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Abstract
Large-dimensional parameter estimation problems are often computationally unstable and are therefore characterized as ill-posed
inverse problems. Inverse problems tolerate measurement and modelling errors poorly which usually calls for accurate computational implementations of the underlying models. These implementations often turn out to be computationally too demanding for
a specific application, especially in case of time-varying problems. The so-called approximation error approach has recently been
developed to cope with both modelling and numerical discretization errors. This approach has been applied to both stationary
(time-invariant) and nonstationary problems. Given a fixed available computational capacity, the employment of the approximation
error approach usually yields significantly better estimates than with a conventional error model. In addition, the error estimates
are more feasible than with a conventional error model. In this paper we extend the previous results and provide computationally
efficient forms for the extended Kalman filters for large-dimensional state identification problems. We apply the approach to the
determination of distributed thermal parameters of tissue. In the measurement setting the tissue is heated with focused ultrasound
and the temperature evolution is observed through magnetic resonance imaging.
© 2008 IMACS. Published by Elsevier B.V. All rights reserved.
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1. Introduction
The state-space estimation problems are problems in which the unknown state Xk of the system and the measurements Yk are modelled using the state-space model comprising of the evolution and observation models:

Xk+1 = Fk+1 (Xk , Wk+1 ), k = 1, . . . , N − 1,
k = 1, . . . , N,
Yk = Gk (Xk ) + Vk ,
where Fk and Gk are functions, Wk is the state noise and Vk is the measurement noise. The goal is to estimate the state
Xk based on the measurements Y1 , . . . , Yk . In the linear Gaussian case, optimal estimates in the mean square sense
can be computed using the Kalman filter (KF) recursion [30]. For nonlinear state-space models, suboptimal estimates
can be computed using the extended Kalman filter (EKF) [1].
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In this paper we consider problems in which a state-space model contains unknown parameters which are of
interest. These problems are called as state identification problems. In particular, we address parameters estimation
problems in which the state dimension can be very large.
This kind of a situation occurs when the evolution model is derived from, say, a parabolic partial differential
equation and the distributed parameters are to be determined. As an example, later in this paper we study the estimation
of the thermal parameters of human tissue, in our case, the thermal conductivity and perfusion coefficients.
Large-dimensional state estimation and identification problems often have the instability characteristics of ill-posed
inverse problems. Within the inverse problem community these are referred to as nonstationary inverse problems, in
distinction with stationary inverse problems in which all unknowns are time-independent [28]. In many applications
which lead to inverse problems, measurements are obtained sequentially and therefore the measurements can correspond to different targets. This situation leads to nonstationary inverse problems.
When solving inverse problems, the available computational resources are often limited. This is especially the case
with control related problems and other applications with continuous data streams. These limitations may lead to
computational realizations that render too poor, or even meaningless estimates. On the other hand, in many situations
one can use significantly larger computational resources prior to the onset of the data stream or the primary application.
In such cases the approximation and modelling error approach can be employed [28,29,22,21].
In this approach the statistical discrepancy between the predictions of an accurate model and an approximate
model is computed. This discrepancy is called the approximation error and is then interpreted as a (state-dependent)
additional error term which may find itself in the observation and/or state evolution models. The approach is Bayesian
in that the computation of the approximation error statistics is carried out over the modelled prior distribution of the
unknowns.
In stationary inverse problems the approach has been successfully applied to several applications, mainly in
tomography-related inverse problems such as electrical impedance tomography and optical tomography. The sources
of approximation errors include conventional (mesh) model reduction in partial differential equations [28,5], using
isotropic model in case of anisotropy [19], and unknown boundary data in case of truncation of the computational
domain [32].
In state-space identification problems there are two categories of approaches. If the model parameters are inherently
time varying, one needs to set up a first order Markov model for their evolution and then augment the state evolution
model. For example, in heat equation related problems, in which the standard state variable would be temperature, the
ambient temperature can also be time-varying unknown variable and therefore the respective evolution model would
be added to the evolution model for the temperature itself.
If the model parameters are time-invariant, iterative block algorithms can be employed to compute, for example, the maximum likelihood or some Bayesian estimates. However, the identification of time-invariant parameters can also be tackled with the time-varying parameter approach by adjusting the properties of the evolution
model.
In this paper we consider the approximation error methods for state-space identification problems. We use a Markov
model for the model parameters and apply the approximation error analysis for the augmented problem. We also derive
a version for the extended Kalman filter specifically for problems in which the number of measurements is high. The
filter is a hybrid of the innovation and information filter forms for the Kalman filter [1]. This hybrid filter is better
suited for computationally efficient implementation of the approximation error for the EKF. However, the filter is also
applicable to general nonlinear state-space estimation problems.
Furthermore, we apply the hybrid filter to a relatively large-dimensional problem for which the approach is meant
for in the first place, rather than class room examples that have been studied earlier.
This paper is organized as follows. In Section 2 we describe the nonstationary parameter estimation problem which
is considered in this paper and formulate the problem as a state-space identification problem. In Section 3 we analyze
approximation errors in the associated state-space models and derive the modified state-space model. In Section 4 we
derive recursive estimator formulas, the hybrid filter, for the parameter estimation. In Section 5 we apply the proposed
approach to the estimation of the thermal parameters of human tissue when the temperature observations are derived
from diffuse tensor mode using magnetic resonance imaging. A discussion is given in Section 6.
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2. Nonstationary parameter identification
We consider the following nonlinear state-space model

