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Abstract

Let (R, m) be acommutative Noetherian local ring, | and ideal of R, M and
N finitely generated R-modules. Let ng = k-depth (I + Ann (M); N), Jnk = Nj<nk
Ann(Extr (M /1 M, N)). It is shown than n, = inf{ i | dimSupp(H ', (M, N)) > k
} ={pe AsS(Ext™* (M /1 M, N)): dmRp>Kk ={pe Ass(N/ (X4, ..., Xu)N)
:p2 | +Ann(M), dimR/p >k} for any k-regular sequence Xy, ..., X Of Nin |
+ Ann(M). Let t be a positive integer, if dimSupp(H'(M, N)) <k for all i <t,
we prove that {p € UieN Ass(Extz (M/1'M, N)) : dim R/ p >k} isafinit
Set.
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1. Introduction

Throughout this paper, let (R, m) be a commutative Noetherian local ring, | a proper
ideal of R, M and N finitely generated R-modules. The generalized local cohomology
module

H;(M,N) = limExt,(M/I"M,N).
neN

was introduced by Herzog in [7] and studied further by Y assemi, Suzuki and so on.
Since H', (R, N) = H', (N), so the notion of generalized local cohomology moduleis an
extension of the usual cohomology module.

For each integer k > 0, a sequence x, ..., X, € mis caled a k-regular sequence of
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M (cf.[5]) if x ¢ pforal pe Ass(M/ (Xy, ..., Xi—1)M) satisfying dim R/ip > k, for all i
=1, ..., n. Thek-regular sequencesof M in | (in [3] can be found that k-depth (I; M) is
well defined). It is easy to see that O-regular sequences are exactly regular sequences,
1-regular sequences are filter regular sequences introduced in [6]; and 2-regular
sequences are generalized regular sequences introduced in [11].

There are some results about k-regular sequence and k-depth, which proofs can be
seenin|[3, 5].

Lemma 1.1. (cf. [5]) Let k> O be an integer, and X, ..., X, € m. Then we have

@) If xq, ..., X, IS a k-regular sequence of M, then xi/1, ..., x/1 is a regular
sequence of M, for al p € SuppM containing X, ..., X, satisfying dimR/p > k, where
x/l,1=1,...,n,istheimageof x; in R,.

(i) X4, ..., X, is a k-regular sequence of M if and only if x;", ..., x." is a k-regular
sequence of M for al positive integer ty, ..., tn.

(iii) Let x e m. then x is a k-regular element of M if and only if dim (0: M *) <k.
Then we have

(1) Every k-regular sequence of M in | is of finite length, all maximal k-regular
sequences have the same length, and this common length is denoted to k-depth (I; M),
and k-depth (I; M) =inf{ i | dimSupp (H'(M)) > k}.

(2) If xe I isak-regular of M, then k-depth (I; M) = k-depth (I; M / xM) + 1.

Lemma 1.3. (cf [5] Let k> 0 be an integer. Assume that dimM =d, dm(M /| M) =
d —r. Then we have

(i) foral k=0, ...,d—r, k-depth (I; M) <r,

(i) for al k>d—r, k-depth (I; M) = +o.

Proposition 1.4. (cf. [5]) Let k > 0 be an integer, suppose that dim(M / 1 M) > k.
Then

k-depth(/; M) = min{depth(IR,; M,) : p € Supp(M/IM),dimR/p > k}

= min{:: dimExt,(R/I, M) > k}

The purpose of this paper is to use k-regular sequences and k-depth to give some
results on generalized local cohomology modules. Our main aim in this paper is to
establish the following theorem.

Theorem 1.5. Let ne = k=depth (I + Ann (M); N), Jn = Nj<nk Ann(Extr(M /1 M,
N)).

Then we have the following statements: _ _

(1) dim(R/ Ju) <k—1,and n = inf{ i | dimSupp (H'/(M, N)) >k} =inf{ i | H\(M,
N) 2 H's5 (M, N)}.

(2) {pe Ass(H™ (M, N) : dimR/p>k} # g, and {p € Ass(H™ (M, N)) : dimR/ p
>K ={pe Ass(Ext s (M /1 M, N)) : dimR/p>k} =(pe Ass(N/ (X, ..., X IN) : p
2| + Ann(M), dimR/ p >k} isafinite set, where xy, ..., X« iSak-regular sequence of
Ninl+ Ann (M). _

(3) Let t be a positive integer, if dimSupp(H' (M, N) <k for al i <t,then{ pe
Uic NAsS(Ext'R(M/1' M, N)) : dimR/ p >k} isafinite set.

