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1. Introduction and definitions

Let o7 be the class of functions f which are analytic univalent
functions in the open unit disk D = {z: |z| < 1} with normal-
ized by the conditions f{0) = 0 and f"(0) = 1 and having form

@) =z+a?+a+--- (zeD). (1.1)

Familiar subclasses of starlike and convex functions for which
either of the quantity Re {zf'(z)/f(z)} > 0 or {l + zf"(z)/
f'(2)} > 0. The class consisting these two functions are given
by & and %, respectively. For a constant f € (—n/2,7/2), a
function fis univalent on D and satisfies the condition that
Re {¢Pzf'(2)/f(z)} > 0 in D. We denote this class by S2.
The Koebe one-quarter theorem [2] ensures that the image
of D under every univalent function f € .o/ contains a disk of
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radius 1/4. Thus every univalent function f has an inverse /!
satisfying /! (f(z)) = z, (z € D) and

S w) =w (M <ninf) > %)

A function f € .o/ is said to be bi-univalent in D if both f{z) and

f7(2) are univalent in D. We denote the class of bi-univalent

functions by ¢. Lewin [4] investigated the class o of bi-univalent
functions and obtained the bound for the second coefficient.
Brannan and Taha [1] considered certain subclasses of bi-uni-
valent functions, similar to the familiar subclasses of univalent
functions consisting of strongly starlike, starlike and convex
functions. They introduced bi-starlike functions and bi-convex
functions and obtained estimates on the initial coefficients. Re-
cently, Srivastava et al. [8] and Frasin and Aouf [3] introduced
and investigated subclasses of bi-univalent functions and ob-
tained bounds for the initial coefficients.

Let f'and g be analytic functions in D, we say that f'is sub-
ordinate to g, written as f < g, if there exists a Schwarz func-
tion w(z) in D, with w(0) = 0 and |w(z)| < 1 (z € D), such that

f(z) = g(w(2)). In particular, when g is univalent, then the

above subordination is equivalent to f{0) =0 and f(D)
C g(D). For functions f, g € ./ given by
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f)=z+> a, gz)=z+) b, zeD,
n=2

we define the Hadamard product (or convolution) of fand g
by

(fxg)(z)=z+ Zanbnz”7 zeD.
n=2

Definition 1.1 (¢f. [6,7], see also [9]). Let the function f be
analytic in a simple connected region of the z-plane containing
the origin. The fractional derivative or order ‘A’ is defined by

2 L (9]
(D)) I(l—2)d: /0 (z— g)idc
where multiplicity of (z—C)’A is removed by requiring
log(z — () to be real when (z — {) > 0.

Using Definition 1.1 and its known extension involving
fractional derivative and fractional integrals, Owa and Sri-
vastava [6] introduced the fractional differ-integral operator
Q:_ : .o/ — of defined by

0<i<1), (12

QN () =T2 - ) (DH)(z) (4#2,3,4,...; ze D).
(1.3)
Note that (Q2f)(z) = z/'(z) and (QLf)(z) = f(2).

Motivated by the work of Srivastava et al. [8§] and Mishra
and Gochhayat [5], we introduce a new subclass of bi univalent
functions L%~ ().

Definition 1.2. Let

h:D—C,
be a convex univalent function such that
h(0)=1 and h(Z)=h(z), (z€D; Re(h(z))>0).

A function f{z) is said to be in the class #%+ (h), if the follow-
ing conditions are satisfied:

f€o and e"ﬁ%<h(z)cosﬁ+isinﬁ, (zeD), (1.4
and
e”’w < h(w)cosf+isinf, (we D); (1.5)

w
where € (—n/2,7/2), A#2,3,...and g = [\

Remark 1.1. If we set hz) =1+ Az/1 + Bz, - 1< B < 4
< 1, then the class 9% (h) reduces to ¥%#*"(A, B) which is
define as

4 (NG 144z .
1/3( z .
f€o and e - <1+Bzcos[3+zsmﬁ, (z e D),
(1.6)
and
5 (QLg)(w) 1+ Aw
e”}( 2)(v) <A cosf+isinf, (we D) (1.7)

w 1+ Bw

where f € (—n/2,m/2) and ¢ = f~'and 1 #2,3, ...

Remark 1.2. Taking 2 = Oin above class, then we have
SHB(A, B) and if f€ SB°(A, B)

feo and e®f'(z) < iizjcos[)’—kisin[)’, (zeD), (1.8)
and
et (w) < 1 iz:j cosf+isinf, (weD); (1.9)

where f € (—n/2,7/2) and g = /.

Now substituting 4 = 1—20, 0<a <1, B= —1 and
p = 0, we get known class %,(f8) which is studied by Srivastva
et al. [8].

Remark 1.3. Taking 4 = 1 in the class S B4, B), we have
S B (A,B) and if f € B+ (A4, B), then

. ) iﬁ‘@ 1+ A4z L.

f€o and ¢ z <—1+Bzcos[)’+zs1nﬁ, (zeD), (1.10)
and

p&w) 144w . cD)-

e —<—1+Bw cosfi+isinfi, (weD); (1.11)

where f € (—n/2,7/2) and g = .