Xk+1 = Fk+1 (Xk , θ, Wk+1 ), k = 1, . . . , N − 1,
k = 1, . . . , N,
Yk = Gk (Xk , θ ) + Vk ,

(1)

where Xk is the state of the system, Yk are measurements, Wk is the state noise, Vk is the observation noise, θ is
a vector containing unknown state-space model parameters and Fk and Gk are known mappings. The problem is to
determine the unknown parameters θ based on measurements Y1 , . . . , YN .
The unknown parameters θ can be determined with several different approaches. For example, when the model
parameters are time-invariant, we can try to construct the likelihood function (Y1 , . . . , YN |θ ) and compute the maximum likelihood estimate for θ . For other approaches, see [17,1]. In this paper we use the adaptive estimation approach,
that is, we augment the state to include the unknown parameters and use state-space estimation techniques for the augmented model.
For this end, we treat the unknown parameters θ as a stochastic process and set XkA = (Xk , θk ). When estimating
time-invariant parameters with this approach, it is customary to write a random walk model for θk , although more
complicated models could also be used. Ideally, we would set θk+1 = θk + ωk+1 with vanishing state noise ωk accompanied with a feasible initial mean and covariance. Depending on the structure of the problem, however, we would use
a nonvanishing covariance for the state noise for stability reasons. Thus an evolution model for XkA can be written as
 


 A

Fk+1 (Xk , θk , Wk+1 )
Xk+1
A
A
A
=
=: Fk+1
Xk , Wk+1
,
(2)
=
Xk+1
θk+1
θk + ωk+1
where WkA = (Wk , ωk ). The estimates for the augmented state XkA can then be computed using extended Kalman
filtering, see [1]. It is to be noted, however, that EKF estimates are not strictly speaking optimal in any sense. The
A.
estimates for the model parameters θ are obtained directly from the estimate of XN
3. Model reduction errors
In this section we give a brief account of the approximation error approach for state-space problems. We consider
here only the case of pure model reduction, see [21]. In this paper we do not focus on how model reduction is carried
out per se, but rather on how the model reduction related errors can be treated. For model reduction methods and
approaches, see [3].
The approximation error approach for stationary cases was introduced in [28,29]. Some aspects of modelling
errors that are related to a specific nonstationary inverse problem, a process tomography application with electrical
impedance tomographic measurements and convection–diffusion state evolution models with unknown boundary data,
were already treated in [43,42] and their semigroup theory in [40,41]. The numerical verification related to [40,41] is
carried out in [23].
The more general nonstationary linear extension that considers state reduction with respect to both state and evolution equations and the modified Kalman recursions was given in [22]. The nonlinear extension with the extended
Kalman filter (EKF) recursions was presented [21].
Assume that we have obtained the following (discretized) state-space model that is adequately accurate for our
purposes but computationally too heavy:
 D
D (X D , θ , W D ), k = 0, . . . , N − 1,
Xk+1 = Fk+1
k
k
k+1
(3)
D
D
k = 1, . . . , N,
Yk = Gk (Xk , θk ) + VkD ,
D
D
where XkD is the state of the system, FkD and GD
k are known mappings, Wk+1 is the state noise and Vk is the measurement noise, which are generally not the same process as in (1). This evolution model is assumed to be accurate in the
sense that the uncertainties caused by discretization are negligible with respect to the state and observation noise processes. When, for example, finite element schemes are used for numerical discretization, this model can be constructed
with fine spatial and temporal discretization. However, this model often turns out to be a very high-dimensional one
and computationally heavy and therefore we avoid to use this model in the identification process.
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We assume that a low-dimensional state Xk can be obtained from XkD by a linear operator (typically a projection)
P , that is, Xk = P XkD . We write
 D

D
D
Xk+1 = P XkD = P Fk+1
Xk , θk , Wk+1
 D

D
D
= Fk+1 (Xk , θk , Wk+1 ) + P Fk+1
Xk , θk Wk+1
− Fk+1 (Xk , θk , Wk+1 )
= Fk+1 (Xk , θk , Wk+1 ) + k+1

(4)

where the stochastic process
 D

k = P FkD Xk−1
, θk−1 , WkD − Fk (Xk−1 , θk−1 , Wk ),

k = 1, . . . , N,

(5)

represents the errors in the evolution model caused by model reduction. Similarly, the observation model becomes
 D 
Yk = Gk (Xk , θk ) + GD
k Xk , θk − Gk (Xk , θk ) + Vk
= Gk (Xk , θk ) + νk + Vk

(6)

where the process
 D 
νk = GD
k Xk , θk − Gk (Xk , θk ),

k = 1, . . . , N,

(7)

represents model reduction error in the observation model.
By using equations (4) and (6), the augmented state-space model for the system can be written as
 A
A (X A , W A ) +  A , k = 0, . . . , N − 1,
Xk+1 = Fk+1
k
k+1
k+1
Yk = Gk (XkA ) + νk + Vk ,

