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Abstract 
 

Let (R, m) be a commutative Noetherian local ring, I and ideal of R, M and 
N finitely generated R-modules. Let nk = k-depth (I + Ann (M); N), Jnk = ∩j<nk 
Ann(Extj

R (M / I M, N)). It is shown than nk = inf{ i | dimSupp(H iI (M, N)) ≥ k 
} = {p ∈ Ass(ExtR

nk (M / I M, N)) : dim R/p ≥ k} = {p ∈ Ass(N / (x1, …, xnk)N) 
: p ⊇ I + Ann(M), dimR/p ≥ k } for any k-regular sequence x1, …, xnk of N in I 
+ Ann(M). Let t be a positive integer, if dimSupp(Hi

I(M, N)) < k for all i < t, 

we prove that {p ∈ ∪ i∈�  Ass(Extt
R (M / I i M, N)) : dim R / p ≥ k} is a finit 

set. 
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1. Introduction 
Throughout this paper, let (R, m) be a commutative Noetherian local ring, I a proper 
ideal of R, M and N finitely generated R-modules. The generalized local cohomology 
module 

 

was introduced by Herzog in [7] and studied further by Yassemi, Suzuki and so on. 
Since Hi

I (R, N) = Hi
I (N), so the notion of generalized local cohomology module is an 

extension of the usual cohomology module. 
     For each integer k ≥ 0, a sequence x1, …, xn ∈ m is called a k-regular sequence of 
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M (cf. [5]) if xi ∉ p for all p ∈ Ass (M / (x1, …, xi–1)M) satisfying dim R/p ≥ k, for all i  
= 1, …, n. The k-regular sequences of M in I (in [3] can be found that k-depth (I; M) is 
well defined). It is easy to see that 0-regular sequences are exactly regular sequences; 
1-regular sequences are filter regular sequences introduced in [6]; and 2-regular 
sequences are generalized regular sequences introduced in [11]. 
     There are some results about k-regular sequence and k-depth, which proofs can be 
seen in [3, 5]. 
     Lemma 1.1. (cf. [5]) Let k ≥ 0 be an integer, and x1, …, xn ∈m. Then we have 
      (i) If x1, …, xn is a k-regular sequence of M, then x1/1, …, xn/1 is a regular 
sequence of Mp for all p ∈ SuppM containing x1, …, xn satisfying dimR/p ≥ k, where 
xi/1, i = 1, …, n, is the image of xi in Rp. 
      (ii) x1, …, xn is a k-regular sequence of M if and only if x1

t1, …, xn
tn is a k-regular 

sequence of M for all positive integer t1, …, tn. 
      (iii) Let x ∈ m. then x is a k-regular element of M if and only if dim (0 : M x) < k. 
Then we have 
      (1) Every k-regular sequence of M in I is of finite length, all maximal k-regular 
sequences have the same length, and this common length is denoted to k-depth (I; M), 
and k-depth (I; M) = inf{ i | dimSupp (Hi

I(M)) ≥ k}. 
      (2) If x ∈ I is a k-regular of M, then k-depth (I; M) = k-depth (I; M / xM) + 1. 
     Lemma 1.3. (cf [5] Let k ≥ 0 be an integer. Assume that dimM = d, dim(M / I M) = 
d – r. Then we have 
      (i) for all k = 0, …, d – r, k-depth (I; M) ≤ r, 
      (ii) for all k > d – r, k-depth (I; M) = +∞. 
     Proposition 1.4. (cf. [5]) Let k ≥ 0 be an integer, suppose that dim(M / I M) ≥ k. 
Then 

 

     The purpose of this paper is to use k-regular sequences and k-depth to give some 
results on generalized local cohomology modules. Our main aim in this paper is to 
establish the following theorem. 
     Theorem 1.5. Let nk  = k=depth (I + Ann (M); N), Jnk = ∩j<nk Ann(Extj

R(M / I M, 
N)). 
     Then we have the following statements: 
      (1) dim(R / Jnk) ≤ k – 1, and n k = inf{ i | dimSupp (Hi

I(M, N)) ≥ k} = inf{ i | Hi
I(M, 

N)  Hi
Jnk (M, N)}. 