Clearly, (1) extends a main result of [4], (2) generalize a main result of [5], (3)
gives an impovement of Theorem 2.12 of [9].
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2. Main results
Let X1, ..., X, be an N-sequencein |, it has been proved that Ass(H"(N)) = Ass (H%(N /
(X1, ..., Xn)N)). Wefirstly generalize this result.

Lemma?2.1. Let Xy, ..., X, be an N-sequencein | + Ann(M). Then

Ass(H"(M, N)) = Ass(H(M, N/ (x4, ..., X-)N))

Proof. We use induction on n. If n = 1, then we have the short exact sequence 0 —
N X N — N/ xN — 0, so we obtain the exact sequence 0 — H% (M, N/ x3N) —
HY(M, N) X« HY(M, N). By applying the functor Homg(R / (I + Ann(M)), -) to the
above exact sequence, we have the exact sequence 0 — Homg (R/ (I + Ann(M)), H°
(M, N/ x;N)) —» Homg(R / (I + Ann(M)), HY(M, N) X Homg (R/ (I + Ann(M)),
HY (M, N)). Sincex; € | + Ann (M), so

Homg (R/ (I + Ann(M)), H%(M, N/ x:N)) = HomR (R/ (I + Ann(M)), H (M, N)).

In virture of H%(M, N/ x;N) = H%annqwy (M, N/ x3N) and HY (M, N) = HY s ann)
(M, N), thus Ass (H’, (M, N/ x:N)) = Ass (H (M, N)) by [1, 1.2.28].

Now let n > 1 and the case n — 1 is settled. Using the short exact sequence 0 —» N
X1 N — N/x3:N — 0, we get the short exact

0— H™ (M, N/x:N) = H"(M, N) X H" (M, N)

Using the similar arguments as above, we have Ass(H,"™* (M, N/ x;N) = Ass (H,"
(M, N)). By the induction hypothesis, we have

Ass(Hy Y (M,N/x;N)) = Ass(H}(M,N/(xy,...,x,)N))

Now the proof is complete.

Suppose dim(N / (I + Ann(M))N) =s, for each k=0, ..., s, we set ny = k-depth (I +
Ann(M); N), then Ass (H™(M, N) is not a finite set in general. In the following
theorem, we will show some cases in which it is a finite set. Furthermore, we
generalize the main result in [5] and Theorem 2.7 in [8].

Theorem 2.2. Let dim(N/ (I + Ann(M))N) =s. For each k=0, ..., s, we set ny = k-
depth (I + Ann(M): N), Hc = {p € Ass(H™ (M, N)) : dimR/ p > k}. Assume that Xy,
..., Xnk € 1 + Ann(M) isak-regular sequence of N. Thenfor all k=0, ..., s, H # @ and

H, = {pec Ass(Exti(M/IM,N)):dimR/p > k}
= {pecAss(N/(xy,....x )N):p 2 I+ Ann(M), dimR/p > k}

In particular, Hy isafinite set.
Proof. Let k e {0, ..., s}, then ny < +0 by Lemma 1.3(i). By Proposition 1.4, we
have that

Ny = min {depth ((I + Ann(M)) Ry, Np) : pe Supp (N/ (I + Ann(M))N), dimR/ p >k}

Therefore there exists aprimeidea p € Supp (N/ (I + Ann(M))N) such that dim R
/ p> k and depth (I + Ann(M) R,, N, = n. Then we have (H™ (M, N)), = Hirs™(Mp,
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No) # 0, sop e Supp (H™ (M, N)). Let p’ € Min (Supp(H,"™ (M, N))) such that p’ < p.
Thenp’ e Ass(H™ (M, N)), dimR/p’>dimR/ p=>k, thusp’ € Hy, hence Hy # @.