(8)

k = 1, . . . , N,

where kA = (k , 0). This model can be used in the estimation if the statistics of the processes k and νk is known.
3.1. Temporal discretization
In physical problems, the state evolution equations are often derived from parabolic partial differential equations.
In these problems, spatial discretization leads to stiff differential equations and accurate modelling requires that the
temporal integration should be relatively fine. In this section, the aim is to use longer time stepping than would usually
be accepted, see also [21].
The evolution model corresponding to temporal integration is written as
X̄j +1 = F̄j +1 (X̄j , θj , W j +1 ),

j = 0, . . . , N̄ − 1,

(9)

where X̄j is the state of the system, F̄j are known mappings and W j is the state noise. We form a mapping Fk and a
process Wk for a state-space model of the form (1) corresponding to measurement times.
For simplicity, we assume that the time between for measurements is a multiple of the time step used in temporal
integration, that is, Xk = X̄kNτ for some integer Nτ . Furthermore, again for simplicity, we assume that θj does not
change between measurements, i.e., θj = θk if j = kNτ , . . . , (k + 1)Nτ − 1.
We use Eq. (9) to compute Xk+1 from Xk recursively, i.e., we start from X̄kNτ = Xk , we compute X̄kNτ +j for all
j = 1, . . . , Nτ by using model (9) recursively, and finally we set Fk+1 (Xk , Wk+1 ) := X̄kNτ +Nτ where
Wk+1 = (W kNτ +1 , . . . , W kNτ +Nτ ).

(10)

For details, see [21].
For the recursive estimator presented in the next section, we need to compute Jacobian matrices of Fk+1 . These
Jacobian matrices can be computed using the chain rule, see [21] for details.
4. Recursive estimator formulas
The extended Kalman filter (EKF) in its usual form is not directly applicable with the model (8) due to the fact
that the error processes k and νk depend on the state, see [21]. In this section we present an extension of EKF to
accommodate the model (8). Furthermore, we describe how the statistics of the error processes k and νk can be
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computed, and finally we introduce a modification to the extension for cases in which the number of measurements is
high compared to the number of state variables.
Denote by X̂kA and ΓˆkA the filter estimate and the error covariance for the augmented state XkA based on data
Y1 , . . . , Yk , respectively. Furthermore, denote the predictor (i.e., the estimate based on data Y1 , . . . , Yk−1 ) and its error
covariance by X̃kA and Γ˜kA , respectively. The extension of EKF for the error model (8) is given by the formulas
(see [21])
 A
A
A
A
X̂k + ¯k+1
= Fk+1
,
(11)
X̃k+1
A
A ˆA
A T
A
A T
Γk ∂Fk+1
Γ˜k+1
= ∂Fk+1
+ ∂w Fk+1
ΓW A ∂w Fk+1
+ Γ A ,
k+1
k+1

−1
A
T
A
T
˜
˜
,
Kk+1 = Γk+1 ∂Gk+1 ∂Gk+1 Γk+1 ∂Gk+1 + Γνk+1 + ΓVk+1

 A 

A
A
X̂k+1 = X̃k+1 + Kk+1 Yk+1 − Gk+1 X̃k+1 − ν̄k+1 ,
A
Γˆk+1

= (I

A
− Kk+1 ∂Gk+1 )Γ˜k+1

(12)
(13)
(14)
(15)

A and ∂ F A are the Jacobian matrices of F A with respect to X A and w, respectively, evaluated at
where ∂Fk+1
w k+1
k+1
A , ¯ A and ν̄
A
(X̂kA , 0), ∂Gk+1 is the Jacobian matrix of Gk+1 evaluated at X̃k+1
k+1 are the expectations of k+1 and
k+1
A
A
νk+1 , respectively, and ΓW A , Γ A , ΓVk+1 and Γνk+1 are the covariances of Wk+1 , k+1 , Vk+1 and νk+1 , respectively.
k+1
k+1
The matrix Kk+1 given by Eq. (13) is typically called the Kalman gain and its usual interpretation is to be a “gain”
matrix which, multiplied with the difference between the actual and predicted measurements, gives an update for the
state variable (cf. Eq. (14)).
For the initial state, we set X̃0A and Γ˜0A based on our prior uncertainty of the initial state and the parameters. The
next task is to compute the expectation and the covariance of k and νk .

