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It is known [1, Chap. 4] that if the coefficients and the right-hand side of a linear uniformly
parabolic second-order equation belong to the anisotropic Hélder space C™ (D), m=0,1,...,
a € (0,1), in the layer D = R"x (0,7), 0 < T < 00, and the initial function belongs to C™*2< (R"),
then the bounded solution of the Cauchy problem belongs to the space C™ % (D) This assertion
fails for the anisotropic Lipschitz spaces C"* (D) More precisely, if the right-hand side belongs
to the space C™! (D), then the solution does not necessarily belong (even locally) to the space
C™+21(D) [2]. For the heat equation, we have shown in [3] that the solution belongs to the slightly
wider anisotropic Zygmund space H,, 3 (D) In this result, the right-hand side and the initial
function are also assumed to belong to the Zygmund spaces H,, 1 (D) and H,, 3 (R™), respectively.

In the present paper, we generalize these results to parabolic equations with variable coefficients
that belong to the same anisotropic Zygmund space as the right-hand side. We show that, in this
case, the solution also belongs to the Zygmund space. Thus we have constructed a smoothness
scale for solutions of the Cauchy problem, which is a complete analog of the scale of Holder spaces
for integer values of the smoothness exponent.

1. DEFINITIONS AND NOTATION

We introduce the following notation:

)1/2

x=(x1,...,2,) € R", |x|:(:c%—|——|—xi , k= (ki,....ky), |kl=k+ - +k,.

We set 9, = 9/0t, 8; = 9/dx;, 0;; = 0;0;, and OF = 8{“1852...85”. The Cauchy problem is
considered in the layer D = R™ x (0,7, 0 < T' < oc.
For a domain Q C D, we set Hy(2) = Lo(€2) with the norm |f|o o = vraisup|f|. For positive
Q

integer a, we need the anisotropic Zygmund spaces H, (Q) Let

Apf(x,t) = flo+ Ax,t) - f(,1),
A2f(x,t) = f(x + 2Am,t) — 2f (v + Az, t) + f(x,t).

The differences A, f and A?f are defined in a similar way.

Weset A2f(@. 0] A0
oy D@Dl A f ()]
[f]LQ_Sgp |A$| +Sl§12p |At|1/2
and 5
‘At f(CC,t)|

<f>[37Q = Slglzp ’At’B/Q )

6 = 1,2. From now on, the least upper bound is taken over differences in which all points lie in
the domain (2.
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868 KONENKOV

We set
flao=Y_ [050:f],

|k|+2s=a—1

for integer a > 2,

Nao= D (%0 f),,

|k|+2s=a—2
for a > 3, and

flao= > |00 f

|k|+2s<a—1

0,Q + [f]a,Q + <f>a,Q

for positive integer a. By H, (Q) we denote the space of functions f defined in 2 such that the
derivatives 0FO: f, |k| + 2s < a, exist and |f|,.q is finite.
Functions f defined in a domain @Q C R" can be treated as functions f in the domain

Q=0Q x (0,7) C R" independent of ¢. This permits one to define isotropic Zygmund spaces
H,(Q) with the use of the above-introduced notation; namely,

1@ ={r: =& Ifla=|] <o}

The Zygmund spaces are obtained from the corresponding Lipschitz spaces if one replaces the
first-order differences in the definition by second-order differences. For example, for the function
f € Hy([0,1]), we have |A2f(z)] < C|Az|. In this case, the first difference satisfies the inequal-
ity [4, p. 135]

[Asf(z)| < ClAz|(|In |Az|| +1). (1)

This estimate is sharp, as shown by the example f(x) = xInz € H;([0,1]). On the other hand, the
function |r — 1/2|In |z — 1/2| satisfies inequality (1) but does not belong to the space H;([0,1]).

Thus functions belonging to Zygmund spaces cannot be characterized by their first modulus of
continuity.