      (2) {p ∈ Ass(Hnk
I (M, N) : dimR / p ≥ k} ≠ ø, and {p ∈ Ass(Hnk

I (M, N)) : dimR / p 
≥ k} = {p ∈ Ass(Extnk

R (M / I M, N)) : dimR / p ≥ k} = (p ∈ Ass(N / (x1, …, xnk)N) : p 
⊇ I + Ann(M), dimR / p ≥ k} is a finite set, where x1, …, xnk is a k-regular sequence of 
N in I + Ann (M). 
      (3) Let t be a positive integer, if dimSupp(Hi

I(M, N) < k for all i < t, then { p ∈ 
∪ i∈� Ass(Extt

R(M / I i M, N)) : dimR / p ≥ k} is a finite set. 
     Clearly, (1) extends a main result of [4], (2) generalize a main result of [5], (3) 
gives an impovement of Theorem 2.12 of [9]. 
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2. Main results 
Let x1, …, xn be an N-sequence in I, it has been proved that Ass(Hn

I(N)) = Ass (H0
I(N / 

(x1, …, xn)N)). We firstly generalize this result. 
     Lemma 2.1. Let x1, …, xn be an N-sequence in I + Ann(M). Then 

Ass(Hn
I(M, N)) = Ass(H0

I(M, N / (x1, …, xn)N)) 

     Proof. We use induction on n. If n = 1, then we have the short exact sequence 0 → 
N 1x

��

 N → N / x1N → 0, so we obtain the exact sequence 0 → H0
I (M, N / x1N) → 

H1
I(M, N) 1x

��

 H1
I(M, N). By applying the functor HomR(R / (I + Ann(M)), –) to the 

above exact sequence, we have the exact sequence 0 → HomR (R / (I + Ann(M)), H0
I 

(M, N / x1N)) → HomR(R / (I + Ann(M)), H1
I(M, N) 1x

��

 HomR (R / (I + Ann(M)), 

H1
I(M, N)). Since x1 ∈ I + Ann (M), so 

HomR (R / (I + Ann(M)), H0
I(M, N / x1N)) ≅  HomR (R / (I + Ann(M)), H1

I(M, N)). 

     In virture of H0
I(M, N / x1N) = H0

I+ANN(M) (M, N / x1N) and H1
I (M, N) = H1

I+ANN(M) 
(M, N), thus Ass (H0

I (M, N / x1N)) = Ass (H1
I(M, N)) by [1, 1.2.28]. 

     Now let n > 1 and the case n – 1 is settled. Using the short exact sequence 0 → N 
1x
��

 N → N / x1N → 0, we get the short exact 

0 → HI
n–1 (M, N / x1N) → Hn

I(M, N) 1x
��

 Hn
I (M, N) 

     Using the similar arguments as above, we have Ass(HI
n–1 (M, N / x1N) = Ass (HI

n 
(M, N)). By the induction hypothesis, we have 

 

     Now the proof is complete. 
     Suppose dim(N / (I + Ann(M))N) = s, for each k = 0, …, s, we set nk = k-depth (I + 
Ann(M); N), then Ass (HI

nk(M, N) is not a finite set in general. In the following 
theorem, we will show some cases in which it is a finite set. Furthermore, we 
generalize the main result in [5] and Theorem 2.7 in [8]. 
     Theorem 2.2. Let dim(N / (I + Ann(M))N) = s. For each k = 0, …, s, we set nk = k-
depth (I + Ann(M): N), Hk = {p ∈ Ass(HI

nk (M, N)) : dimR / p ≥ k}. Assume that x1, 
…, xnk ∈ I + Ann(M) is a k-regular sequence of N. Then for all k = 0, …, s, Hk ≠ ø and 

 

     In particular, Hk is a finite set. 
     Proof. Let k ∈ {0, …, s}, then nk < +∞ by Lemma 1.3(i). By Proposition 1.4, we 
have that 

nk = min {depth ((I + Ann(M)) Rp, Np) : p ∈ Supp (N / (I + Ann(M))N), dimR / p ≥ k} 

     Therefore there exists a prime ideal p ∈ Supp (N / (I + Ann(M))N) such that dim R 
/ p ≥ k and depth (I + Ann(M) Rp, Np = nk. Then we have (HI

nk (M, N))p = HIRp
nk(Mp, 
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Np) ≠ 0, so p ∈ Supp (HI
nk (M, N)). Let p′ ∈ Min (Supp(HI

nk (M, N))) such that p′ ⊆ p. 
Then p′ ∈ Ass (HI

nk (M, N)), dimR / p′ ≥ dimR / p ≥ k, thus p′ ∈ Hk, hence Hk ≠ ø. 
     Since x1, …, xnk ∈ I + Ann (M) is a k-regular sequence of N, then for every prime 
ideal p with p ∈ SuppN, x1, …, xnk ∈ p and dimR / p ≥ k, x1/1, …, xnk/1 is a regular 
sequence of Np in IRp + Ann(Mp) by Lemma 1.1(i). Thus 

