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HILBERT-KUNZ MULTIPLICITY AND REDUCTION MOD p

V. TRIVEDI

In this paper, we show that the Hilbert-Kunz multiplicities of the reductions to positive
characteristics of an irreducible projective curve in characteristic 0 have a well-defined limit as
the characteristic tends to oco.

1. AN ESTIMATE FOR THE HK MULTIPLICITY OF A CURVE

Let X be a nonsingular projective curve over an algebraically closed field k of characteristic
p>0.
We fix the following notations for a vector bundle V on X. If

O=FCchcCckhcCc - --CFCFn=V
is the Harder-Narasimhan filtration (or HN filtration) then we denote
W) = p(F;/Fiy) and [i(F;) = p(Fip1 /F).
Now throughout the section we fix a vector bundle V' of rank r with its HN filtration
0=EyCE\CE,C---CECE41=V.
Let p1; = pu(Ei1/E;) and let = pu(V), then the definition of HN filtration implies that
p1 > p2c s > 4
and for some 1 <14 <[ we have p; > p > fiy1.
Lemma 1.1. Suppose the characteristic p satisfies p > 4(g — 1)r!. Then
F*E, CF*Ey C---C F*E; C F*V
is a subfiltration of the HN filtration of F*V .
Proof. For each 0 <i <141, let
F*E;CEy C---CEy, CFEiyq
be a filtration of vector bundles on X such that
0C Ey/F*E; C EgJF*E; C--- C F*E;41/F*E;
is the HN filtration of F*(E;41/E;). Then by [SB], we have
(1.1) 0 < fmao F*(Eis1/E) = pimin F*(Ei1/E;) < (29— 2)(r — 1).

Since
tmazF " (Bix1/E;) > wW(F* (Eix1/E:)) 2 pminF* (Eiy1/ Ei),

we have
(1.2) 0 < u(Bn /F*E;) — p(F*(Eix1/E;)) < (29 — 2)(r — 1)
(1.3) 0 < p(F*(Ei/ Eir)) = n(F*(Ei)/ Bicae, ) < (29 = 2)(r = 1).

This implies
(14) —2(2g —2)(r — 1) + p(pi — pig1) < p(F*(E3)/Bivs,_,) — (B JF*E;) < plp — paga)-
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Now, since p > 4(g — 1)r!, this implies that
u(F*(E)/ Eicar, ) > p(Ea [ F*E;),
Moreover, by construction

/L(Eij/Eij_l) > /J,(Eij+1/Eij), for all 0 <4 <[ and for all J-

Hence
0C Eg1 C--- CEOtO CF*El C "-CF*EZ'CEH C - CEiti CF*Ei+1 c---CcF*'V
is the HN filtration of F*V. This proves the lemma. O

The following corollary is easy, from the above lemma, the estimate (), and induction on
s.

Corollary 1.2. Assume that the characteristic p satisfies p > 4(g — 1)r!, and let
0C Pk C'--CFH_l = F%*V
be the HN filtration of F**V.

(1) If F; is the pullback of one of the subbundles in the HN filtration of V, we. if F; =
F*E;, for some 1 <1 <, then

(L5) =229 =2)(r = 1)(L+p+---+p° ) + 0" (s — pi1) < p(Fy) — 0(F;) < p°(pi — pis1)

(1.6)
—(29—2)(r—1)(14p+- - +p° )4+ (it piy1) < p(Fy)+u(Fy) < (29—2)(r—1)(14+p+- - +p°~ )+ (it priv1)-

(2) If F; is not the pullback of any E; (i.e., F; is not equal to Fs*E; for any i), then for
some k < s, we have

(1.7) 0 < u(Fy) = A(Fy) < p*(29 —2)(r — 1)

(1.8)
~2(2g=2)(r—1)(1+p+-- +p") 420" s < p(EF)+A(F)) < 2(29-2)(r—1) (L+p+- - +p")+2p" .
Recall that if R is a Noetherian commutative ring of prime characteristic p, and I C R an

ideal for which £(R/T) is finite, then one defines the Hilbert-Kunz multiplicity of R with respect
to I as

)
HKM(R,I)= lim UR/TV)

n— oo pnd
where
I®P") = p-th Frobenius power of I
= ideal generated by p"™-th powers of elements of I.