Now we define weighted anisotropic Zygmund spaces H") (D) in the layer D. We set

by = max(h,0),  |f|\)p = vraisupt*+/?|f|.
D

For positive integer a and for integer b > —a, we set

[f] b)D _ Z sup latb)/2 |Ai8§8§f(x,t)‘

1 (@H)eD |ACU|

|k|4+2s=a—
k s
+ Z sup t(“+b)/2‘Ata|af;|Jf/(2$7t)|’
|k|+2s=a—1 oiﬁ?fﬁ;t
®) = ()2 A (2, 1)
= su t ALY
o (x,t)éOD, |At[1/2
0<At<T—t (2)

<f>¢(zl?)D = Z sup t(a+b)/2 ‘Agafatgf(xu t)|

~ (@.t)eD, | At
kl+2s=a=2 Ny (1—-1)/2

s (|k|+2s+b) .
A= >0 [ekarrly T+ A0+ (O, i b >0,

|k|+2s<a—1

s p|(Kk|+2s+b) .
O = flen+ > 00 A0+ (AT, i b<o.

—b<|k|+2s<a-—1

if a>2,
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THE CAUCHY PROBLEM FOR PARABOLIC EQUATIONS IN ZYGMUND SPACES 869

For nonnegative integer a and integer b > —a, by H{" (D) we denote the space of functions f
defined in D such that there exist all derivatives 9%9: f, |k| + 2s < a, and |f |5;Db) is finite.

2. THE CAUCHY PROBLEM

In the layer D, we consider a second-order parabolic operator
Lu = u; — a;;(x,t)0;;u — b(x,t)0u — c(z, t)u (3)
whose coefficients satisfy the uniform parabolicity condition
(EA>0) NP <ayle, D68 < AP, (@) eD,  EeR, (4)

and the conditions B
aijabiace Hm (D) ) ‘aij‘m’palbi’mﬁpalclm,D S A (5)
for some positive integer m.
Consider the Cauchy problem

Lu=f in D, u‘t:o = 1. (6)

Theorem 1. Let m be a positive integer, let the coefficients of the operator (3) satisfy condi-
tions (4) and (5), and let f € H,, (D) and v € H,, 1> (R"™). Then the bounded solution u of the

Cauchy problem (6) belongs to H,, o (D) ; moreover,
’u‘M+2,D < C(nvmvT7 )‘v A) (‘f‘m,D + ’¢‘m+2,R") .

Proof. Consider the case m = 1. First, suppose that the lower-order coefficients are lacking
in the operator: Lu = u;, — a;;(x,t)0;;u. Let us prove the assertion of the theorem in the layer
D, =R"x(0,7), where 7 is a sufficiently small positive number to be specified below. The assertion
of the theorem in the entire layer D is then obtained by a “step-by-step argument.”

If a function wu(z,t) is a solution of the Cauchy problem (6) in D,, then the function u(x,t) =
u (7?2, 7t) is a solution of the problem

Ot — a0y =f in Dy, |, =1,
where a;;(z,t) = a;; (7'%z,7t), f(z,t) = 171f ('2z,7t), and Y(z) = ¥ (7'/2z). Furthermore,
i)y p, < 71/2A. Moreover, the space H; (R") is continuously embedded in the Hélder space
CY/%(R") [5, p. 274]; consequently,
_ |Azaii(z, )] 1
(.t e Pey o 71 (Tt ,
[au( ) )]I/Q’Rn xeRnS,u\IA)x|>0 |ACC|1/2 T [aq,]( s T )]I/Q’Rn

< Ot ay < CATY4, 0<t<1.

1.0,

Therefore, to prove the inclusion u € Hj (DT), it suffices to justify the desired assertion in the layer
D, assuming that the coefficients a;; satisfy the uniform parabolicity condition (4) and vary slowly:

[aijh,Dl < Tl/QAv [aij(’at)]l/z,ﬂ{n < CATle 0<t<l (7)

Let us show that, for sufficiently small 7, the conditions a;; € H; (Dl), together with conditions (4)
and (7), imply the estimate

’u‘3,D1 < C(”? )‘v AvT) (’Lu‘l,D1 + ‘u('ao)’&R") (8)

for any function u € Hj (Dl). Then the solvability of the Cauchy problem in the space Hj (Dl)

can be obtained from the solvability of the Cauchy problem for the heat equation in Hj (D) [3]
by the method of continuation with respect to a parameter.
First, let us prove some auxiliary assertions.
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870 KONENKOV

Lemma 1. Let m € N and f,g € H,, (D) Then fg € H,, (B) , and the estimate

’fg’m,D S C’f’m,,D‘g’m,,D

15 valid.