4.1. The expectation and the covariance of kA and νk
In the case of linear state-space models, the expectation and the covariance of k and νk can be computed explicitly.
However, in the present case the evolution model is nonlinear and similar explicit equations do not generally exists.
In this paper the expectations and the covariances are determined by averaging over the prior model.
We use the accurate model (3) and the initial state model (prior model) for (X0D , θ ) to generate samples from the
evolution. In some cases we can assume that the evolution model for XkD which is conditioned on the initial state is
such that the evolution has vanishing covariance. In other words, the conditional evolution model can be treated as
a deterministic model and therefore we can set WkD = 0 for the state noise. This is warranted if we can assume that
the model per se is the correct one. In many practical cases, however, the models are only approximate and also the
numerically accurate evolution model has to be equipped with a nonvanishing state noise term. In such cases, the
determination of the state noise may be a tedious task, see [43]. We draw Ns samples θ j from this distribution as well
D,j
as Ns samples X0 from the distribution of the initial state. In addition, we have to form a realization of the state
D,j
noise Wk+1 . Then the following steps are carried out for each time step k = 1, . . . , N :
(i) update the state:
 D,j j
D,j
D,j 
j
D,j
D
Xk+1 = Fk+1
Xk , θ , Wk+1 and set Xk+1 = P Xk+1 ;
(ii) compute samples for k and νk :
 D,j
 j
j
D,j 
D,j 
k = P FkD Xk−1 , θ j , Wk+1 − Fk Xk−1 , θ j , Wk+1 ,
 D,j j 
 j

j
νk = GD
− Gk Xk , θ j ;
k Xk , θ
(iii) compute sample mean and sample covariance for k and νk :
1
¯k ≈
Ns

Ns
j =1

j
k ,

1
Γk ≈
Ns − 1

Ns
j =1

 j
 j
T
k − ¯k k − ¯k ,
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ν̄k ≈

1
Ns

Ns

j

νk ,
j =1

Γνk ≈

1
Ns − 1

Ns



 j
T
j
νk − ν̄k νk − ν̄k .

j =1

For kA we have ¯kA = (¯k , 0) and Γ A = diag(Γk , 0). When Ns is increased, the quality of the estimates of the
k
expectations and covariances is typically improved. The convergence is guaranteed (by the law of large numbers) when
the generated samples are independent and the error processes k and νk are square integrable. The latter condition
depends on the nature of the mappings Fk and Gk as well as the distributions from which the samples are generated.
Contrary to general statistical principles, it has turned out that in practice the number of samples Ns does not have
to be high when compared to the number of (in this case) observations and state variables [28,32]. There is not a proof
of this property, however. Technically this means that the covariance estimates are rank-deficient, but this turns out
not to be a problem.
It is to be noted that the expectations ¯k and ν̄k and the covariance matrices Γk and Γνk should be computed and
stored for all k = 1, . . . , N before the presented estimation algorithm can be used. However, if the number of measurements is large, Γνk can be very large dense matrix and therefore storage requirements can be enormous. Furthermore,
the computation of the inverse matrix in the Kalman gain equation (13) can be an excessively complex task. In the
following we present a modification to the filter which allows us to save storage space and reduce computational
complexity.
4.2. Hybrid filter
The form (13) is not computationally efficient if the number of measurements is high compared to the dimension
of the state-space. With standard Kalman filters we would use the information filter that uses a modified state variable
and propagates the inverses of the covariances rather than the covariances themselves [1]. For example, in the situation
described in Section 5, the measurements are MR thermal images which are often at least of the size 128 × 128 so that
T
A ∂G
we have of the order 104 –106 measurements. Therefore, for example, ∂Gk+1 Γ˜k+1
k+1 and Γνk+1 as full matrices
would be too large to be stored and too heavy to compute.
For the EKF equipped with the approximation errors, the information filter as such is not feasible. We can, however,
make use of the Sherman–Morrison–Woodbury (SMW) formula [16] to derive more efficient forms for Eqs. (13)–(15).
The result is a hybrid since it does not use the modified state, which would also turn out to be computationally
infeasible. We note that the SMW formula can be used to show the equivalence of the innovation and information
filters.
The Sherman–Morrison–Woodbury formula can be written as
−1
−1


= P −1 − P −1 A AT P −1 A + R −1 AT P −1
ARAT + P
where A, P and R are matrices such that R and P are invertible. If we choose P = Γν + ΓV , A = ∂G and R = Γ˜
(we momentarily omit the subscripts k + 1 and the superscript A to simplify notations), the SMW formula gives for
the Kalman gain

−1
K = Γ˜ ∂GT ∂GΓ˜ ∂GT + Γν + ΓV
−1

= Γ˜ ∂GT P −1 − Γ˜ ∂GT P −1 ∂G ∂GT P −1 ∂G + Γ˜ −1 ∂GT P −1

−1

= Γ˜ ∂GT P −1 − Γ˜ ∂GT P −1 ∂G + Γ˜ −1 ∂GT P −1 ∂G + Γ˜ −1 ∂GT P −1

−1
+ Γ˜ Γ˜ −1 ∂GT P −1 ∂G + Γ˜ −1 ∂GT P −1
−1

= Γ˜ ∂GT P −1 − Γ˜ ∂GT P −1 + ∂GT P −1 ∂G + Γ˜ −1 ∂GT P −1

−1
= ∂GT (Γν + ΓV )−1 ∂G + Γ˜ −1 ∂GT (Γν + ΓV )−1 .
(16)
The covariances ΓV are often diagonal and can be inverted easily. However, the covariance Γν is not generally
sparse and therefore Γν + ΓV , as large full matrices, may be heavy to be inverted.
To overcome this potential problem, we note that the covariance of νk can be written in the form Γν = Ξ Ξ T
without any further computational load. This is due to the fact that the covariance estimate can be written as an outer
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product in the first place, that is, Γν = (Ns − 1)−1 Xs XTs where Xs is a matrix which columns are vectors ν j − ν̄ (i.e.,
the samples of ν subtracted by the means). Thus we can set Ξ = (Ns − 1)−1/2 Xs . The rank-deficiency of Γν is usually
not a problem since ΓV is in most cases positive definite. An approximate decomposition of this type can also be
obtained by using eigenvalue decomposition.
The SMW formula with choices A = Ξ , P = ΓV and R = I gives