 

by Lemma 2.1. Set L = N / (x1, …, xnk)N and let a ∈ IRp, be a IRp-filter regular 
element of Lp, then H0

IRp (Lp) ≅  H0
(a) (Lp) by [12, 3.4], so we have 

 

     Therefore, there exists an exact sequence 

 

by [2, Remark 2.2.17], which implies the exact sequence 

 

where for an R-module P, Pa denotes the module of fraction of P with respect to the 
multiplicatively closed subset {ai : i ≥ 0} of R. So HomRp (Rp / I Rp, H

0
IRp (Mp, Lp) ≅  

HomRp (Rp / I Rp, HomeRp (Mp, Np / (x1/1, …, xnk/1)Np)). Then 
     Ass(H0

IRp (Mp, Lp)) = Ass (HomRp (Mp, Np/(x1/1, …, xnk/1)Np))) ∩ V (IRp) by [1, 
1,2,28]. Then we have 

Ass(Hnk
IRp (Mp, Np)) = Supp (Mp/I Mp) ∩ Ass(Np/(X1/1, …, xnk / 1) Np) 

     Therefore Hk = {p ∈ Ass(N / (x1, …, xnk)N) : p ⊇ I + Ann(M), dimR / p ≥ k} by [10, 
Theorem 6.2]. 
     Since for every prime ideal p with p ∈ SuppN, p ∈ V (I + Ann(M)) and dim R / p ≥ 
k, x1/1, …, xnk/1 is a regular sequence of Np in (I + Ann(M))p by Lemma 1.1(i), so we 
have the isomorphism: 

 

     Then Ass(Extnk
Rp (Mp / I Mp, Np)) = Supp (Mp / I Mp) ∩ Ass(Np / (x1/1, …, xnk/1)Np) 

by [1, 1.2.28]. By [10, Theorem 6.2] we get {p ∈ Ass(Extnk
R (M / I M, N)) : dimR / p 

≥ k} = {p ∈ Ass(N / (x1, …, xnk)N) : p ⊇ I + Ann(M), dimR / p ≥ k}. the proof is 
complete. 
     For k = 0, …, dim(N / (I + Ann(M))N), we set nk = k-depth (I + Ann(M);N). Then 
we have the following two corollaries. 
     Corollary 2.3. Ass(HI

no(M, N)) = Ass(Extno
R(M / I M, N)). In particular, 

Ass(HI
no(M, N)) is a finite set. 

     Corollary 2.4. If dim (N / (I + Ann(M))N) > 0, then Ass(HI
n1(M, N)) ∩ {m} = Ass 
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(Extn1
R (M / I M, N)) ∪  {m}. In particular, Ass(HI

n1 (M, N)) is a finite set. 
     Remark 2.5. Note that n0 = 0-depth (I + Ann(M); N) = depth (I + Ann(M); N) and 
n1 = 1-depth (I + Ann(M); N) = f-depth (I + Ann(M); N) whenever dim(N / (I + Ann 
(M))N) > 0, so corollary 2.3 and 2.4 generalize the known results about the finiteness 
of Ass (HI

no (M, N)) and Ass(HI
n1 (M, N)). 

     Definition 2.6. Let i ≥ 0 be integer. Set dimSupp (Hi
I (M, N)) = max {dimR / p | p 

∈ Supp(HiI(M, N))}. 
     If Hi

I (M, N) is finitely generated, then dimSupp(Hi
I(M, N)) = dim(R / Ann (Hi

I(M, 
N))); if Hi

I (M, N) is Artinian, then Supp(HiI(M, N)) ⊆ {m}, thus dimSupp(Hi
I(M, N)) 

≤ 0. 
     Lemma 2.7. (cf. [4] Let �  be the set of all positive integers and i ∈ �  ∪  {+∞}. 
     Set Ji = ∩j<i Ann(Extj

R (M / I M, N)). Then Hj
I (M, N) ≅  Hj

Ji (M, N) for all j < i. 
     Lemma 2.8. (cf. [4]) Let i ∈ �  ∪  {+∞}. Then we have 

 

     Theorem 2.9. Set nk = k-depth (I + Ann (M), N) Jnk = ∩j<nk Ann (Extj
R (M / I M, 

N)). Then dim(R / Jnk) ≤ k – 1, nk = inf{ i | dimSupp(Hi
I(M, N)) ≥ k} = inf{ i | Hi

I (M, 
N) ≅  Hi

Jnk (M, N)}. 
     Proof. If dim (N / (I + Ann(M))N) ≤ k – 1, then nk = +∞ by Lemma 1.3, dim (R / 
Jnk) ≤ k – 1, and dimSupp(Hj

I (M, N)) ≤ k – 1 for all j ≥ 0, so inf{ i | dimSupp (Hj
I(M, 

N)) ≥ k} = +∞. By Lemma 2.7, we have Hi
I (M, N) ≅ Hi

Jr (M, N) for all i ≥ 0, then inf{ 
i | Hi

I (M, N) ≅  Hi
Jnk (M, N)} = +∞. The result is true in this case. 