Proof. The inequality
|h1h2|z,Rn <C |h1|l,]R" |h2|l,]R" (9)

was proved in [6, p. 120 of the Russian translation] for functions h; and h, belonging to the
isotropic Zygmund space H; (R™), I € N. The functions f and g can be continued to functions

f,g € H,, (R"*!) such that ]f]m,R,,H < C|flm.p and [gl,, gnr1 < Clglm.p [5]. By using the esti-

mate (9) for the derivatives f§ separately with respect to space and time variables [and by also

using the estimate (9) for half-integer [, i.e., for Holder spaces, in the latter case|, we obtain the
assertion of the lemma.

Let ( € C~(R™), 0 < ((x) < 1, be a function such that {(z) = 1 for |z| < 1 and {(z) = 0
for |z| > 2. We set (5(z) = C(RY(z—¢)) for R > 1 and € € R* and () (z,t) = ¢4(z) for
Y = (&%) € Dy, and by G(Y) = {(z,t) e R™™ | |z — ¢| < R, 0 <t < 1} we denote the cylinder
in D; with axis passing through the point ¥ and with radius R.

Lemma 2. Let meN, f € H, (Dl) ,and R>1. Then
|f|m,D1 S 4 sup |C1¥f‘mD1 .
YeD; ’

Proof. First, let us verify the inequality

| flm,pr <4 sup |flmcre)- (10)
YeD;

Indeed, if 2s + k < m — 1, then ‘8?85]“‘0]31 = SUPyep, afaﬁf‘ocR(y)‘ If 2s 4+ k = m — 1 and
the points of the difference A29;9%f lie in some ball with radius 1 and center Y € D, then
|A20;0k f| < |Ax]|0;0F |, vy But if the difference step satisfies [Az| > 1, then

|A20;0f| < 410;0; £, p, < 4Aal 59 |flo.cacr)-

The differences with respect to ¢ can be considered in a similar but simpler way. The proof of
inequality (10) is complete. It remains to note that | f|,n.c ) < ICk fl,,.p,» since (x = 1in Gg(Y).
The proof of the lemma is complete.

Lemma 3. Let f,g € H,; (Dl) ,R>1, andY € D,. Then

|fal.arey) < Clfl1car0n)|9l.cany)-
Proof. For the difference with respect to ¢, we have

’At[f(xvt)g(xat)” S ’f(xvt)Atg(xvt)‘ + \g(:):,t + At)Atf(xvt)‘
< 2|AHY2| flianm)lgliane)

for (z,t), (z,t + At) € Gr(Y). The difference with respect to x satisfies the inequality

‘Ai[f(:c,t)g(x,t)” < 4|A:C||f|0;GR(Y)|g|O7GR(Y)
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for |[Az| > 1. If |Az| < 1, then, by using the estimate (1) and the representation
ALlf (@, t)g(@, t)] = fz + Ax,t)Alg(z,t) + g(z + Az, ) AT f (2, 1)
+ AL f(x, ) Arg(x,t) + Apf(z + Az, t) Arg(z + Az, t),
we obtain the inequality
|AZLf (2, t)g(@, )] < |A2]|flocr) [9l16rer) + 1AZ]glo.crm [flcao

+ ClAz (| In|Az|| + 1)*| f11,.62001) 911,62 ()
< C|Ax||f|17G2R(Y)|g|1;G2R(Y)'

The proof of the lemma is complete.
Let us now prove inequality (8). We fix u € Hj (Dl), Y = (£,x) € Dy, R > 1, and let ¢}; be the

function occurring in Lemma 2. By L(Y) = 0; — a;;(Y)0;; we denote the parabolic operator with
coefficients “frozen” at the point Y. By using estimates for solutions of the Cauchy problem in the
Zygmund space Hs (Dl) for the heat equation [3], we obtain

[y p, < € (60 o + LD (H)], )

< O (|G, Oy e + G ], + [CHE ~ L], + Bl 0, ay

<C <|U('70)|3,R" + [Luly,p, + Z ¢k (ai; — ay(Y)) aiju‘l’pl + R_1|U|3,D1> :

4,J=1

The estimate for the first two terms on the right-hand side in inequality (11) has been obtained
with the use of inequality (9) and Lemma 1, respectively, and the last term estimates all terms in

L(Y) (¢hu) containing derivatives of the function (.
By applying Lemma 3 to the third term, we obtain

|k (ai; — ai; (Y)) 8z‘ju|17D1 = |k (ai; — a5 (Y)) 8@';‘“‘1,043(1’)
<C |<§|1’G8R(y) [(aij = ai;(Y)) |1 6yenvy 1901 Groner)

