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abstract
In 1941 Niven pioneered root-finding for a quaternion polynomial P (x), proving the fundamental theorem of algebra (FTA) and
proposing an algorithm, practical if the norm and trace of a solution are known. We present novel results on theory, algorithms
and applications of quaternion root-finding. Firstly, we give a new
proof of the FTA resulting in explicit formulas for both exact and
approximate quaternion roots of P (x) in terms of exact and approximate complex roots of the real polynomial F (x) = P (x)P (x),
where P (x) is the conjugate polynomial. In particular, if |F (c )| ≤
√ϵ ,
then for a computable quaternion conjugate q of c, |P (q)| ≤ ϵ .
Consequences of these include relevance of root-finding methods
for complex polynomials, computation of bounds on zeros, and
algebraic solution of special quaternion equations. Secondly, working directly in the quaternion space, we develop Newton and Halley methods and analyze their local behavior. Surprisingly, even
for a quadratic quaternion polynomial Newton’s method may not
converge locally. Finally, we derive an analogue of the Bernoulli
method in the quaternion space for computing the dominant root
in certain cases. This requires the development of an independent
theory for the solution of quaternion homogeneous linear recurrence relations. These results also lay a foundation for quaternion
polynomiography.
© 2013 Elsevier Inc. All rights reserved.

1. Introduction
The set of quaternions is an extension of the complex field C, first described by Sir William Rowan
Hamilton in 1843. They are defined as

H = {q = a + bi + cj + dk | a, b, c , d ∈ R},

i2 = j2 = k2 = ijk = −1.
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The equations in (1) imply ij = −ji = k, jk = −kj = i, ki = −ik = j. The quaternions form a
division ring and can be identified with R4 : a + bi + cj + dk ⇐⇒ (a, b, c , d). While there is a vast
literature for polynomial root-finding over the real and complex fields (see e.g. Jenkins and Traub [18],
Traub [47], Pan [40], McNamee [33], Kalantari [27]), the published results for quaternions are rather
sparse. We will review the existing literature. In this article we are interested in algorithms for the
computation of roots of a quaternion polynomial
P ( x ) = an x n + an − 1 x n − 1 + · · · + a1 x + a0 ,

ai ∈ H, an ̸= 0.

(2)

These are sometimes referred as unilateral quaternion polynomials. Our previous studies of complex polynomial root-finding with iteration functions, including their visualization, called polynomiography (see e.g. [27]), make it natural to ask to what extent can the existing results be generalized
to quaternion polynomials. As a result of this study we will need to consider new topics over the
quaternions, extending many properties of complex polynomials and developing new theories. We
will extend some existing results on complex polynomial root-finding to quaternions polynomial
root-finding. In particular, we will investigate the applicability of specific members of a fundamental
family of iterations, called the Basic Family, extensively studied over the complex field (see [21–30]).
Given a complex polynomial p(z ), specific members of the family are B2 (z ) (Newton) and B3 (z )
(Halley)
p(z )
,
B2 (z ) ≡ z − ′
p (z )

p(z )
p′′ (z )p2 (z )
B3 (z ) ≡ z − ′
−
.
2
′
p (z )
p (z )(2p′ (z ) − p′′ (z )p(z ))

(3)

For a history of these two methods, see Traub [47], Kalantari [27]. The Basic Family was studied by
Schröder [44], and extensively in [27] where in particular several different equivalent formulations
are shown, as well as many other properties including their use in polynomiography. In this article
we will develop Newton and Halley methods over the quaternions. Surprisingly, even for a quadratic
quaternion polynomial Newton’s method may not converge locally.
Over the quaternions there is a very limited study of iteration functions, perhaps primarily due
to the difficulties caused by noncommutativity of multiplication. Janovska and Opfer [17] study
Newton’s method for a very special case of quaternionic roots. Bedding and Briggs [4] study iteration
functions over the quaternions, but the focus is essentially on the Mandelbrot set. The Mandelbrot
set and the quadratic iterations that define it and their properties do not capture the properties
of iteration functions for polynomial root-finding over the complex domain. Analogously, quadratic
iterations over the quaternions do not capture polynomial-root-finding iterations over this division
ring. There is need for much more research, both from the theoretical point of view, as well as from
the practical point of view. In particular, despite some previous work on the visualization of quadratic
quaternion equations and their Julia sets (see e.g. Norton [38]), polynomiography over the quaternions
is undoubtedly interesting. Not only it could result in a better understanding of iteration functions
such as Newton and Halley methods, but it could lead to a rich set of 2D and 3D images.
The article is organized as follows. In Section 2, we describe basic properties of quaternions. In
Section 3, we define quaternion polynomials and their evaluations. In Section 4, we review basics of
quaternion polynomials and the relevant literature. In Section 5, we give a constructive proof of the
fundamental theorem of algebra for quaternion polynomials and consider its applications. In Section 6,
we give a method for approximating zeros of a quaternion polynomial based on the approximate
complex zeros of a real polynomial. In Section 7, we show how to derive bounds on the norm of
zeros of a quaternion polynomial. In Section 8, we describe a decomposition theorem for a quaternion
polynomial. In Section 9, we describe a Taylor’s theorem for quaternion polynomials and develop
Newton and Halley methods and analyze their local behavior. We also describe a simple method for
constructing a quaternion polynomial with prescribed zeros. In Section 10, we define homogeneous
linear recurrence relation over the quaternions and develop a theory for its solution, and describe its
connections to polynomial root-finding. We conclude the article by describing future work which in
particular gives rise to various quaternion polynomiography.
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2. Preliminary quaternion properties
In this section, we introduce some basic properties of quaternions. Several relevant references are
Lam [31], Niven [36], and Zhang [48]. A quaternion and its conjugate are defined as
q = a + ib + jc + kd,

q = a − ib − jc − kd.

(4)

The number a is called the real part of q, written as Re q. The trace and norm of q are, respectively
t (q) = q + q = 2 Re q,

ν(q) = |q| =



a2 + b2 + c 2 + d2 .

(5)
−1

−1

The inverse of a nonzero quaternion q is the unique quaternion denoted by q such that qq
q−1 q = 1. It follows that q−1 = q/|q|2 . It is easy to verify that given quaternions q1 , q2 , we have
q1 + q2 = q1 + q2 ,

q1 q2 = q2 q1 .

=
(6)

Conjugation is linear over the reals but does not define a homomorphism on H. From (6) we get

|q1 q2 | =



q1 q2 q1 q2 =





q1 q2 q2 q1 = |q2 | q1 q1 = |q1 | |q2 |.

(7)
−1

−1

The division of a quaternion q1 by q2 ̸= 0 must be specified either as q1 q2 or as q2
1 −1
nonzero then (q1 q2 )−1 = q−
2 q1 .
Two quaternions q and q′ are said to be congruent or equivalent, written q ∼
quaternion w ̸= 0 we have, q′ = w qw −1 . The congruence class of q = a + bi + cj
by [q], is the set

q1 . If q1 , q2 are
q′ , if for some
+ dk, denoted

[q] = {q′ ∈ H | q′ ∼ q}.

(8)

Since the norm of the product of quaternions is the product of the norms, we have |q | = |w qw
|q|. It is straightforward to verify that q and q′ have the same real parts. Thus,
′

[q] ⊂ {q′ ∈ H | Re q′ = Re q, |q′ | = |q|}.

−1

|=
(9)

On the other hand, any quaternion is congruent √
to a complex number with the same real part and
norm (see e.g. Zhang [48]). Specifically, q ∼ a + i b2 + c 2 + d2 . Thus we have

[q] = {a + x2 i + x3 j + x4 k | x22 + x23 + x24 = b2 + c 2 + d2 }.

(10)

From (10) it follows that [q] is a singleton element if and only if q is a real number. If q is not real, its
congruent class is the three-dimensional√sphere in the coordinate space of x2 , x3 , x4 , centered at the
point (a, 0, 0, 0), having radius equal to b2 + c 2 + d2 .
For a given q = a + bi + cj + dk ∈ H − R the characteristic polynomial and characteristic equation
are
Pq (x) = x2 − t (q)x + ν 2 (q),

Pq (x) = 0.

(11)

′

From (10) it follows that for any q ∈ [q] we have
Pq′ (x) = x2 − t (q′ )x + ν 2 (q′ ) = (x − q′ )(x − q′ ) = Pq (x).