Let £ be a base-point free line bundle on X of degree d > 0, and let W C H(X, L)
which generates £. Let HKM (X, L, W) denote the HK multiplicity of the section ring R =
Gn>oH (X, LO™) with respect to the ideal generated by W, 1e., the ideal W.R. Consider the
corresponding exact sequence

0-V-We0x —-L—0,
where V is a vector-bundle of rank r = (dim W — 1) and degree —d < 0. Let
0=FEyCE,CEyC---CE CEy1=V,

be the HN filtration of V' and d; = deg Ei, r; = rank Ei, i = M(EiJrl/Ei) andd =deg V = —d
and p = p(V). Now by the theorem of Langer [L], there exists s > 0 such that E = F**(V)
has a strongly stable Harder-Narasimhan filtration, say,

OCHh CFkFC---CF,CFyq=F"V.
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Let (Z =deg F;, 7; = rank F}, ji; = p(Fi11/F;) and d = deg F**V = —psgand = p(F**V).
Then we have shown in [I] (see also [B]) that

HEM(X,L,W) = d(r;r_ 1)-1—]9%85 [(ﬁt—i—l —)(d— 7T(ﬁt+; i /7)) + Z(ﬁi - /71'+1)(gz' - Mﬂﬂ))] .
i=1

We remark here that, provided the characteristic p satisfies p > 4(g — 1)r!, the existence of
the strong HN filtration (Langer’s theorem) follows easily from lemma 1.
Now we prove the following theorem. Here p is as in lemma [Tl

Theorem 1.3. With the notation as above, if p > 4(g — 1)r!, then

(b1 — p)(d — w) + Z(’” — i) (di — M)

dN(r +1)
2r

HEM(X,L,W) = +=,

2 2 p

1
+=
d

where |C| < A(max{r2, g% d, |uui|})%, for some absolute constant A.

Proof. Let M = max{r2, g2, d, || }. We write O(1) to denote any number bounded in absolute
value by BM, where B is an absolute constant.
Case (1) Suppose pi; = p(Fj), such that F; descends to some E;, that is, F; = F**(E;).
Then by corollory [L2 above
1y — Ryt = p(Fy) — (Fy) = p°* (i — pig1) + Ch,

fij + fjpr = p(Fy) + 1(F;) = p°* (i + pita) + Co,

where
(C1/p*™1) = 0(1), (C2/p* 1) = O(1).
Moreover Jj/?j = p°(d;/r;). Hence
1 . - ~ (5 + g
Zg(ﬂj — fj+1)(dj — %
where |C5] < B M? for an absolute constant Bj.
Case (2) If F; does not descend to any E; then, by corollary [C2 above

0 < fij — fije1 = p(Fy) — (Fy) = p*(29 — 2)(r — 1) and

i (i + C.
) = (ki = pri1)(di — LQMH)) + ?37

—Cy + 20" pur <+ By < 207 + Oy,

where
Pt <di/F <Jin < (2= 2)(r = D)1 +p+--+p ) +p°m = pun +Cs
where £k 4+ 1 < s, and
(Ca/p>™1) = O(1), (C5/p""1) = O(1).
This implies
75 (85 + Bjs1) , _ BaM?
) <=

1 ~
|ﬁ(”j — fj1)(dj —
for some absolute constant Bs. Similarly

)= (s — (- S L B

[ 5 (e + 1)
ﬁ(ﬂ’t-ﬁ-l - M)(dj - f
for some D with |D| < B3M? for an absolute constant Bz, as 0 < fig11 — p*iue1 < (29 — 2)7,

by equation (C2) and g = p*pu.
Combining the above estimates, this proves the theorem. ([l
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2. PROOF OF THE LIMIT PROPERTY

Let (X, L, W) be a base-point free linear system on a smooth projective curve X over a field
k of characteristic 0, with £ ample. Consider the associated exact sequence

0-V->W®0x —L—0,

which defines a vector bundle V on X. Here V is a vector-bundle of rank r = (dim W —1) and
degree —d, where d = deg L > 0. Let

O:EOCElCEQC"'CEICEI+1:V5

be the HN filtration of V' and d; = deg Ei, r; = rank Ei, i = M(EiJrl/Ei) andd =deg V = —d
and p = p((V).

We can choose a model of (X, £, W) over some finitely generated Z-subsalgebra A C k, so
that for all closed points s € S = Spec A, the corresponding curve X is a non-singular curve,
with a line bundle L4 and base-point free linear system Wy. Then we have a corresponding
model of V' over the curve X4, which Eestricts to the analogous bundle Vs on X;. We may
further assume that the HN filtration {F;} of V on X is defined on the model Vy, and restricts
to a filtration of Vy by subbundles, for each s. Under this reduction, the slopes of the respective
quotients are preserved. Finally, by an openness property of semistable vector bundles ([Mal),
we may assume (after localizing A if necessary) that the resulting filtration of Vi on X is the
HN filtration of V5.

It is now clear that, if the residue field of s has sufficiently large characteristic p, then by
Theorem [[3 the HK multiplicty of (X5, L5, W) differs from

!
1 r + i +
+ = (i1 — p)(d — W) + Z(,Ui — pi1)(di — w)
=1

d(r+1)
2r

by a quantity which is bounded by %A, where A depends only on the original data (X, £, W)
in characteristic 0. This immediately implies the limit property.

We remark that, since the basic result underlying this is an estimate involving a vector
bundle in characteristic p >> 0 (Corollary [LA above), this argument may be adapted to obtain
a similar result for the reductions mod p of a 2-dimensional standard graded domain over a
field of characteristic 0, with respect to the reductions mod p of any fixed homogeneous ideal
of finite colength, using the formula for HK multiplicities in [B].
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