−1 T −1
Ξ ΓV .
(Γν + ΓV )−1 = ΓV−1 − ΓV−1 Ξ Ξ T ΓV−1 Ξ + I
Denote Λ = (Ξ T ΓV−1 Ξ + I )−1 . Then





−1
K = ∂GT ΓV−1 − ΓV−1 Ξ ΛΞ T ΓV−1 ∂G + Γ˜ −1 ∂GT ΓV−1 − ΓV−1 Ξ ΛΞ T ΓV−1


−1 
= Γ˜ −1 + ∂GT ΓV−1 ∂G − ∂GT ΓV−1 Ξ ΛΞ T ΓV−1 ∂G
∂GT ΓV−1 − ∂GT ΓV−1 Ξ ΛΞ T ΓV−1 .
Furthermore, let Φ = Ξ T ΓV−1 ∂G and Ψ = Γ˜ −1 + ∂GT ΓV−1 ∂G − Φ T ΛΦ. Thus the Kalman gain become


K = Ψ −1 ∂GT − Φ T ΛΞ T ΓV−1 .

(17)

The Kalman gain matrix for the recursive estimator can be computed using this formula. The computationally most
demanding tasks are to compute (Γ˜ A )−1 for the approximate model and invert the matrix Ψ .1
Consider a situation in which the mapping Gk+1 is linear. This kind of a situation occurs in the simulation presented
in Section 5. Substitution of (17) to Eqs. (14) and (15) gives
−1 T
−1 T
A
A
A
= X̃k+1
+ Ψk+1
Gk+1 ΓV−1
Gk+1 ΓV−1
Gk+1 X̃k+1
Ȳk+1 − Ψk+1
X̂k+1
k+1
k+1
−1 T
−1 T
T
A
− Ψk+1
Φk+1 Λk+1 Ξk+1
ΓV−1
Φk+1 Λk+1 Φk+1 X̃k+1
,
Ȳk+1 + Ψk+1
k+1
A
Γˆk+1

A
= Γ˜k+1

−1 T
A
− Ψk+1
Gk+1 ΓV−1
Gk+1 Γ˜k+1
k+1

−1 T
A
+ Ψk+1
Φk+1 Λk+1 Φk+1 Γ˜k+1
,

(18)
(19)

where Ȳk+1 = Yk+1 − ν̄k+1 . This form is computationally more efficient compared to the form consisting of Eqs. (17),
(14) and (15). However, the multiplication order should be chosen carefully.
Finally, we note that with this hybrid filter, one needs to store the matrices Xs (for all k = 1, . . . , N ) instead of the
covariances matrices Γν1 , . . . , ΓνN . This is a huge benefit with respect to storage requirements. Namely, the number
of samples Ns can be much smaller than the number of measurements m and therefore the matrices Xs containing
m × Ns elements require significantly less space than the covariances Γνk that are dense m × m-matrix.
5. Estimation of the thermal parameters of tissue
As an example we consider the estimation of the thermal properties of tissue, in our case, the heterogeneous thermal
conductivity and perfusion coefficients. Approaches for this task are described in [10,49,20], for similar problems, see
also [4,12,11,48,47]. In [10,49,20] this problem was attacked by using ultrasound induced heating of the tissue and
magnetic resonance (MR) thermal imaging [37,27] to obtain temperature measurements.
The motivation in [10,49,20] was related to model-based optimal control for ultrasound surgery, in which task the
thermal properties are assumed to be known when treatment is planned [14,35,49]. In ultrasound surgery MR temperature imaging can used to ensure correct location of a focal spot of the applied ultrasound field [36]. Also, the
temperature data can be used as the system feedback for the model-based treatment planning methods, see [34]. Furthermore, MR images can be used to ensure that the whole target tissue (tumor) is ablated (clinically destroyed) after
the treatment [36,50]. Whereas in ultrasound surgery the tissue temperature is raised to 60◦ –95 ◦ C, in the approach
[10,49,20] the tissue is warmed only by a couple of degrees so that the tissue is not permanently damaged.
The overview of the approach is as follows. A number of ultrasound transducers are placed on the skin and are
driven typically by 104 –106 Hz scale frequencies. The amplitude and relative phase of each transducer is controlled
so as to guide the ultrasound energy and absorption distribution within the tissue. The absorption of energy induces
1 In practice, the matrix K is, however, computed by solving the equation Ψ K = (∂GT − Φ T ΛΞ T )Γ −1 , for example, using the Cholesky
V
decomposition.
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small temperature changes in the tissue and these are observed through MR thermal imaging. The tissue properties
are estimated from these measurements, for example, using likelihood estimation scheme.
The approach in this section is similar to [20], with the exception that here we treat the problem as a state-space
identification problem and use the approximation error approach to deal with the heavily approximate run time evolution and observation models.
5.1. Heat equation with distributed ultrasound absorption source
Let Ω ⊂ R2,3 be a bounded domain corresponding to a part of the human body. The temperature evolution in tissue
is most commonly modelled using the Pennes’ bioheat equation [38]
∂T
= ∇ · (κ∇T ) − wB CB (T − TA ) + q,
ρCT
(20)
∂t
where T is the temperature, ρ is the density of the medium, κ is the thermal conductivity, CT and CB are the heat
capacity of the tissue and blood, respectively, wB is the blood flow rate, TA is the temperature of arterial blood and q
is the (distributed) heat source. In the case of ultrasound absorption, the source term is of the form
α|P |2
,
(21)
ρc
where P is the ultrasound pressure field, α is the absorption coefficient, ρ is the density of the medium and c is the
speed of sound [13,39]. In this paper, these coefficients are taken to be known. We denote β = wB CB which parameter
is called the perfusion coefficient.
We endow the problem with the initial and boundary conditions
q=