Sincexy, ..., Xk € | + Ann (M) is ak-regular sequence of N, then for every prime
ideal p with p e SuppN, X1, ..., Xk € pand dimR/ p >k, xi/1, ..., Xu/1 is a regular
sequence of N, in IR, + Ann(Mp) by Lemma 1.1(i). Thus

Ass( HH:-" _hr!_. _\"r_,'l} = Ass( H}PJ’.'}.. ( 11{‘, \! (xy/1, ..., - 1 }_\}_ ))
by Lemma 2.1. Set L = N/ (X1, ..., XuN and let a € IR,, be a IR,-filter regular
element of L, then Hg, (Lp) = HY%) (L) by [12, 3.4], so we have

Hyp (M,.L,) = H}p (Homg, (M, L,)) = Hompg, (M, Hpp, (L,))
Homp,(M,. H, (L,)) = H,,(M,, L,)

14

Therefore, there exists an exact sequence

0— H}'H;_[.‘-;’j,, L,) — Hompg (M,, L,) — (Hompg, (M,,L,))a

by [2, Remark 2.2.17], which implies the exact sequence

0 — Hompg,(R,/IR,, H/p (M, L,)) — Homp, (R,/IR,, Homg, (M, L,))
—  Hu mp, R,/IR,, (Hc mp, ( M, L,)).) =0

where for an R-module P, P, denotes the module of fraction of P with respect to the
multiplicatively closed subset {a : i > 0} of R. So HOmR, (Ry / | Ry, Horo (Mp, Lp) =
HomR, (R, / | Ry, HomeR, (M, Ny / (X1/1, ..., Xud1)Np)). Then

Ass(H’ir, (Mp, Lp)) = Ass (HomR, (Mp, Ny/(xa/1, .., Xw/D)Np))) N V (IRy) by [1,
1,2,28]. Then we have

Ass(H™ ro (Mp, Np)) = Supp (My/l Mg) N Ass(Ny/(Xt/L, .., X/ 1) Np)

ThereforeHx={p e AsS(N/ (X1, ..., Xw)N) : p2 | + Ann(M), dimR/ p >k} by [10,
Theorem 6.2].

Since for every primeidea pwithpe SuppN,pe V(I + Ann(M)) anddimR/p>
k, xo/1, ..., Xnd1 is aregular sequence of N, in (I + Ann(M)), by Lemma 1.1(i), so we
have the isomorphism:

I{.\:l}}{*j‘.{-\ I,/IM,,N,) = Hompg, (M,/IM, N,/(x1/1,... 2, /1)N,)

Then Ass(Ext™z, (Mp/ | My, Np)) = Supp (Mp /1 Mp) N AsS(N, / (Xa/1, ..., Xad 1)Np)
by [1, 1.2.28]. By [10, Theorem 6.2] we get {p € Ass(Ext™z (M /1 M, N)) : dimR/ p
>K ={pe Ass(N/ (X3, ..., Xw)N) : p 2 | + Ann(M), dimR / p > k}. the proof is
complete.

Fork=0, ...,dim(N/ (I + Ann(M))N), we set n, = k-depth (I + Ann(M);N). Then
we have the following two corollaries.

Corollary 2.3. Ass(H™(M, N)) = Ass(Ext™r(M / | M, N)). In particular,
Ass(H,"(M, N)) isafinite set.

Corollary 2.4. If dim (N / (I + Ann(M))N) > 0, then Ass(H,"*(M, N)) N {m} = Ass
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(Ext™r (M /1M, N)) U {m}. Inparticular, Ass(H™ (M, N)) is afinite set.

Remark 2.5. Note that np = O-depth (I + Ann(M); N) = depth (I + Ann(M); N) and
nl = 1-depth (I + Ann(M); N) = f-depth (I + Ann(M); N) whenever dim(N / (I + Ann
(M))N) > 0, so corollary 2.3 and 2.4 generalize the known results about the finiteness
of Ass (H"™ (M, N)) and Ass(H™ (M, N)). _

Definition 2.6. Let i > 0 be integer. Set dimSupp (H', (M, N)) = max {dimR/p|p
€ Supp(Hi(M, N))} .

If H', (M, N) isfinitely generated, then dimSupp(H',(M, N)) = dim(R/ Ann (H (M,
N))); if H', (M, N) is Artinian, then Supp(Hi,(M, N)) = {m}, thus dimSupp(H'|(M, N))
<0.

Lemma2.7. (cf. [4] Let N bethe set of al positiveintegersandie N U {+o}.

Set Ji = Nj<i ANn(Extr (M / | M, N)). Then H; (M, N) = H'5 (M, N) for all j <i.

Lemma2.8. (cf. [4]) Letie N U {+x}. Then we have

\JSupp(H;(M, N)) = | J Supp(Extj(M/IM.N)).