(12)

The discriminant of Pq (x) is

∆ = t 2 (q) − 4ν 2 (q) = −4(b2 + c 2 + d2 ) < 0.

(13)

Denoting the set of zeros of Pq (x) by Zq , it is easy to show that for q ∈ H − R, Zq = [q]. In particular,
the quadratic polynomial x2 + 1 is the characteristic polynomial of ±i, ±j, ±k, and its zeros constitute
the unit sphere in the space of x2 , x3 , x4 , centered at the origin (0, 0, 0, 0):

{x2 i + x3 j + x4 k ∈ H | x22 + x23 + x24 = 1}.

(14)
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Conversely, given √
reals t ≥ 0 and ν satisfying t 2 − 4ν 2 < 0, the polynomial G(x) = x2 − tx + ν 2
1
has roots θ = 2 (t + i t 2 − 4ν 2 ) and its conjugate θ . The set of roots of G(x) in H is [θ ]. For q ∈ H, let
C (q) = {q′ ∈ H | qq′ = q′ q},

(15)

i.e. the set of quaternion that commute with q. It is not difficult to show that for q ∈ H − R we have,
C (q) = R[q], the set of all polynomials in q with real coefficients. Since q ∈ H − R is a root of its
characteristic polynomial, q2 = α q + β , for some real numbers α, β . It follows that for any nonzero
integer t , qt can be written as a linear polynomial in q and hence
C (q) = R[q] = {α + β q | α, β ∈ R},

(16)

a field isomorphic to C.
On the one hand, in contrast with complex polynomials, a quaternion polynomial can have infinitely many roots. On the other hand, a quaternion polynomial could have fewer roots than its degree without multiplicity. For example, the only root of the quadratic polynomial x2 − (i + j)x + k is
j, having multiplicity of one. We will justify this later.
We conclude this section by pointing out that the quaternions can be written as a direct sum,
H = C ⊕ Cj, so that an algebraic system such as Maple with built-in complex arithmetic can represent
quaternions as linear polynomials. It suffices to write a special routine for multiplication, e.g.

(α + β j)(γ + δ j) = (αγ − βδ) + (αδ + βγ )j.

(17)

3. Quaternion polynomials and their evaluation
We will consider general polynomials over the quaternions. Let H[x] denote the polynomial ring
over H, i.e. the set of all polynomials
P ( x ) = an x n + · · · + a1 x + a0 ,

ai ∈ H, an ̸= 0, n ≥ 1.

(18)

The quaternion conjugate of P (x), or just conjugate, is
P ( x ) = an x n + · · · + a1 x + a0 .

(19)

The addition and multiplication of quaternion polynomials is defined as in the commutative case
where the variable x is assumed to commute with the quaternion coefficients. Such quaternion
polynomials are sometimes referred as unilateral quaternionic polynomials. For properties of such
polynomials over general division rings see Lam [31]. For a given q ∈ H, P (q) denotes the evaluation
of P at q, i.e.
P (q) = an qn + · · · + a1 q + a0 .

(20)

Unlike complex polynomials, the evaluation map q → P (q) over the quaternions does not define a
ring homomorphism from H[x] to H. This in a sense is a source of difficulty in polynomial root-finding
over the quaternions. If P (q) = 0 we say q is a zero (or a root) of P (x). The set of all zeros of P (x)
will be denoted by ZP . While the variable x in P (x) is assumed to commute with the coefficients, in its
evaluation at a particular q ∈ H the coefficients do not necessarily commute with q.
 n −1 i
A quaternion q is a root of P (x) if and only if P (x) = Q (x)(x − q) for some Q (x) =
i=0 qi x . To
prove this, suppose P (x) = Q (x)(x − q). Then
P (x) =

n−1

i=0

qi xi (x − q) =

n−1

i=0

qi xi+1 −

n−1


qi qxi .

(21)

i=0

Then P (q) = 0. Conversely, if P (q) = 0 by the Euclidean algorithm P (x) = Q (x)(x − q) + r. But we
must have r = 0. However, if P (q′ ) = 0 for some q′ ̸= q, it does not necessarily follow that Q (q′ ) = 0.
As an example if P (x) = (x − i)(x − j) = x2 − (i + j)x + k, then j is a root but i is not a root. The
example shows that if (x − q) is a factor of P (x) on the right it may not be a factor on the left (see
example right after Theorem 5.3).
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4. Basics of quaternion polynomials and literature review
Niven [36] pioneered solving polynomial equations over the quaternions by proving the fundamental theorem of algebra (FTA): a nonconstant quaternion polynomial must have a root in H. In
fact Eilenberg and Niven [9] gave a topological proof of the fundamental theorem of algebra over the
quaternions for the general case where x and the constants do not necessarily commute and the polynomial consists of a highest term of the form b1 xb2 x · · · xbn , plus the sum of lower order terms of the
same type. In particular, a unilateral polynomial P (x) ∈ H[x] of positive degree must have at least a
root in H.
In this section, we will review some basic properties of quaternion polynomials as well as some
existing algorithms for computing their roots. In what follows, we first describe what has become
known as Niven’s algorithm [36]. Given a quaternion polynomial P (x) and a nonzero quaternion q
with trace t and norm ν , Niven showed that by division we have
P (x) = Q (x)(x2 − tx + ν 2 ) + f (ai , t , ν 2 )x + g (ai , t , ν 2 ),

(22)

where f and g are polynomials in t , ν 2 and the coefficients ai , and Q is some quaternion polynomial.
If q is a zero of P (x), from the Factor Theorem (Theorem 4.1) it follows that by substituting into (22)
we get
P (q) = fq + g = 0.

(23)

Clearly, f = 0 if and only if g = 0. Thus if f = 0, then (x − tx + ν ) is a factor of P (x) and this in fact
implies [q] ⊂ ZP . If f ̸= 0, solving for q gives a root of P (x)
2

2

q = −f −1 g .

(24)

As an example consider the polynomial P (x) = (x − i)(x − j) = x − (i + j)x + k defined earlier. Then
j is a root of this polynomial and its characteristic polynomial is x2 + 1. Dividing P (x) by x2 + 1 gives
2

x2 − (i + j)x + k = (x2 + 1) + (i + j)x + (k − 1).

(25)

This shows j is a root as we get
1
1
x = (i + j)−1 (k − 1) = − (i + j)(k − 1) = − (−j − i + i − j) = j.
2
2

(26)

In fact j is the only solution to P (x) = 0. This we justify after describing the Factor Theorem,
Theorem 4.1.
In general, if the trace and norm of a root of P (x) are known, dividing P (x) by the characteristic
polynomial of the root, either the characteristic polynomial is a factor of P (x), or we determine a
linear equation which gives a root. In the latter case f ̸= 0, and
N (t , ν) = ν 2 f f − gg = 0,

T (t , ν) = tf f + f g + gf = 0.

(27)

Clearly, one cannot easily determine the trace and norm of a root of P (x). However, as Niven showed,
conversely if we consider the equations in (27) as simultaneous equations in the real pair of variables
(t , ν), then there is a real pair of solutions. Furthermore, any such real pair of solutions gives the trace
and norm of a zero q of P (x). Thus Niven’s algorithm consists of solving (27) and once the trace and
norm are known, to proceed as described earlier.
Despite the elegance of Niven’s algorithm, this approach is computationally impractical as it
requires a simultaneous solution of two equations of degree 2n − 1. Equivalently, such system through
the use of resolvent can be reduced to a single real polynomial of degree O(n2 ), and could be inefficient
to solve when n is large. The division in Niven’s algorithm however is the basis for several algorithms
in quaternion root-finding literature. Furthermore, it can be used to obtain some interesting results
about quaternion polynomials. For instance, one can use Niven’s division to conclude the following
result proved in [46], and in more generality for division rings in Bray and Whaples [6] and Gordon
and Motzkin [10].
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Proposition 4.1. If q and a distinct conjugate q′ are both roots of P (x), then so is any element of the
conjugacy class [q]. In particular, P (x) = Q (x)Pq (x) for some quaternion polynomial Q (x).
Proof. Suppose Pq (x) is not a factor of P (x). Then applying Niven’s division it follows that both q and
q′ are solutions of the corresponding equation fx + g = 0, with f , g ̸= 0. But there is a unique solution,
a contradiction. 
A key result on polynomials over a division ring which can be proved in a straightforward fashion
is the following (see Lam [31]).
Theorem 4.1 (Factor Theorem).
(i) Given P (x) ∈ H[x], q ∈ H is a root if and only if there exists Q (x) ∈ H[x] such that
P (x) = Q (x)(x − q).