T (0, ·) = TA

in Ω,

T (t, ·) = TA

on ∂Ω,

where TA is the ambient (body) temperature which is very slowly varying and can be measured accurately.
All the above coefficients are taken to be distributed parameters. However, within each tissue type they are assumed
to be constants. This segmentation into tissue types is a routine task and is carried out, for example, based on MRI
images. Furthermore, the parameters are assumed to be constant with respect to temperature, which is warranted since
only small temperature changes are inflicted [51,2,52].
The ultrasound field P is assumed to be time-harmonic, which is warranted since the period of vibration is typically
five orders of magnitude shorter than the time for observable temperature changes in tissue. Thus we can solve the
spatially dependent part p of the wave equation separately. The pressure field p is the solution of the Helmholtz
equation


k2
1
∇p + p = 0,
(22)
∇·
ρ
ρ
where k is the wave number and ρ is the density of the medium.
In an absorbing medium, the wave number is of the form k = 2πf/c + iα, where f is the frequency of the wave
field, c is the speed of sound and α is the absorption coefficient [6]. The solution of the Helmholtz equation with high
wave number can easily turn out to be a computationally prohibitive task. In this paper, the solution is computed using a
full wave approach that is called the ultraweak variational formulation (UWVF) [8,9]. For details of a computationally
feasible implementation, see [25,24,20].
5.2. Evolution and observation models
Eq. (20) is discretized spatially using the finite element method with linear basis functions while the temporal
integration is carried out by the implicit Euler method. The numerical form for the evolution over the time steps can
be written in our case as [20]

M + (S + M̄)τ X̄j +1 = M X̄j + (S + M̄)T̄a τ + M̃dj +1 τ,
X̄0 = T̄A ,

(23)
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where X̄j and dj are vectors consisting of tissue temperature and intensity |P |2 in nodes, respectively, T̄A is a (constant) vector of the arterial blood temperature TA , the matrices M, S, M̄, M̃ are related to the finite element and
implicit Euler implementation and τ is the time step. It is to be noted that the matrix S depends on κ and M̄ depends
on β.
Denote by θ the vector of unknown parameters, that is, θ = (κ, β), and define a function F̄ by



(24)
F̄ (x, θ, w) = A(θ )−1 Mx + S(κ) + M̄(β) T̄a τ + M̃dj +1 τ + w
where A(θ ) = M + (S(κ) + M̄(β))τ . Then the evolution model for X̄j can be written as
X̄j = F̄j +1 (X̄j , θj , W j ),

j = 1, . . . , N̄ − 1,

(25)

where W j is the state noise.
The evolution model (25) corresponds to integration over time intervals that are determined by the implicit Euler
method. However, as discussed above, these intervals could be longer than usually required. The numerical evolution
model corresponding to time stepping over the measurement intervals is carried out as described in Section 3.1. This
model is written as
Xk+1 = Fk+1 (Xk , θk , Wk+1 ),

k = 0, . . . , N − 1,

where Fk and Wk are determined as described in Section 3.1. The Jacobian matrices of Fk+1 can be computed using
the chain rule as described in [21].
The measurements are temperature images given by MR thermal imaging. Hence the observation model can be
written as
Yk = MXk + Vk = (M 0)XkA +Vk ,


(26)

:=Gk (Xk ,θk )

where Yk are measurements at times tk , M is an interpolation matrix from the computational mesh to the measurement
grid and Vk is measurement noise.
5.3. Computation of the Jacobian matrices
For the computation of the state covariances, we need the Jacobian matrices of Fk and Gk . From Eq. (24), the
Jacobian matrices of F̄j with respect to x and w are ∂x F̄j = A−1 M and ∂w F̄j = I , respectively. By multiplying
Eq. (24) with A and then differentiating the both sides of the resulting equations, we obtain