Theorem 2.9. Set n, = k-depth (I + Ann (M), N) Jw = Nj<nc ANN (Extr (M [1 M,
N)). Then dim(R/ Jn) < k—1, n=inf{ i | dimSupp(H' (M, N)) >k} =inf{ i | H (M,
N) = H'5u (M, N)}.

Proof. If dim (N / (I + Ann(M))N) < k — 1, then ny = +o0 by Lemma 1.3, dim (R /
Jn) < k=1, and dimSupp(H'; (M, N)) < k—1for al j >0, soinf{ i | dimSupp (H'(M,
N)) >k} = +o0. By Lemma 2.7, we have H', (M, N) = H'; (M, N) for all i >0, then inf{
i |HY (M, N) = H'j (M, N)} = +o0. Theresult is true in this case.

If dim (N/ (I + Ann(M))N) > k, then ng < +oo. Suppose that Xy, ..., Xk iS a maximal
k-regular sequence of Nin | + Ann(M). If pe Supp(N/ (I + Ann(M)) such that dimR /
p >k, then xq, ..., Xk isaNp sequence in (I + Ann(M)),. Then Extgr (M /1 M, N), =0
for al j < ny, so dim(Extr(M /1 M, N)) < k—1for al j < n, thusdimR/ Ju < k — 1.
Since U j<rk Supp (Extr(M /1 M, N)) = Uj<mSupp (H(M, N)) by Lemma 2.8, so
dimSupp (H (M, N)) <k—1for al j < n.

Since ng = inf{depth((I + Ann(M))p, Np) | p € Supp(N/ (I + Ann(M))N), dimR/ p
> Kk}, so there exists some p € Supp (N/ (I + Ann(M))N), dimR / p > k such that nk =
depth ((I + Ann(M))p, Np). Thus Ext™: (M /1 M, N), # 0. Hence we have p € , =0
Supp(H'(M, N)) by Lemma 2.8. In virtue of dimSupp (H;(M, N)) < k—1 for all j <
sop e Ujenk Supp(Hi(M, N)), thus p e Supp(H"™(M, N)), hence dimSupp (H™ (M,
N)) > k. Therefore n = inf{ i | dimSupp (H', (M N)) >k} .

Since dimR / Ju < k— 1, so dimSupp (H™ ) (M, N) < k— 1. By the above equality
we know that dimSupp (H, K (M, N)) > k, 50 H'y (M, N) = H™j (M, N). As H, (M,
N) = Hyw (M, N) for al j < n¢ by Lemma 2.7. Then ne = inf{ i | H) (M, N) = H's
(M, N)}.

Corollary 2.10. Let r = gdepth (I + Ann (M),N) and J; = < Ann(Extr(M /1 M,
N)), in [4] Cuong and Hoang proved that dim (R/ J;) < 1, r =inf{i | Supp (H') (M, N))
isnot finite} =inf{i | H, (M, N) = H'5 (M, N)}. _

Theorem 2.11. Let t be an in non-negative integer such that dimSupp(H',(M, N)) <
kforali<t, then{p, e UicNASSExtRM/I'M,N)):dimR/p>k} isafinite set.
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Proof. Suppose that i € N, p € Ass(Ext'z(M / 1 ' M, N)) such that dimR/ p >k,
then pR, ASS(Extir(M /1 ' M, N))p. Since n¢ = k-depth (I + Ann(M)) > t, so there
exists an k-regular sequence X1, ..., % in 1 + Ann (M) of N. Thus there exist ny, ..., n;
e N suchthat x;"™, .. |sak-regular sequenceof Ninl'+ Ann (M) foralie N,
sox™1, ..., x™1 |saNp regular sequence, thus Ext'ig(M /1’ M, N), = Hom(M / | i
M, N/ (™, ..., x™N)p, thus pR, € Ass(Hom(M /1" M, N/(xlnl, o XN, PRy €
V (IRy) N Ass(N I (a™, ... xMN)p. As xi™1, . "1 is a No-regular sequence,
Ass(N/ (xg, ..., X)N)p, thereforep e Ass(N/ (xq, .. ,xt)N), the proof is complete.

Corollary 2.12. If_Supp(Hi.(N)) is a finite set for al i < t, then the set {p €
Uie N Ass(Ext'm(M/1'M, N)) : dimR/ p} isfinite.
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