(28)

(ii) Suppose P (x) = Q (x)H (x) for some polynomials Q (x), H (x) ∈ H[x]. Given q ∈ H, suppose a =
H (q) ̸= 0. Then
P (q) = Q (aqa−1 )H (q).
If q is a root of P (x) and a = H (q) ̸= 0, then aqa−1 is a root of Q (x).

(29)


In the next section, we will use the Factor Theorem (Theorem 4.1) to give a novel proof of the FTA
and then in subsequent sections we describe several practical applications of the theorem. We will
now proceed to give some definitions for the classification of zeros of a quaternion polynomial.
Definition 4.1. Let P (x) be a quaternion polynomial with q a root.
(i) We say q is a root of multiplicity k if P (x) = Q (x)(x − q)k , where Q (q) ̸= 0. In particular, if k = 1, q
is a simple root.
(ii) We say q is an isolated root if there exists a neighborhood of q that contains no other root of P (x).
(iii) We say q is a spherical root if [q] is contained in ZP (the set of zeros of P (x)). We call [q] a sphere
of zeros for P (x).
(iv) We say q is a distinguished spherical root if q is a spherical zero of P (x), but q has no distinct
conjugate as a root with the same multiplicity.
(v) We say [q] is a sphere of zeros of order k if each q′ ∈ [q] is a root of multiplicity k.
An isolated root may have multiplicity larger than one. As an example of distinguished spherical
root, consider i as a root of P (x) = (x − i)(x2 + 1). The following proposition justifies the definition
of distinguished spherical roots and those of multiplicity higher than one. It is a consequence of
Proposition 4.1 and the Factor Theorem (Theorem 4.1).
Proposition 4.2. Each sphere of zeros of a quaternion polynomial has at most one spherical root of higher
multiplicity than its distinct conjugates. 
The following structural theorem on the zeros of a quaternion polynomial, stated in Pogorui and
Shapiro [41], follows easily as a consequence of the Factor Theorem (Theorem 4.1) and Proposition 4.1.
Later we will prove a more precise decomposition theorem, Theorem 8.1.
Theorem 4.2. Let P (x) be a quaternion polynomial of degree n. Then the number of isolated zeros, plus
twice the number of spheres of zeros, counted with multiplicity, is at most n. 
We now use the Factor Theorem (Theorem 4.1) to argue that the quadratic equation P (x) = x2 −
(i + j)x + k = (x − i)(x − j) has only one simple root, namely j. From the Factor Theorem any other
root of P (x) must be a conjugate of i. But since this root also has the same characteristic polynomial
as j, Niven’s division leads to the same solution.
In the remainder of this section, we review some known results on quaternion polynomial rootfinding algorithms. Unlike the complex case, over the quaternions even solving a quadratic equation

308

B. Kalantari / Journal of Complexity 29 (2013) 302–322

is nontrivial. Huang and So [16] give complete formulas for a quadratic equation x2 + bx + c = 0,
breaking it into several cases. Applications of this special case of quaternion equation are described in
Heidrich [11] and Huang and So [15]. Prior to the formulas of Huang and So [16], others have studied
solutions of quadratic quaternion equations (see e.g. Niven [36] and Zhang and Mu [49]).
Indeed our results, to be proved in the next section, suggest a new and simple approach for
computing the solutions of a quadratic polynomial, simplifying Huang and So’s [16] formulas. This
simplification is in the sense that solving a quaternion quadratic equation is reduced to solving a real
quartic equation for which closed formulas are well-known.
The quadratic equations where x and the coefficients may not commute are yet more complicated.
Porter [42] considers this case but when one solution is known. A method for solving more general
nonunilateral quadratic equations is described in Jia et al. [19].
For general unilateral quaternion polynomials, there are computational approaches such as those
proposed by Serodio et al. [45], who consider the companion matrix of the quaternion polynomial
and convert the root-finding problem into an eigenvalue problem and then use Niven’s algorithm.
De Leo et al. [8] also consider the computation of the companion matrix and the eigenvector connection. Janovska and Opfer [17] consider solving the equation xn − a, i.e. quaternionic roots by Newton’s
method and obtain computational results. More specifically, they study the convergence properties
of a formal Newton’s method and cases where it may or may not converge locally. Since a derivative
in the sense of complex analysis does not exist, they also make use of the Jacobian matrix and the
Gateaux derivative. Bedding and Briggs [4] have examined the iterations of quaternion functions and
the issues in the extension of the notion of regularity of functions (i.e. applicability of rules of differentiation) from complex domain to quaternion domain. In particular, they examine the Mandelbrot
set [32] in the quaternion space and consider extensions of the notion of stability of cycles needed in
the analysis of this set. This is no longer determined by the derivative, rather by the eigenvalues of the
Jacobian map.
In this article, we develop Newton and Halley methods for general quaternion polynomials
and study their local behavior of the iterations near a root. We will compare our results to the
previously known results. These previous results include the structure of zeros studied by Pogorui
and Shapiro [41], bound on zeros studied by Opfer [39], and properties of Vandermonde matrix over
the quaternions studied by Opfer [39] and Renmin et al. [43]. The general interest in solving roots
of quaternion polynomials is due to its connection to quantum mechanical problems (see Adler [1]).
In this article our interest lies in the study of theoretical aspects, however we will also investigate
applications. In particular, the results will be useful in the visualization of quaternion polynomial rootfinding through polynomiography, to be considered in forthcoming articles.
5. A constructive proof of quaternion FTA and its applications
This section presents some of our main results. Here we develop a new proof of the fundamental
theorem of algebra for quaternion polynomials. Indeed using the Factor Theorem (Theorem 4.1) and
the ordinary FTA for complex polynomials, not only do we prove the existence of a root of a quaternion
polynomial, but directly connect its roots, and hence their computation, to algorithms for complex
polynomial root-finding. In this sense our proof is more direct, constructive, and algorithmically more
useful than the previously known results.
More precisely, given a quaternion polynomial P (x) we define its conjugate P (x) and show that
the function F (x) = P (x)P (x) is a polynomial with real coefficients. We will then establish a precise
relationship between the exact and approximate roots of P (x) and F (x). These are accomplished in
Theorems 5.1 and 6.2. This in particular results in a simple and straightforward proof of the FTA. It is
interesting that in his pioneering article, Niven [36] proved the fundamental theorem of algebra by
considering the function P (x)P (x), which is the conjugate of F (x). But since F (x) has real coefficients
this conjugate coincides with F (x). However Niven seems to have followed a different route to prove
the FTA, an approach that would make it more difficult to compute a root. Indeed others have used the
function P (x)P (x) in different contexts, including its use in computing the roots of P (x), e.g. Serodio
and Siu [46] and Pogorui and Shapiro [41]. Theorem 5.1, while resulting in a simple proof of the
FTA, also gives explicit information on the connections between the zeros of P (x) and F (x), and we
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will even make use of this connection further in the next sections. Theorem 5.1 also motivates our
approximation result, Theorem 6.2, to be proved in the next section. Theorem 6.2 gives the needed
accuracy in approximation of F (x) via a complex polynomial root-finding algorithm, in order to have
P (x) within a prescribed accuracy. The following is straightforward.
Proposition 5.1. Let G(x) be a quaternion polynomial and H (x) a real polynomial (i.e. having real
coefficients). Then they commute, i.e
G(x)H (x) = H (x)G(x).

(30)

More strongly, the center of H[x] is R[x].



The following theorem gives an algebraic reduction of FTA for quaternion polynomials to the usual
FTA. It is much more direct and simpler than Niven’s proof outlined earlier.
Theorem 5.1 (FTA for Quaternion Polynomials). Consider P (x) =
n
i
i=0 ai x . Define

n

i=0

ai xi and its conjugate P (x) =

F (x) = P (x)P (x).