< ClCrlyp, (@ = ai; (YD) groner) 1ls.:-

The norm \C}{]L p, is bounded above by a constant independent of R > 1 and Y. By using
condition (7), we obtain

|(aij — ai (Y))|07016R(y) < Cla(- X)]1/27]Rn THARY? 4 [aij]l,Dl <CA (71/4R1/2 + 7_1/2) )
[(aij — Qjj (Y))]LG1GR(Y) = [aij]l,GmR(Y) < [aij:l17D1 < Arl/2,
Thus we have estimated the third term in (11), and inequality (11) acquires the form
CGrul, p, < C (Ju(,0)lsmn + |Lulyp, + (V4R + 712 + R7Y) Juls p, ) ,
where C is independent of R, Y, and 7. By using Lemma 2, we obtain
|?,L|3’D1 S C (|u('70)|3,]Rn + |LU|1’D1 + (T1/4R1/2 + 7'1/2 + R_l) |u|3,D1) .

By choosing first R large enough and then 7 small enough to ensure that the coefficient of |ul; p,
on the right-hand side in the last inequality is equal to 1/2, we obtain inequality (8).

It remains to prove the assertion of the theorem for m = 1 for the case in which the operator L
contains lower-order terms b,;,c € H; (D) We take an o € (0,1). Since H; (D) C Cl-be (D), leN
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[5, p. 274], where C'~1 (D) are parabolic Holder spaces, it follows that problem (6) is a Cauchy
problem with coefficients and right-hand side in C%* (D) and with the initial function in C** (R™).

Consequently [1, Chap. 4], u € C** (D); moreover, the norm of this solution in the space C** (D)
admits the estimate

|ulata,0 < C(|fla.p + [Plarar) < C(flip + [¥lspm)-
We set Lou = Uy — a”&]u Then

LQU = f =+ bz&u + cu = F c H1 (D) s ’F’LD S C(’f’l,D =+ ‘w’gJRn) .
By virtue of preceding considerations, u € Hs (D) and

luls.p < C(|flip+ [¥]3rn)-

The proof of the theorem for m = 1 is complete.

For m > 2, the proof goes by induction. Let the desired assertion be valid for some m > 1,
and let the assumptions of the theorem with m replaced by m + 1 hold. Then the derivatives 0;u,
i =1,...,n, of the solution of problem (6) are the solutions of the Cauchy problems

Lv=F, in D, V)= = 0310,

where the right-hand sides F; = 0;f + Lo;u — 9;(Lu) contain spatial derivatives of u of order < 2,
and, by the induction assumption,

Fo€Hy (D), |Flyp < C(10f]p+ [ Flmn + 100 0 ) -
This, together with the induction assumption, implies that
8iu € Hm+2 (D) ) |aiu|m+2,D < C(|f|m+1,D + |¢|m+3,D) .

Since the derivatives with respect to ¢ can be expressed via derivatives with respect to = and the
derivatives of the right-hand side, we have the desired assertion. The proof of the theorem is
complete.

Now consider the Cauchy problem with less smooth data. The right-hand side of the equation
is assumed to satisfy the Zygmund condition locally, and the weighted space containing it is chosen
so as to ensure that the solution belongs to the spaces H; (D) or Hy (D), which are analogs of the

Holder parabolic spaces C'* (D) and C'+e (D) for « = 1. In this case, the highest derivatives of
the solution belong to the same space as the right-hand side.

Theorem 2. Suppose that Il = 0,1, f € Hfl)(D), Y € Hy y (R™), and the coefficients of the
operator L satisfy conditions (4) and (5) for m = 1. Then the bounded solution u of the Cauchy

problem, (6) belongs to the space H{ > (D), and

‘uli(’;l,BQ) S C(n,m,T,)\,A) (’f’(ll,)D + ‘wb—l,R") .

In particular [see (2)], we have the inclusion u € H,_; (D).
This theorem was proved in [3] for the heat equation. The derivation of the inequality

-2 l
ul{ 5" < (1Lully + u(, 0)]-10 )

for an arbitrary function u € H?(,Q*l)(D) can be performed in the same way as in Theorem 1. Then,
by using the method of continuation with respect to a parameter, we obtain the assertion of the
theorem.
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