∂ F̄j +1
∂S
∂S
M + (S + M̄)τ
+ (r) F̄j +1 τ = (r) T̄a τ,
∂κ (r)
∂κ
∂κ

∂ F̄j +1
∂ M̄
∂ M̄
+ (r) F̄j +1 τ = (r) T̄a τ.
M + (S + M̄)τ
∂β (r)
∂β
∂β
Consequently, the components of the Jacobian matrix ∂θ F̄k can be constructed iteratively as
∂ F̄j +1
∂S
= −A−1 (r) (F̄j +1 − Ta )τ,
(r)
∂κ
∂κ
∂ F̄j +1
∂ M̄
= −A−1 (r) (F̄j +1 − T̄a )τ.
(r)
∂β
∂β
The Jacobian matrices for Fk+1 can be constructed using the chain rule as described in [21]. The Jacobian matrix of
the linear mapping Gk is ∂Gk = (M 0).
5.4. Numerical results
In the simulation, we considered a two-dimensional spatial domain based on an X-ray image from a cross section
of a breast with a tumor that has been identified and segmented by a medical doctor. The domain was divided into
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Fig. 1. Left: the computational domain. The domain is divided into four subdomains ΩI –ΩIV in which physical coefficients are assumed to be
constants. The numbered black segments on the left boundary represent the 20 ultrasound transducers. Right: the computational mesh consisting
of 2965 elements and 1533 nodes.
Table 1
The acoustic parameters used in the simulation
Subdomain

α [Nep/m]

c [m/s]

ρ [kg/m3 ]

ΩI
ΩII
ΩIII
ΩIV

0a,d
12a
5a,c
5c

1500a
1610a
1485a
1547a

1000
1200b,d
1020e
1050b

a [13]. b [15]. c [18]. d [33]. e [45].

four subdomains: ΩI is a water bed that is needed for the practical setup, ΩII is skin, ΩIII is the breast tissue and ΩIV
is the tumor. The ultrasound transducer elements were placed on the left side of the domain so that the geometrical
focus of the transducer system was located in the center of the subdomain ΩIV . In the treatment phase, the focal spot
of ultrasound field can be made to scan over the tumor by adjusting amplitudes and phases of transducers. In the
parameter estimation phase the ultrasound field cannot be described as a focused field, see [20]. The computational
geometry is shown in Fig. 1.
The acoustic parameters of the tissues were chosen to correspond to the values reported in [13,15,18,33,45] and
are shown in Table 1. In conflicting cases we have used the averages of the reported values. The employed thermal
parameters are summarized in Table 2.
We set the heat capacity of blood as CB = 3770 J/kg K [33] and the ambient temperature as TA = 37 ◦ C. The
conductivity and the perfusion coefficient of water were taken as known. Hence, the unknown parameter vector was
θ = (κ (II) , κ (III) , κ (IV) , β (II) , β (III) , β (IV) )T where the superscripts refer to the subdomains.
The frequency of ultrasound was 500 kHz that corresponds to a wavelength of about 3 mm depending on the tissue
type. The Helmholtz equation was solved using the UWVF with a computational mesh consisting of 7113 elements
and 3664 nodes. We note that with standard finite element type schemes the number of unknowns would be 10–100
times larger [25].
It is clear that the estimate quality depends, among other things, on the evolution of the distributed heat source. We
used optimized transducer excitations that were computed using the method presented in [20]. Loosely speaking, the
aim is to cause maximal temperature elevations and local temperature gradients without going over 42 ◦ C anywhere in
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Table 2
The thermal parameters used in the simulation. Published values were used to the initial state so that the means were set to correspond to the
average values reported in [33,44,31]. The perfusion of tumor varies enormously depending on tumor [46]. In this case the perfusion was chosen
to have a higher value than in the surrounding healthy tissue
Subdomain
ΩI
ΩII
ΩIII
ΩIV

CT [J/kg K]

Means of initial distribution

True values
[kg/m3 s]

κ [W/K m]

wB

4190a
3770a

0.60a
0.50a

3550b,c
3770c

0.50b
0.65c

0
1.0a
0.7b
2.3

κ [W/Km]

wB [kg/m3 s]

0.60
0.65
0.40
0.80

0
1.2
0.9
1.7

a [33]. b [45]. c [31].