(31)

Then F (x) has real coefficients. Let θ ∈ C be a root of F (x). Then P (x) has a root in [θ ]. Furthermore,
if q ∈ H is a root of P (x), then there exists a complex number θ ∈ [q] which is a root of F (x). More
specifically,
(i) Suppose θ ∈ C is a root of F (x). If θ is not a root of P (x), then
P (θ )θ P (θ )−1

(32)

is a root of P (x).
(ii) Suppose θ ∈ C is a root of F (x). If θ is a root of P (x), and θ is not a root of P (x), then
P (θ )θ P (θ )−1

(33)

is a root of P (x).
(iii) Suppose θ ∈ C is a root of F (x). If θ and θ are both roots of P (x), then both θ and θ are also roots of
P (x). In particular, if θ ∈ R, P (θ ) = 0.
√
(iv) Suppose q = a + bi + cj + dk ∈ H is a root of P (x). Then θ = a + i b2 + c 2 + d2 is a root of F (x).
Proof. We first prove that F (x) has real coefficients. We have


F (x) = P (x)P (x) =

n


ai x

i


n


i =0

j=0


aj x

j

=

2n 


ai aj x k .

(34)

k=0 i+j=k

The coefficient of xk thus satisfies



ai aj =

i+j=k



aj ai =

i+j=k



ai aj .

(35)

i+j=k

Hence F (x) has real coefficients.
Proof of (i): this follows from the direct application of the Factor Theorem (Theorem 4.1) to F (x).
Proof of (ii): since F (x) has real coefficients, the complex conjugate of a root is also a root. Hence θ
is also a root of F (x) and we can apply part (i).
Proof of (iii): it can be shown that if P (x) = U (x)V (x) for some polynomials U (x) and V (x), then
P (x) = V (x)U (x). If θ ∈ C − R, using the fact that both θ and θ are roots of P (x) and Proposition 4.1,
we conclude
P (x) = G(x)Pθ (x) = Pθ (x)G(x).

(36)

Thus we have
P (x) = G(x)Pθ (x).

(37)
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But this implies that θ and θ are roots of P (x). If θ ∈ R, then P (θ ) = P (θ ). Thus P (θ ) = 0 if and only
if P (θ) = 0.
Proof of (iv): if q is a real number from the Factor Theorem (Theorem 4.1), q is also a root of F (x).
Suppose q is not a real number. From the Factor Theorem, P (x) = Q (x)(x − q). Thus P (x) = (x − q)Q (x).
Using this, Proposition 5.1, and that q and θ have the same characteristic polynomial gives
F (x) = P (x)P (x) = Q (x)(x − q)(x − q)Q (x) = Q (x)Q (x)Pq (x) = Q (x)Q (x)Pθ (x).
Hence θ is a root of F (x).

(38)



Theorem 5.1 is a powerful result and can be used to construct not only the roots of a quaternion
polynomial from those of a real polynomial, but their approximation, as well as several other
applications we will demonstrate later in this article. First, we consider an example of its application.
Example 5.1 (Computing n-th Roots of a Quaternion). Consider P (x) = xn − q, q = a + bi + cj + dk.
We consider the solutions of F (x) = P (x)P (x) = x2n − (q + q)xn + qq. If q ∈ R, then F (x) = (xn − q)2 .
Its roots are the complex n-th roots of q. However, since P (x) and P (x) are identical, for n ≥ 3 the
complex roots of F (x) come in conjugate pairs and part (iii) of Theorem 5.1 implies that the roots of
P (x) also come in conjugate pairs. Thus, there are infinitely many roots to P (x). In fact in this case one
can obtain an exact factorization of P (x): it suffices to consider only two special cases, when q = ±1,
since other values of q can only change the norm of the roots. If n ≥ 3 is odd, the roots of xn − 1 consist
of a single real root, namely 1, as well as (n − 1)/2 spheres of zeros. If n ≥ 4 is even, the roots of xn − 1
consist of n/2 spheres of zeros.
If q ∈ H − R, then F (x) = Pq (xn ). To compute the roots of F (x), first we compute the complex roots

√

√

of Pq (x). These are the complex numbers θ = a + i b2 + c 2 + d2 and θ = a − i b2 + c 2 + d2 . Thus
the roots of F (x) are the complex n-th roots of θ and the complex n-th roots of θ . The complex n-th
roots of θ are ηωi , i = 0, 1, . . . , n − 1, where η is any of the n-th roots of θ and 1, w, . . . , w n−1 are
the n-th roots of unity.
Quaternion n-th roots have been studied before, e.g. by Brand [5] and Cho [7], and Niven [37]. However, our approach demonstrates the automatic formulas for these roots based on the complex roots
of F (x). For a quadratic quaternion equation, we can also make use of the theorem to give exact formulas as well as computational algorithms. We shall demonstrate these and their polynomiography
in a separate article.
From Theorem 5.1, the fundamental theorem of algebra for complex polynomials, and the Factor
Theorem (Theorem 4.1), we have
Theorem 5.2. Given a monic polynomial P (x) ∈ H[x] of degree n, for some set of quaternions qi ∈ H, i =
1, . . . , n, we have
P (x) = (x − qn ) · · · (x − q2 )(x − q1 ). 

(39)

From Theorem 5.2, the definition of F (x), and repeated application of Proposition 4.1, we can state
a precise decomposition for P (x) and F (x):
Theorem 5.3. Given a monic polynomial P (x) ∈ H[x] of degree n, for some set of quaternions qi ∈ H, i =
1, . . . , n we have
P (x) = (x − qn ) · · · (x − q2 )(x − q1 ),

(40)

P (x) = (x − q1 ) · · · (x − qn−1 )(x − qn ),

(41)

F (x) = P (x)P (x) = P1 (x)P2 (x) · · · Pn (x),

(42)

where for i = 1, . . . , n, Pi (x) is the characteristic polynomial of qi , if qi is not real, and (x − qi )2
otherwise. 
From Theorem 5.3 and the Factor Theorem (Theorem 4.1), it follows that q1 is a zero of P (x). But
it does not necessarily follow that q2 is also a root of P (x). As an example, we have seen that while j
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is a root of (x − i)(x − j) = x2 − (i + j)x + k, i is not a root. We may also construct an example of a
quadratic (x − q2 )(x − q1 ) where q1 and q2 are from different conjugacy classes and q2 is not a root.
We may ask: given the factorization of P (x) into linear terms what are its roots? As we have seen the
factorization into linear terms is not unique, e.g. (x2 + 1), or the case of characteristic polynomial of
a quaternion H − R. We have the following theorem.
Theorem 5.4 (Serodio and Siu [46]). Suppose P (x) = (x − qn ) · · · (x − q2 )(x − q1 ), qi ∈ H. Then for each
i = 1, . . . , n, P (x) has a zero in [qi ]. 
In fact using Theorem 5.1 we may state a precise version of Theorem 5.4.
Theorem 5.5. Suppose
P (x) = (x − qn ) · · · (x − q2 )(x − q1 ),

qi = ai + bi i + ci j + di k ∈ H.

(43)



Then if for each i = 1, . . . , n we set θi = ai + i b2i + ci2 + d2i , then either P (θi )θi P (θi )−1 is a root of
P (x), or P (θ i )θ i P (θ i )−1 is a root of P (x).



6. Approximate zeros of a quaternion polynomial
In this section, we connect the approximation of F (x) = P (x)P (x) to those of P (x) and P (x). Here
our goal is to approximate |P (x)| to prescribed accuracy ϵ ∈ (0, 1), based on approximation of |F (x)|.
Proposition 6.1. Let P (x) be a quaternion polynomial of degree n. Given q ∈ H − R and its characteristic
polynomial Pq (x) = (x2 − tx + ν 2 ), suppose
P (x) = Q (x)Pq (x) + α x + β.

(44)

P (x) = Q (x)Pq (x) + α x + β.

(45)

Then

In particular, if θ ∈ C is a root of the characteristic polynomial then
P (θ ) = αθ + β,

P (θ ) = αθ + β,

P (θ ) = αθ + β,

P (θ ) = α θ + β.

(46)

Proof. The first formula in P (x) is a consequence of Niven’s division. The second for P (x) is a
consequence of conjugation of the first and the fact that the conjugate of Q (x)Pq (x) is Pq (x)Q (x) =
Q (x)Pq (x). 
Proposition 6.2. Given arbitrary quaternions α = α1 + iα2 + jα3 + kα4 , β = β1 + iβ2 + jβ3 + kβ4 ,
we have

αβ + βα = αβ + βα = 2

4


αi βi .

