g(z) is regular for [z[ <1 and Re g(z)>0. Let ¢ be
any complex number such that |cr| < 1. The function G(2) =g((z+0)/(1+a2))
=g(0) +g’(o)(1]a|2)z+ - - - is regular for ]z <1 and Re G(2)>0. Accord-
ingly, if G(3)=bo+biz+ - - - then |bi| =2|bo]. This gives |g'(0)/g(o)]
=2/(1=|q|?.

Applying this inequality to g(z) =f'(z) where f(z) ER gives l '@/ (z)|
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534 T. H. MAcGREGOR [September

<2/(1—12|?. Then, Re{af"(2)/f'(s)} = —2]2 /(1 - 2|?.

Now, f(z) maps lzi <r onto a convex domain is equivalent to the condi-
tion Re{[z/"(2)/f'(2)]+1} >0 for |3| <r [7, Vol. 1, Problem 108, p. 105].
Hence, the image domain is convex for f(z) ER if —2[2[/(1-—-12[ H+4+1>0,
ie., if |z <212—1,

For the function f(z)=—z—2 log (1—32) we have [zf"(2)/f'(z)]+1
= (142z—2?) /(1 —2?) and this last expression vanishes for z=1—2'/2, Hence,
this function maps no circle |z| <7 larger than |z| <21/2—1 onto a convex
domain.

THEOREM 3. If f(z) =2+as?+ - - - is regular in |3| <1 and Re{f(z)/z}
>0 then f(z) is schlicht in |z| <241,

Proof. Let g(z) =f(z) /2. Then since Re g(z) >0 the estimate deduced early
in the proof of Theorem 2 gives lg'(z)/g(z)l <2/(1— lzI ). We have the rela-

tion =f’(2) /f(s) =1+ [2¢'(2) /g(2) | Thus,

e {Zf’(Z)} REC
/@) ()

The last expression is positive if ]zl <2Y2—1, Thus, for |z| <212—1 we
have Re{zf'(2)/f(z)} >0. However, the condition Re{zf'(2)/f(z)} >0 is suffi-
cient for the schlichtness of f(z) in [z] <r [7, Vol. 1, Problem 109, p. 105].

The function f(z) = (z+2?) /(1 —32) satisfies Re {f(z)/z} >0 for lz{ <1 and
its derivative vanishes at z=1-—2/2, Thus, this function is not schlicht in
any circle |z| <7 larger than |z| <21/2—1,

2] =1—2|z[—[zlz.
P IE

4. Schlichtness of the partial sums. It is of interest to determine to
what extent a given property of a power series is carried over to its partial
sums. G. Szegd [8] has shown that all of the partial sums of a function
schlicht in |z| <1 are schlicht in |3| <1/4. For the functions in R we can im-
prove 1/4 to 1/2.

THEOREM 4. If f(2) =2+ ) oz @.2"ER and f,(z) =2+a2?+ - - - +a,.z
then f.(2) is schlicht in ‘zl <1/2 for n=2,3, - - .

Proof. Suppose that g(z) =1+ D =, b,2" is regular for Izl <1 and Re g(2)
>0. Let s,(z)=14biz+ - - - +b,2". We will prove that Res,(z)>0 for
lzl <1/2. From this the theorem follows. For, if we let g(z)=f'(z) then
$.(28) =f. (2) and then Re f,/ (2) >0 for [zl <1/2. However, this is a sufficient
condition for the schlichtness of f.(2) in |3| <1/2.

Let r.(2) =g(2) — 5.(2).

E bkz"

k=n41

© © 2 n+1
=2 |2 X 2|zl*=—|~zl—

k=n+1 k=nt1 1— |z|

Since Re g(z) >0 we have Re g(z)g(l—lzl)/(1+]z|).

l f,,(Z) ‘ =
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1962] FUNCTIONS WHOSE DERIVATIVE HAS A POSITIVE REAL PART 535

1—|s| 2|z

1+ |z] 1- ]3]

If lzl =1/2 and n =3 this last estimate yields Re s,(2) =1/3—1/4>0. Since
Re s,(2) is harmonic it assumes its minimum for |z| <7 on |3| =7. Therefore,
we have shown that Re s,(z) >0 in | 2| <1/2 for n23.

For the case n=1 we have Re si(s) 21— | b1z| 21—2|2|. Thus, Re s,(2) >0
in |2 <1/2.