     If dim (N / (I + Ann(M))N) ≥ k, then nk < +∞. Suppose that x1, …, xnk is a maximal 
k-regular sequence of N in I + Ann(M). If p ∈ Supp(N / (I + Ann(M)) such that dimR / 
p ≥ k, then x1, …, xnk is a Np sequence in (I + Ann(M))p. Then Extj

R (M / I M, N)p = 0 
for all j < nk, so dim(Extj

R(M / I M, N)) ≤ k – 1 for all j < nk, thus dimR / Jnk ≤ k – 1. 
Since ∪ j<nk Supp (Extj

R(M / I M, N)) = ∪ j<nkSupp (Hj
I(M, N)) by Lemma 2.8, so 

dimSupp (Hj
I(M, N)) ≤ k – 1 for all j < nk. 

     Since nk = inf{depth((I + Ann(M))p, Np) | p ∈ Supp(N / (I + Ann(M))N), dimR / p 
≥ k}, so there exists some p ∈ Supp (N / (I + Ann(M))N), dimR / p ≥ k such that nk = 
depth ((I + Ann(M))p, Np). Thus Extnk

R (M / I M, N)p ≠ 0. Hence we have p ∈ ∪ nk
j=0 

Supp(Hj
I(M, N)) by Lemma 2.8. In virtue of dimSupp (Hj

I(M, N)) ≤ k – 1 for all j < nk, 
so p ∉  ∪ j<nk Supp(Hj

I(M, N)), thus p ∈ Supp(HI
nk(M, N)), hence dimSupp (HI

nk (M, 
N)) ≥ k. Therefore nk = inf{ i | dimSupp (Hi

I (M, N)) ≥ k}. 
     Since dimR / Jnk ≤ k – 1, so dimSupp (Hnk

Jnk (M, N) ≤ k – 1. By the above equality 
we know that dimSupp (HI

nk (M, N)) ≥ k, so HI
nk (M, N) ≅  Hnk

Jnk (M, N). As Hj
I (M, 

N) ≅  Hj
Jnk (M, N) for all j < nk by Lemma 2.7. Then nk = inf{ i | Hi

I (M, N) ≅  Hi
Jnk 

(M, N)}. 
     Corollary 2.10. Let r = gdepth (I + Ann (M),N) and Jr = ∩ j<r Ann(Extj

R(M / I M, 
N)), in [4] Cuong and Hoang proved that dim (R / Jr) ≤ 1, r = inf{i | Supp (Hi

I (M, N)) 
is not finite} = inf{i | Hi

I (M, N) ≅  Hi
Jr (M, N)}. 

     Theorem 2.11. Let t be an in non-negative integer such that dimSupp(Hi
I(M, N)) < 

k for all i < t, then {p, ∈ ∪ i∈� Ass(Extt
R(M / I i M, N)) : dimR / p ≥ k} is a finite set. 
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     Proof. Suppose that i ∈� , p ∈ Ass(Extt
R(M / I i M, N)) such that dimR / p ≥ k, 

then pRp ∈ Ass(Extt
R(M / I i M, N))p. Since nk = k-depth (I + Ann(M)) ≥ t, so there 

exists an k-regular sequence x1, …, xt in I + Ann (M) of N. Thus there exist n1, …, nt 
∈ �  such that x1

n1, …, xt
nt is a k-regular sequence of N in Ii + Ann (M) for all i ∈ � , 

so x1
n1/1, …, xt

nt/1 is a Np-regular sequence, thus Extt
R(M / I i M, N)p ≅  Hom(M / I i 

M, N / (x1
n1, …, xt

nt)N)p, thus pRp ∈ Ass (Hom(M / I i M, N / (x1
n1, …, xt

nt)N))p, pRp ∈ 
V (IRp) ∩ Ass(N / (x1

n1, …, xt
nt)N)p. As x1

n1/1, …, xt
nt/1 is a Np-regular sequence, 

Ass(N / (x1, …, xt)N)p, therefore p ∈ Ass (N / (x1, …, xt)N), the proof is complete. 
     Corollary 2.12. If Supp(Hi

I(N)) is a finite set for all i < t, then the set {p ∈ 
∪ i∈� Ass(Extt

R(M / I i M, N)) : dimR / p} is finite. 
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