(47)

i =1

Proof. The correctness of the first equation follows from conjugation. The second equality is easy to
verify. 
Theorem 6.1. Let P (x) be a quaternion polynomial. For any q we have,

|P (q)|2 + |P (q)|2 = |P (q)|2 + |P (q)|2 .

(48)
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Proof. If q is real, this is trivial. Thus we assume q is not real. Let α, β be as in Proposition 6.1. It is
easy to verify that the left-hand-side of the equation in the proposition coincides with
2|q|2 α 2 + 2 Re(q)(αβ + βα) + 2|β|2 ,

(49)

while the right-hand-side coincides with
2|q|2 α 2 + 2 Re(q)(αβ + βα) + 2|β|2 .
Thus by Proposition 6.2 they are equal.

(50)



Theorem 6.2. Let ϵ ∈ (0, 1). Suppose θ ∈ C satisfies |F (θ )| ≤ ϵ 2 . Let
q = P (θ )θ P (θ )−1 ,

q′ = P (θ )θ P (θ )−1 .

(51)

(i) If |P (θ )| > ϵ , then |P (q)| < ϵ .
(ii) If |P (θ )| > ϵ , then |P (q′ )| < ϵ .
√
√
(iii) If |P (θ )| < ϵ , and |P (θ )| < ϵ , then |P (θ )| < 2ϵ and |P (θ )| < 2ϵ .
Proof. Proof of (i) follows trivially from the fact that F (θ ) = P (q)P (θ ), hence |F (θ )| = |P (q)| |P (θ )|.
To prove (ii), we observe that since F (x) has real coefficients, |F (θ )| = |F (θ )|. Thus applying the
Factor Theorem (Theorem 4.1) we have F (θ ) = P (q′ )P (θ ).
To prove (iii), we use Theorem 6.1 to conclude

|P (θ )|2 + |P (θ )|2 = |P (θ )|2 + |P (θ )|2 .

(52)

It thus follows that

|P (θ )|2 ≤ 2ϵ 2 ,

|P (θ )|2 ≤ 2ϵ 2 . 

(53)

Remark 6.1. From Theorem 6.2, in order to compute a quaternion q so that |P (q)| ≤ ϵ , it requires
computing a complex number c so that |F (c )| ≤ ϵ 2 . Suppose that we have computed such q and that
ξ is the closets root of P (x) to ξ . Then from (29) in the Factor Theorem (Theorem 4.1) if a = (q − ξ ) ̸=
0, P (q) = Q (aqa−1 )(q − ξ ). Thus, |q − ξ | ≤ ϵ/|Q (aqa−1 )|. If ξ is an isolated root of P (x) and the roots
of P (x) are not too near, then we would expect |Q (aqa−1 )| not to be too small. In practice, once we are
reasonably close to a root of a complex polynomial, a few iterations of Newton’s method will suffice
to bring it to a highly accurate approximation. The connection between approximation of F (x) and
P (x) suggests the application of known polynomial root-finding complexities and algorithms, e.g. see
Pan [40], Neff and Reif [35], Jenkins and Traub [18], Pan [40], McNamee [33] and Kalantari [27]. We
will however also consider direct methods for the approximation of zeros of P (x).
7. Bound on zeros of quaternion polynomials
Computing a priori bound on the zeros of complex polynomials is an important problem with
many theoretical and practical applications, for example see McNamee [33]. Kalantari [25] describes
an infinite family of bounds on zeros of a complex polynomial based on the use of Basic Family of
iteration functions. These are efficiently computable, see Jin [20], and have found to be practical, see
McNamee [33] for a computational result. The following result implies the application of these bounds
to a quaternion polynomial.
Theorem 7.1. Let P (x) be a quaternion polynomial, F (x) = P (x)P (x). For each root of P (x) there is a root
of F (x) having the same norm. Conversely, for each root of F (x) there is a root of P (x) having the same
norm.
Proof. We only need to apply Theorem 5.1 and the fact that conjugate quaternions have the same
norm. 

B. Kalantari / Journal of Complexity 29 (2013) 302–322

313

We remark here that direct bounds on zeros of P (x) are also possible. For instance, Opfer [39]
obtains one such bound. But the effectiveness of these bounds is not investigated. Indeed, by Theorem 7.1, in order to compute effective bounds on the norm of zeros of P (x) we must also determine
such bounds on the zeros of F (x). To develop effective bounds, we only need O(n2 ) preprocessing time
to compute the coefficients of F (x).
8. Decomposition of a quaternion polynomial
We have already stated a characterization for zeros of a quaternion polynomial and bound on the
number of its zeros (Theorem 4.2). In this section we give a more precise characterization than that
of Theorem 4.2, in terms of a decomposition theorem we prove. First, we give a definition.
Definition 8.1. We say a monic quaternion polynomial P (x) of degree n1 ≥ 0 is a type I polynomial
if either P (x) = 1 or
P (x) = (x − r1 )m1 · · · (x − rs )ms ,
where mi ≥ 1, ri ∈ H, satisfying [ri ] ̸= [rj ], i ̸= j, and

(54)

s

i=1

m i = n1 .

We say a monic quaternion polynomial P (x) of degree n2 ≥ 0 is a type II polynomial if either
P (x) = 1 or there exist real numbers ti ≥ 0 and νi , i = 1, . . . , l, satisfying ti2 − 4νi2 < 0 such that
P (x) = (x2 − t1 x + ν12 )µ1 · · · (x2 − tl x + νl2 )µl ,

(55)

where µi ≥ 1, and i=1 µi = n2 .
The following is a characterization of quaternion polynomial factorization.

l

Theorem 8.1. Let P (x) be a monic quaternion polynomial of degree n ≥ 1. Then
P (x) = P0 (x)P1 (x)P2 (x),

(56)

where P1 (x) is a type I polynomial of degree n1 ≥ 0, P2 (x) is a type II polynomial of degree n2 ≥ 0,
n1 + n2 ≥ 1, and P0 (x) is a polynomial of degree n0 ≥ 0 where either P0 (x) = 1 or n0 ≥ 1, in which
case P0 (x) has no root in common with P (x) but is such that for each root q of P0 (x) there is a conjugate
q′ ̸= q, where q′ is a root of P1 (x) or a root of P2 (x). Furthermore, n0 + n1 + 2n2 = n, and P1 (x) and
P2 (x) commute, i.e. for all quaternions q
P1 (q)P2 (q) = P2 (q)P1 (q).

(57)

In particular, P (q) = 0 if and only if either P1 (q) = 0, or P2 (q) = 0.
Proof. The proof essentially follows from Proposition 4.1, the Factor Theorem (Theorem 4.1), and the
FTA for quaternion polynomials. Pick a root q of P (x). If it has a conjugate that is also a root, then
Pq (x) can be factored out from P (x). We consider the quotient and repeat this process until no such
spherical root is found. This results in P2 (x), with the possibility that P2 (x) = 1. Thus, P (x) = Q (x)P2 (x)
for some polynomial Q (x). The polynomial Q (x) and P2 (x) commute. This follows from the fact that
the coefficients of P2 (x) are real, thus for any quaternion q, we have P2 (q)qP2 (q)−1 = q. Thus by the
Factor Theorem (Theorem 4.1), Q (q)P2 (q) = P2 (q)Q (q). Now Q (x) can have no spherical roots. Thus
factoring its roots we get Q (x) = P0 (x)P1 (x), where P1 (x) and P0 (x) are as described. 
Definition 8.2. We say a quaternion polynomial P (x) = P0 (x)P1 (x)P2 (x) of degree n ≥ 1 is rootdeficient if P0 (x) is nontrivial.
We thus conclude the following theorem on the structure of the zeros of a quaternion polynomial.
Theorem 8.2. Let P (x) be a quaternion polynomial of degree n ≥ 1. Then the roots of P (x) consist of a
set of n1 ≥ 0 points in H (counted with multiplicity), and n2 ≥ 0 spheres of zeros centered at points of
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Fig. 1. Three-dimensional cross-sectional view of zeros of a quaternion polynomial.

the form (a, 0, 0, 0) (counted with multiplicity), satisfying
1 ≤ n1 + 2n2 ≤ n.