Finally, we consider n=2. First we find a relation between b; and b;. The
function G(z)=(g(z) —1)/(g(z)+1) is regular in lzl <1, G(0)=0, and
[G(z)l <1. Thus, the function H(z) =G(z)/z is regular in |z[ <1 and [H(z)|
=<1. For such functions H(z)=co+ciz+ - - - we have |cll él-—lcol’ [5,
p. 172, Problem 9]. Here, H(z) = (b1/2)+ ((2b:—b%)/4)z+ - - - . This gives
the result |2b,—8%| <4—|bi|2

Let ¢=2b,—b, |z| <1/2, biz=a+iB, c'’z=v+15. Then, s:(z)=1+biz
+(c/2)z2+ (b3/2)32

Resa(z) = 1+ e+ (v¥/2) — (8*/2) + (o%/2) — (8°/2)
=1+a+ (@/2) = (8/2) + (Y2 = 1/D(| ez?| = 1)
2

Z1+a+(e?/2) = B/ + (/2 — (/D1 = (/D] b&:] =)
14+ a+ (a/2) = (/2 + (v¥/2) — (1/2)(Q — o® — 82 — 7?)
1/ +a+a?+7?

=21/ +at+a?21/4>0.

5. Further extremal properties of f(z) = —z—2 log (1 —2).

Re s,(2) = Reg(z) — I r,.(z)| =

1\

THEOREM 5. Suppose 0 <r <1. The area of the image of ]zl <r for functions
in R is maximal for f(z) = —z—2 log (1—3). This function also maximizes the
length of the image of |z[ =7 for the class R.

Proof. Suppose that f(z) =2+ Y 3 a.2"ER. Let A,(f) denote the area
of the image of |z| < under f(3).

4 = [ [ 176z

|z] <r

r 2r
f f | £ (tei#) |2deptdt
0 0

= ,,-{,.2_|_ an aﬂ‘2,2n}

n=2

< w{r2 + 3 n<2/n>2r2n}

n=2

A, (fo) where fo(z) = — 3z — 2log(1l — 2).
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536 T. H. MAcGREGOR [September

There is another proof of this part of the theorem and the idea involved
gives a short proof of the rest of the theorem. This is concerned with the prin-
ciple of subordination.

Suppose that G(z) is regular and schlicht in lzl <1 and maps Iz[ <1 onto
the domain G. Let g(z) be regular in |z| <1 and assume values all of which lie
ilan. Also, suppose that g(0) =G(0). g(z) is called subordinate to G(z) in

z| <1.

If f(2) ER then f'(z) is subordinate to w= (1+2)/(1—2). This function is
the derivative of fo(z) = —z—2 log (1 —2).

J. E. Littlewood [4, p. 484, Theorem 2] has shown that if g(z) is subordi-
nate to G(z) in |z[ <1 then for any k>0

2% 2r
f | g(reis) |rde < f | G(rei) |*dg.
0 0
Applying this inequality for £=2 to the derivative of functions in R leads
to a second proof of the first half of the theorem. Similarly applying this

estimate for k=1 proves the second part of the theorem, as follows. Suppose
that f(z) €R. Let L.(f) denote the length of the image of |z| =7 under f(2).

) = [ e s = [ 7o | 108 = 1,0

6. Functions with initial zero coefficients.

THEOREM 6. If f(2) =2+arz*+arp2¥t+ - - - ER then

1 k—1
(1) 7G| = —f—:%_—
1= |af
(2 Ref'(x) 2 W}
|zl 1 k—1
3 ol = f —
|zl 1 — k—1
@ ol 7 s

Proof. Suppose that g(z) =14biz*+ - - - is regular and satisfies Re g(z)
>0 for |z] <1. Then G(z)=(1—g(2))/(1+g(2)) is regular for |z] <1 and
[G(z)l <1. Also, G(z) has a zero at 2=0 of order at least k. Thus, according
to the form of Schwarz’s lemma for this situation we have |G(s)| <|z|*. By
considering g(z) as a function of G(z) this inequality implies that g(z) assumes
values which lie in the closed disc with center at (1+|z[ 2k / (l—lzl %) and
with radius 2|z| 2%/ (l—lzl %), From this we can infer the estimates | 2(2)
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= (1+]z| B/(1- [zl ®), Reg(z)=(1— I z| ®/(1+] zl ¥). Applying these results
to f'(2) gives (1) and (2).

The inequalities (3) and (4) follow from (1) and (2), respectively, by
integration. This is similar to the proof of Theorem 1.

If, in particular, we apply Theorem 6 to functions in R for which a;=0
we obtain from (3) and (4) the following: — |z| +(2/|z2|) Arctan |z| <|f(2)]
é—lzl +]og((1+[z|)/(1—|z[)). From the lower bound we can infer the
next result.

CoROLLARY. If f(2) ER and f''(0) =0 then the image domain covers the disc
|w| <(x/2)—1.

If fe&) =24+ az*+---&ER then f'(z) 1is subordinate to
w=(142*1) /(1 —2*"1). By means of Littlewood’s inequalities we can argue
similarly as in Theorem 5 to deduce the next theorem.

THEOREM 7. Suppose that 0<r<1, fi(z)=[e(1+d*1)/(1—a*V)do. The
area of the image of lzl <r for functions f(z) =z+arz*+ - - - in R is maximal
for fu(2). Also, fi(2) maximizes the length of the image of |z| =vr for all such
functions.
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