tissue domain. The maximum temperature rise caused by the employed excitations was 3.24 ◦ C and the total excitation
and measurement time was 228 s.
The synthetic data was generated using a computational mesh consisting of 65 072 elements and 32 831 nodes and
the time step was 0.01 s. The computed temperature evolution was interpolated to a 128 × 128 grid for the computation
of the synthetic MRI temperature measurement data. Additive zero mean Gaussian noise with standard deviation of
1.0 ◦ C was added to form the synthetic data. The MRI temperature estimate noise depends on the used MRI sequence,
pixel/voxel size and the rate at which the estimates are produced. The used value is typical for the employed setting.
The acquisitions times for MRI temperature maps have been reported to be between 2.3 and 7.2 seconds [26,7]. In
this simulation, time between measurements is chosen to be 4.5 s so that the number of measurement frames is 50.
The high-dimensional reference model to compute XkD was constructed using a computational mesh containing
51 248 elements and 25 823 nodes with time steps of t = 0.03 s. The estimates were computed in a mesh consisting
of 2965 elements and 1533 nodes shown in Fig. 1. The time step in temporal integration was set as t = 0.15 s. The
required statistics of the approximation errors were computed as described in Section 4.1 (the state noise was ignored).
The number of samples was Ns = 1000. It is to be noted that the accurate model is only needed for the simulation of
the evolution – no state estimates have to be computed with this model.
For the extended Kalman filter recursion, X̂0 , Γˆ0 and the state noise covariance ΓWk were chosen as follows. The
initial joint distribution of the unknown coefficients and the initial temperature was taken to be Gaussian. The mean
of the initial temperature was set to a constant 37 ◦ C. The means of the parameters κ and β are shown in Table 2.
The initial temperature and the coefficients were chosen to be mutually independent so that the standard deviations
of the initial temperature is 0.1 ◦ C and the standard deviations of the parameters κ and β were set to be 50% of
their respective parameter values. The latter standard deviations are so large, that they would permit even nonphysical
(negative) coefficient estimates easily. Thus we can claim that the estimates are determined by data only and that
the initial state has little or no effect on the estimates. The state noise covariance is a diagonal matrix such that the
variance of the components is 0.0012 t. The variance was chosen empirically such that it was the smallest possible
level without estimator became unstable.
We computed two estimates: an estimate computed using the approximation error model (8), and an estimate
computed using the conventional augmented model (2). We note that the covariances ΓVk and Γνk are 16 384 × 16 384matrices. The matrix in the Kalman gain equation (13) which should be inverted is also of the same size and therefore
the inversion would be an excessively complex task. Thus the former estimate is computed using the hybrid filter
presented in Section 4.2 (Eqs. (18)–(19)) and, for the latter estimate, the Kalman gain matrix is computed with the
aid of the SMW equation (Eq. (16) with Γνk = 0). The covariance ΓVk is diagonal and can be inverted easily. The
computational load for computing both estimates during the estimation process is almost the same.
A , corresponding to the
The coefficient estimates are components of the state estimate at final time, that is, X̂N
coefficients κ and β. Respectively, we use the square roots σ̂ of the diagonal elements of the corresponding covariance
ΓˆN as error estimates. For the error estimates to be meaningful, the actual estimate errors should seldom be larger
than ±2σ̂ .
The computed estimates are shown in Table 3. The results indicate that, with this example, the use of the approximation error model gives substantial improvement to the accuracy of the estimates. This is also the case with other
examples studied in papers cited elsewhere in this paper. The estimates for subdomain ΩII are clearly worse than for
the other subdomains. This is due to the fact that the subdomain ΩII corresponds to the very thin skin layer from
which little information is actually obtained.
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Table 3
The estimates X̂ and the error estimates σ̂ for the approximation error models (8) and the conventional augmented model (2)
True
κ (II)
κ (III)
κ (IV)
β (II)
β (III)
β (IV)

0.650
0.400
0.800
4524
3393
6409

Approximation error model

Conventional model

X̂

σ̂

True error

X̂

σ̂

True error

0.597
0.421
0.732
6777
3283
6241

0.025
0.014
0.093
634
82
318

0.053 (2.1 × σ̂ )
0.021 (1.5 × σ̂ )
0.069 (0.7 × σ̂ )
2253 (3.6 × σ̂ )
110 (1.3 × σ̂ )
168 (0.5 × σ̂ )

0.567
0.523
1.367
2104
4695
8951

0.020
0.024
0.142
485
85
360

0.083 (4.2 × σ̂ )
0.123 (5.2 × σ̂ )
0.567 (4.0 × σ̂ )
2420 (5.0 × σ̂ )
1302 (15.3 × σ̂ )
2542 (7.1 × σ̂ )

As for the error estimates, the approximation error model can also be said to yield feasible error estimates, whereas
the conventional model gives too optimistic error estimates. It is interesting to note the effect of the nonlinearity of
the overall model. For linear problem the approximation error model always gives – in addition to better estimates as
such – larger error estimates than the conventional model. In the present case the approximation error model actually
gives smaller error estimates than the conventional model.
6. Discussion
In this paper we carried out the approximation error analysis for state-space identification problems. We treated
the identification problem as an adaptive estimation problem. By computing the second order statistics for the model
reduction related errors in the associated evolution and observation models, we derived a modification to the extended
Kalman filter. Furthermore, we derived a hybrid filter which is computationally more efficient in a situation in which
the number of measurements is high when compared to the dimension of the state vector. As an application we studied
estimation of the distributed thermal parameters of tissue.
Given a specified numerical accuracy, the approach permits one to use a computationally more efficient implementation. Conversely, with a specified computational load, more accurate estimates can be obtained. Moreover, the
predicted estimation errors are better in accordance with the actual errors.
In the studied example, the approximation error method was able to handle the model reduction well. It is impossible, however, to predict how well the method works with an application without trying out. On the other hand, if an
accurate estimation scheme has been set up, the model reduction is easy and straightforward to implement.
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