(58)

If P (x) is not root-deficient, then n = n1 + 2n2 . If P (x) has only simple roots, then the roots consist of
n1 ≥ 0 distinct points conjugate to no other roots, and n2 ≥ 0 distinct spheres of zeros. 
Remark 8.1. To visualize the roots of a quaternion polynomial P (x) we should keep in mind that each
root is either isolated or spherical but it could have multiplicity higher than one. Isolated roots of P (x)
can be points located anywhere in R4 , but the spherical roots are all centered on the x1 -axis in R4 .
These could have different x1 -coordinates, or some could have the same x1 -coordinate, in which case
they will be concentric spheres.
Three dimensional view of these zeros can be done in the following way. Suppose for a particular
value x1 = a there are spherical zeros centered at (a, 0, 0, 0) and isolated zeros of the type (a, b, c , d)
(i.e. with the same x1 coordinate value), then viewing the three dimensional space of x2 , x3 , x4 , we
would see a set of zeros as concentric spheres centered at the origin, and a set of isolated points at
arbitrary locations (see Fig. 1, left image).
Suppose for a particular value in a coordinate other that x1 , say x4 = d, we view the three
dimensional space in the variables x1 , x2 , x3 , then we could see a set of zeros as single or concentric
circles centered at different x1 values, i.e. circles of the form {(x1 , x2 , x3 ) | x1 = a, x22 + x23 = r },
as well as isolated zeros at arbitrary locations (see Fig. 1, right image). In particular, there is a finite
description of the zeros of a quaternion polynomial.
9. Taylor’s theorem and iterative methods over quaternions
Our aim in this section is to the develop Newton’s method B2 (x), and Halley’s methods B3 (x) (see
(3)) for quaternion polynomial root-finding and analyze their local behavior. To this end, we first need
to define formal
of a polynomial. We will consider a given quaternion polynomial of degree
n derivatives
i
n, P (x) =
a
x
.
i
i=0
Definition 9.1. For any k = 0, . . . , n, the k-th formal derivative of P (x) is
P (k) (x) ≡

n

j =k

j!
aj xj−k .
(k − j)!

Next, we state a pointwise version of Taylor’s theorem for quaternions.

(59)
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Theorem 9.1. Let ξ be a root of P (x) and q any quaternion. Define
E (ξ , q) ≡

n

P (k) (q)
k=0

k!

(ξ − q)k .

(60)

If q commutes with ξ , E (ξ , q) = 0. In particular, E (ξ , q) is independent of the coefficients of P (x).
Proof. For complex polynomials an algebraic-combinatorial proof of the theorem which makes use
of the binomial theorem is given in [27]. The same proof could apply to the case of quaternions. 
Remark 9.1. The quantity E (ξ , q) may turn out to be nonzero. Nevertheless we can argue that, since
E (ξ , ξ ) = 0, given that |q − ξ | is small, so is |E (ξ , q)|. As an example consider P (x) = x2 + bx + c.
Then P ′ (x) = 2x + b, P ′′ (x) = 2. Thus if ξ is a root of P (x), for an arbitrary q (after simplification) we
have,
E (ξ , q) = P (q) + P ′ (q)(ξ − q) +

P ′′ (q)
2

(ξ − q)2 = qξ − ξ q.

(61)

Thus if q = ξ + ϵ , then |E (ξ , q) ≤ 2|ϵ| |ξ |. As stated in Theorem 9.1, E (ξ , q) is independent of the
coefficient b and c. This fact is useful in defining Newton and Halley methods and in the analysis of
their local behavior.
9.1. Newton’s method for quaternion polynomials
Using Theorem 9.1, we derive Newton’s iteration and a corresponding expansion formula. More
specifically we have,
Theorem 9.2. Suppose ξ is a simple root of P (x). Given q with P ′ (q) ̸= 0,
B2 (q) ≡ q − P ′ (q)−1 P (q) = ξ +

n


P ′ (q)−1

k =2

P (k) (q)
k!

(ξ − q)k − P ′ (q)−1 E (ξ , q). 

(62)

Definition 9.2. Given a seed q0 , let the Newton’s fixed point iteration be
qk = B2 (qk−1 ) = qk−1 − P ′ (qk−1 )−1 P (qk−1 ),

k ≥ 1.

(63)

We remark that the iteration is well-defined almost everywhere on H since the set of zeros of P ′ (x) is
a set of measure zero in H. For a complex polynomial, B2 (q) is Newton’s iterate. Newton’s method for
complex polynomials is the first member of the Basic Family, see [27].
To understand the behavior of Newton’s method for quaternion polynomials, first we consider an
example. Suppose that P (x) = x2 − (i + j)x + k. It was shown earlier that j is the only solution of
P (x) = 0. If we set q0 = j + ϵ , then it can be seen that for the next iterate we have, |q1 − j| ≈ ϵ 2 =
|q0 − j|2 .

Now suppose that q0 = j + ϵ1 + ϵ2 i + ϵ3 k. Then |q0 − j| =

ϵ12 + ϵ22 + ϵ32 . We will approximate

|q1 − j|. From the expansion formula (62) we have, |q1 − j| ≈ |P ′ (q0 )−1 (q0 j − jq0 )|. We have,
q0 j − jq0 = 2ϵ2 k − 2ϵ3 i, and P ′ (q0 ) = 2j + 2ϵ1 + 2ϵ2 i + 2ϵ3 k − i − j = j + 2ϵ1 + (2ϵ2 − 1)i + 2ϵ3 k.
Thus,



|P ′ (q0 )−1 (q0 j − jq0 )| = 2 ϵ22 + ϵ32 / 1 + ϵ12 + (1 − 2ϵ2 )2 + ϵ32 .

(64)

We can select ϵ1 , ϵ2 , ϵ3 so that |q1 − j| < |q0 − j|. However, we can also select these so that
|q1 − j| > |q0 − j|. Hence in every neighborhood of the root j there is a repulsive direction, i.e. a
direction where the Newton iterate gets farther away from the root than the current iterate. This is
contrary to the case of a complex polynomial where each root is at least an attractive fixed point of
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Newton’s iteration function. This implies the behavior of Newton or other iterations is even more
chaotic than the complex case. We now give a definition to formalize these observations.
Definition 9.3. Suppose that ξ is a root of the quaternion polynomial P (x). We say a quaternion d
with |d| = 1 is an attractive (repulsive) Newton direction at ξ if there exists α > 0 such that

|B2 (ξ + α d) − ξ | < |(ξ + α d) − ξ | = α (|B2 (ξ + α d) − ξ | > α).

(65)

From the Taylor expansion (62) we may easily conclude:
Proposition 9.1. Suppose that ξ is a simple root of the polynomial P (x) and d a quaternion with |d| = 1.
Let
L = lim

ϵ→0

|B2 (ξ + ϵ d)|
|E (ξ , ξ + ϵ d)|
= lim
.
ϵ→0
ϵ|P ′ (ξ )|
ϵ

(66)

If L < 1, then d is an attractive Newton direction at ξ and if L > 1, d is a repulsive Newton direction at
ξ . When L < 1 we call L the contraction factor along d at ξ . 
Remark 9.1. The quantity L is the magnitude of the directional derivative of B2 (x) along the direction
d. It is easy to argue that the set of all attractive directions at ξ is an open subset of the unit ball in
the quaternion space, centered at ξ . We also note that this set is nonempty since we can choose q0 to
belong to C (ξ ) = {q ∈ H | ξ q = qξ }. Several results can now be stated, where we omit the proofs
since they follow in a straightforward fashion.
Theorem 9.3. Suppose ξ is a root of a quaternion polynomial P (x). Suppose for any q′ ∈ C (ξ ) = {q ∈
H | ξ q = qξ }, both P (q′ ) and P ′ (q′ ) belong to C (ξ ). There exists a neighborhood of ξ in C (ξ ) such that for
any q0 in this neighborhood all Newton’s iterations are well-defined and remain in C (ξ ). Furthermore, if
ξ is a simple root, the fixed point iteration converges to ξ having a quadratic rate. In particular, if P (x) has
real coefficients there is a neighborhood of ξ in C (ξ ) such that for any q0 in this neighborhood, the fixed
point iterations converge to ξ . 
9.2. Halley’s method for quaternion polynomials
We consider developing Halley’s method for quaternion polynomials (see (3)). This requires a more
tedious derivation than Newton’s. We will omit this derivation for brevity and state the result.
Theorem 9.4. For a q assume P (q) ̸= 0, P ′ (q) ̸= 0, P ′ (q) ̸= 1. Then,
B3 (q) ≡ q − P ′

=

n+1


−1

P − P′


P

′−1

P

P ′′
2

(k)

k!

k=3

−1

−

P ′′
2

−1

∆−1 PP ′ P


∆

−1

P (k−1)

(k − 1)!

− PP

′−1

P (k)
k!


(ξ − q)k + E3 ,

(67)

where,


′′ 
−1 P
∆ = P ′ − PP ′

(68)

2

E3 = P

′−1

P ′′
2



∆ PP
−1

′−1


−1
E (ξ , q) − ∆ E (ξ , q)(ξ − q) − P ′ E (ξ , q). 
−1

(69)

Definition 9.4. Given a seed q0 , let the Halley’s fixed point iteration be
qk = B3 (qk−1 ),

k ≥ 1.

(70)

With respect to B3 (x), analogous to Definition 9.1, attractive and repulsive directions can be
defined. Furthermore, an analogous Proposition 9.1 can be stated with respect to the directional
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derivatives of B3 (x) at ξ . Also, analogous Theorem 9.3 can be stated with respect to B3 (x), where
under suitable assumptions quadratic convergence can be replaced with cubic convergence. We avoid
stating a separate theorem for these. One can also derive Bm (x), with m ≥ 4 but with successively more
complicated derivation.
9.3. Constructing a quaternion polynomial with prescribed zeros
Here we will describe a procedure to construct quaternion polynomials with prescribed zeros. This
will be useful both in terms of test problems for the methods described here, as well as for their
visualization via polynomiography which will be carried out in subsequent work. Unlike the case of
complex polynomials where it is straightforward to construct a polynomial with prescribed zeros, the
quaternion case takes special care.
Proposition 9.2. Let r1 , . . . , rk be a set of quaternions satisfying [ri ] ̸= [rj ] if i ̸= j. Let w1 = r1 ,
and set P1 (x) = (x − w1 ). Suppose we have computed w2 , . . . , wk−1 such that the polynomial Pk−1 (x) =
(x − wk−1 ) · · · (x − w1 ) has roots r1 , . . . , rk−1 . Set wk = Pk−1 (rk )rk Pk−1 (rk )−1 = (rk − wk−1 ) · · · (rk −
w1 )rk (rk − w1 )−1 · · · (rk − wk−1 )−1 . Then the polynomial Pk (x) = (x − wk )Pk−1 (x) has roots r1 ,
. . . , rk−1 , rk .
Proof. Since ri ’s are from distinct conjugacy classes, Pk−1 (rk ) ̸= 0. Then by the Factor Theorem
(Theorem 4.1) wk is a root of Pk (x). 
Even in case the conjugacy classes are not disjoint a polynomial with desired roots can be constructed. For instance, if [ri ] = [rj ] for some i ̸= j, the characteristic polynomial of ri (equivalently rj )
is necessarily a factor of the polynomial. Stronger versions of interpolation are given in [3].
10. Quaternion homogeneous linear recurrence relation
Consider a homogeneous linear recurrence relation (HLRR) of degree n:
am = c1 am−1 + c2 am−2 + · · · + cn am−n ,

(71)

where c1 , . . . , cn are given constants in H, and cn ̸= 0.
In this section we extend known results on HLRR over the complex numbers to the quaternions. For
results on HLLR over the real or complex numbers, see Henrici [12], Hildebrand [13], Householder [14],
and Kalantari [23,27].
We shall refer to the following as the Basic Initial Conditions:
a0 = 1,

a− 1 = a− 2 = · · · = a− n + 1 = 0 .

(72)

We shall refer to the solution {am }∞
m=1 of (71) and (72) as the Fundamental Solution of HLRR. The significance of this particular set of initial conditions and the Fundamental Solution will become evident
later.
The characteristic polynomial and characteristic equation of HLRR are
Q (x) = xn − (c1 xn−1 + c2 xn−2 + · · · + cn−1 x + cn ),

Q (x) = 0.

(73)

For example, consider the HLRR am = am−1 + am−2 . Its Fundamental Solution is the Fibonacci numbers
Fm = Fm−1 + Fm−2 , F0 = 1, F−1 = 0. However, with F0 = 1, F−1 = 2 we get the Lucas numbers.
Definition 10.1. Let the negative reciprocal of Q (x) to be
P (x) = Q (x−1 )xn = cn xn + · · · + c1 x − 1.
Proposition 10.1. Q (η) = 0 if and only if P (η−1 ) = 0.

(74)


We will show that using HLRR we can compute the dominant root of a quaternion polynomial,
assuming some regularity condition on the roots. In a sense this gives a generalization of the Bernoulli
method for computing the extreme roots of a complex polynomial.
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10.1. Characterization of solution of HLRR
In this section, we will characterize the solutions of HLRR under the assumption of simplicity of
roots of the characteristic equation and further assumption that it is not root-deficient (see Definition 8.2). This is accomplished in the next theorem, a well-known result for the case of HLRR over the
real or complex numbers. According to the theorem, the solution of HLRR can be represented in terms
of the roots of the characteristic polynomial. However, noncommutativity in quaternion multiplication requires a more careful analysis than that of the case of complex numbers.
Theorem 10.1. Consider HLRR (71) with (72) and its characteristic polynomial (73). Suppose that Q (x)
is not root-deficient and its roots are simple. Let η1 , . . . , ηn be the set of distinct roots of Q (x), pairwise
distinct and such that no three of them belong to the same conjugacy class. Then there exists a unique set
of nonzero constants αi ∈ H, i = 1, . . . , n such that for all m ≥ −n + 1
am = η1m α1 + · · · + ηnm αn .

(75)

Proof. First, we justify that for any set of constants αi , am =
am −

n


cj am−j =

n


ηim αi −

i=1

j=1

n
n



cj

j =1

i=1

ηim−j αi =

n


n

i =1

ηim αi satisfies (71). We have

ηim−n Q (ηi )αi = 0.

(76)

i=1

Next, we need to show that there exists specific set of αi ’s so that am satisfies the given Basic Initial
Conditions. Substituting the Basic Initial Conditions (72) into (75), we get the following system of
linear equations:

η1−n+1
η1−n+2
 .
 .
 .
 −1
η1


1

η2−n+1
η2−n+2
..
.
η2

−1

1

···
···
···
···
···


  
ηn−n+1
α1
0
−n+2
ηn
  α2  0

  
.. 
  .  .
.   ..  =  ..  .
 α  0
n −1
ηn−1
αn
1
1

(77)

The coefficient matrix in (77) is a Vandermonde matrix we denote by V (η1−1 , . . . , ηn−1 ). To prove
the existence of a unique solution, we invoke a result due to Renmin et al. [43]: necessary and sufficient
condition that a linear system with a Vandermonde matrix V (β1 , . . . , βm ) of coefficients have a unique
solution is that the double determinant (see Zhang [48] for the definition of double determinant) of
the Vandermonde matrix is nonzero. This double determinant is nonzero if and only if βi ’s are pairwise
distinct and no three of them are from the same conjugacy set.
To define double determinant, following Zhang [48], for a given n × n matrix A = (aij ) with
quaternion entries, its conjugate is defined as A = (aij ), its transpose is AT = (aji ), and its conjugate
transpose is A∗ = (A)T .
The double determinant of A, denoted by |A|d is det(A∗ A). For results on double determinant and
its equivalence to the notion of q-determinant of A, the determinant of the 2n × 2n complex adjoint
matrix of A, see Zhang [48, Theorem 8.2].
In our case, the set {βi = ηi−1 , i = 1, . . . , n} precisely satisfies this above mentioned necessary
and sufficient condition. Hence the proof of existence of unique solutions in αi .
Now suppose that some αi is zero. Without loss of generality we may assume α1 = 0. Substituting
α1 = 0 in (77), it is easy to see that the first n − 1 equations gives a linear system whose solution is
α1 = · · · = αn = 0, a contradiction. Hence αi ̸= 0 for all i = 1, . . . , n. 
Proposition 10.2. Consider the HLRR under the assumption of Theorem 10.1. Assume that Q (x) has a
unique dominant root ηr and let θ = ηr−1 . Then
1
−1
lim a−
m−1 am = αr ηr αr ,

m→∞

1
−1
lim a−
m am−1 = αr θr αr .

m→∞

(78)
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Proof. We have
am =

n



ηim αi = ηrm

i =1

n



ηr−m ηim αi


= ηrm αr +

n



ηr−m ηim αi .

(79)

i=1,i̸=r

i=1

−m m
Let um = αr +
i=1,i̸=r ηr ηi αi . Since αr ̸= 0 and |ηr | > |ηi | for i ̸= r , limm→∞ um = αr .
From the definition of um , and since inverse of products is the product of inverses in reverse, we have
1
−1
−m+1
a−
. Thus
m−1 = um−1 ηr

n

1
−1
a−
m−1 am = um−1 ηr um .

(80)

From (80), and since um converges to αr the first limit in (78) and the second limit follows by
inversion. 
The following result shows yet another application of Niven’s division.
1
−1
Proposition 10.3. Given limm→∞ a−
m−1 am = q, we can determine ηr so that q = αr ηr αr .

Proof. If ηr is real, the limit already converges to ηr . If ηr is not real, since it is the unique dominant
root of Q (x), it cannot be a spherical root. Thus we can perform Niven’s division to get
Q (x) = R(x)Pηr (x) + fx + g .
Then ηr must satisfy ηr = −f

−1

g.

(81)


10.2. Solution of general HLRR
In this section we will consider HLRR where the characteristic polynomial Q (x) may have multiple
roots, or be root-deficient. However, for simplicity we will assume the roots of Q (x) to have different
norm.
Theorem 10.2. Consider HLRR (71) with (72) and its characteristic polynomial (73). Suppose that the
roots of Q (x) have distinct norm, but not necessarily simple. Let R = {η1 , . . . , ηt } be the set of roots of
Q (x) with multiplicities ni , i = 1, . . . , t. Then for all m ≥ 0, we have
am =

t


ηim αi (m)

(82)

i =1

where αi (x) is either identically zero or a polynomial of degree at most ni − 1,

αi (x) = αi,0 + αi,1 x + · · · + αi,ni −1 xni −1 .

(83)

When αi (x) is not identically zero, we denote its leading coefficient with αi∗ .
10.3. Proof of Theorem 10.2
As in the case of simple roots, we first need to justify that any set of coefficients defining am , as
defined above, satisfies (71). This can be done as in the special case, so we skip the proof. Next, we
need to show that there exists specific set of αi ’s so that am satisfies the given Basic Initial Conditions
(72). To do so, we first need some auxiliary results.
Lemma 10.1. Suppose η1 , . . . , ηt are nonzero quaternions satisfying |ηi | ̸= |ηj |. Let γij = |ηi |/|ηj |. Let
N be a natural number. There exists a natural number k0 such that if m0 = 2k0 , for all 1 ≤ i, j ≤ t and
for any two nonnegative integers n1 , n2 ≤ N we have
n

n

m01 |ηi |m0 ̸= m02 |ηj |m0 .

(84)
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Proof. Let γM = min{γij | γij > 1}. Let k0 be so that m0 = 2k0 satisfies N (ln m0 /m0 ) < ln γM . We
claim k0 satisfies (84). If n1 = n2 , clearly (84) holds. Assume that n1 ̸= n2 . If (84) is not satisfied,
(n −n )/m

there exist i, j, and 0 ≤ n1 , n2 ≤ N, say n1 > n2 , thus |ηi | < |ηj |, such that m0 1 2 0 = |ηj |/|ηi |.
Taking the logarithm of both sides in this, the corresponding left-hand-side is less than ln γM , while
the corresponding right-hand-side is greater than or equal to ln γM , a contradiction. 
Corollary 10.1. Let η1 , . . . , ηt be a set of nonzero distinct quaternions satisfying |ηi | ̸= |ηj |. Given a set
k0

of natural numbers N1 , . . . , Nt , let N = N1 + · · · + Nt . Let k0 be as in the previous lemma. Let δ = 2 2k0 .
Then the elements of the following set have distinct norm:
R = {ηi , δηi , δ 2 ηi , . . . , δ Ni ηi }ti=1 . 

(85)

We now complete the proof of Theorem 10.2. Analogous to the case of HLRR over the real or
complex number numbers, in order to prove the particular representation of the am , it suffices to
prove the validity over a subset of the indices, which would allow the computation of polynomial
coefficients. From Corollary 10.1 and our choice of k0 , it follows that for an appropriate set of indices mi
we can obtain a system of linear equations that can be written as V α = a, where V is the Vandermonde
matrix corresponding to the set R in (85), and where a is the vector corresponding to a(mi ), and α is the
vector of unknown polynomial coefficients. By our construction, this system has a unique solution. 
Theorem 10.3. Consider the homogeneous linear recurrence relation (71) with the Basic Initial Conditions (72). Assume that
 the roots of Q (x) satisfy
 the condition of Theorem 10.2. Let r be the index
satisfying |ηr | = max |ηi | |αi∗ ̸= 0, i = 1, . . . , t ,
(i)
(ii)
(iii)
(iv)

r is well-defined.
If all the roots of Q (x) are simple, then αi∗ is nonzero for all i so that ηr is the dominant root of Q (x).
am can equal zero for at most a finite number of indices.
1
∗ −1
limm→∞ a−
ηr αr∗ .
m−1 am = (αr )

Proof. We may write am = ηrm um , where
um = αr (m) + vm ,

vm =

n


ηr−m ηim αi (m).

(86)

i=1,i̸=r

Since a0 = 1, we conclude that not all αi∗ s are zero. Hence r is well-defined, proving (i). The proof
of (ii) is already given in Theorem 10.1.
From the assumption that |ηi | ̸= |ηj | and the definition of ηr , for any i ̸= r such that αi∗ ̸= 0, we
have |ηi |/|ηr | < 1, and since for any such index αi (m) is a polynomial in m, it follows that
lim ηr−m ηim αi (m) = 0.

m→∞

(87)

Suppose {am } has an infinite sequence of zeros. If all but one of the αi (x)s are identically zero, then
from (71) we have, am = ηlm αl (m), for some l and αl (m) ̸≡ 0. Thus, am ̸= 0 for all m ≥ 0. Hence
there must exist at least two different indices for which αi (x) is not identically zero. For any pair of
quaternions a, b ∈ H, we have |a ± b| ≥ |a| − |b|. We may write

|ηr−mk amk | = |umk | ≥ |αr (mk )| − |vmk |.

(88)

Taking the limit in (88) and using (87), that vmk converges to zero, we get
0 ≥ lim |αr (mk )|.
k→∞

(89)

But the limit in (89) is either a nonzero number, or infinity. This is a contradiction. Thus am can be zero
at most for a finite set of indices m.
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Since αi (x) is a polynomial, if it is not identically zero then we have
lim αi−1 (m − 1)αi (m) = 1.

(90)

m→∞

1
−1
Thus a−
m−1 am = um−1 ηr um , proving (iii).



Remark 10.1. The proof of Theorem 10.3 is somewhat analogous to our analysis for complex polynomials in [27]. While the theorem proves that the quotient of the terms converges to a quaternion
conjugate of a root of the characteristic polynomial, rather than a quaternion congruent to the dominant root itself, in fact for complex polynomials it converges to the dominant root. Finally, we note
that once we have a congruent of a root, we can apply Niven’s division to find the actual root.
Concluding remarks. The extension of polynomial root-finding from the complex field to the quaternions is far from straightforward. In the course of our study of quaternion root-finding, not only have
we become aware of the wealth of known results, but were led to the discovery of new findings and
the wealth of directions of research that lie ahead. Hopefully the findings here will make a worthy contribution to the theory and practice of quaternion polynomial root-finding. In fact, our study of quaternion root-finding has already inspired new approaches in polynomiography of a complex polynomial
itself. These and several new research areas are the subject of forthcoming articles. As shown here the
local behavior of Newton and Halley methods for quaternion polynomials is quite different from the
case of complex polynomials. Even a quaternion quadratic polynomial could exhibit chaotic behavior.
We will carry our experimentation of these iterations in forthcoming articles and complement these
with their polynomiography. More generally, while the dynamics of the iterations of rational functions
over the complex field is well studied (see e.g. Beardon [2] and Milnor [34]), iterations of rational functions over the quaternion are far more complicated. We shall examine their polynomiography as well.
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