Remark 1.4. Taking 2 = 0 in above class ¥#""(4, B), we
have 9%/ (4, B) and if f € ¥5°%(A, B), then

feo and Re(e’f'(z)) >oacosp, (z€D), (1.12)
and
Re(e®g (w)) > acos B, (weD); (1.13)

where f € (—n/2,7/2) and g = f'.

Remark 1.5. Taking 4 = 1 — 20,
class #%(4,B), it reduces to
fe SB(a), then

= —1 in above class in
SB(«) and if

f€o and Re (e"ﬁ‘@) >acosf, (z€D), (1.14)
and
Re(e"ﬁ%) >oacosf (we D). (1.15)

The object of the paper is to estimates for the coefficients a,
and a; for functions in the class ##*F(h) are obtained by
employing the techniques used earlier by Srivastava et al. [§].

2. Main result

In order to prove our main result for the functions class
fe 9B (p), we first recall the following lemma:

Lemma 2.1 (Theorem 3.3, p. 11, 13). Let the function ¢(z)
given @(z) =Y o2 B,z" be convex in D. Suppose also that the
Sfunction h(z) given by
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is holomorphic in D. If h(z) < ¢(z)(z € D), then
hal < 1Bl (n€N). 1)

Theorem 2.2. If f € o/ satisfies (1.1), is in the class S B-F(h).
Then

] < \/\B1|cos B(ZI; A3 - 2)7 (2.2)
and
0] < (B.|<i—z)>2+|31cosﬁ(zlz—w—z)’ 2.3)

where p € (—n/2,n/2) and 2+ 2,3, ...

Proof. From (1.4) and (1.5)

o (Q»? ©) _ pz)cosp+isinp, (- D), (2.4)
and
efﬂw =gq(w)cosf+isinf, (we D), (2.3)

w

where p(z) < h(z) and g(w) < h(w) and have following forms:

pE)=1+pz+p+p2+- €D, (2.6)
and
gw)=14+gw+ g +gw' +- web. (2.7)

Now, equating the coefficients in (2.6) and (2.7), we get

; 2
et/f <m) a =p, (28)

i 6 _
eﬂmag =Py, (2.9)

; 2
—eﬁ(z_x)azqu, (2.10)
and
e"”L (245 — a3) = q,. (2.11)
Q2-1)3-1)" 7 2
From (2.8) and (2.10), we get
Py = —4, (212)
and
apf 8 ’ 2 2, 2 2
MNy—) @= (pi + q7) cos’ B. (2.13)
Adding (2.9) and (2.11), it follows:
2—-2)(3-4 _
=0 4 e eosp. (2.14)
Again from (2.9) and (2.11)
2—-2)(3-4 »
a;—a = % (p, — ¢q,)e P cos B. (2.15)

Substituting value of @ from (2.13) in (2.14), we get

= WQ’Z — g)e P cos
(-2
g

Since p(z), g(w) € h(D). According to Lemma 2.1, we find
that

+ (pi +qi)e > cos® B. (2.16)

il = p(k;(go)‘ <|Bi| (keN), (2.17)
and
lai| = w' <|Bi| (keN). (2.18)

Using above Eq. (2.12) and using (2.17) and (2.18), we have

2-41H3B-1)
=82 (go] + Ipaly cos B
_|Bilcos 2~ (3~ 7)
X 6 )
which gives (2.2). Now using (2.13) and (2.15) and from (2.17)
and (2.18), we can easily get (2.3). This is the end of the
Theorem 2.2. O

laaf” <

(2.19)

By setting, A(z) = {4, —1 < B< A <1 in Theorem 2.2,

we get the following corollary:

Corollary 2.3. Let f € .o/ be in the class S B*F(A, B). Then

] < \/(2 -3 - /lé(A — B)cos /37 (2.20)
and
0] < 2- /1)2(/44— B)’cos®

+(2—/1)(3—),2(A—B)cos/37 221)
where B e (—n/2,m/2) and J#2,3,... Again putting,

h(z) = %,0 <o < 1in Theorem 2.2, we have

Corollary 2.4. Let f € o/ be in the class S B («). Then

(2-2B -1 -x)cosp
< \/ ) (2.22)
and
jas] < (2= 2)°(1 = @) cos? B
L@2-A6- ﬂg(l —#)cosf (2.23)

where f € (—n/2,n/2) and 2+ 2,3, ...

If we take 4 = 0 in Corollary 2.3, it gives
Corollary 2.5. Let f € .o/ be in the class yﬂﬁ}ﬁ (A, B). Then

|az] < /(4 — B)cos B, (2.24)

and
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|las] < (4 — B)’ cos’ B+ (4 — B) cos f,
where € (—n/2,7/2).

(2.25)

If we take 4 = 1 in Corollary 2.3, we obtain

Corollary 2.6. Let € </ be in the class SBF(A, B). Then

o] < A=) c0sh l? s, (2.26)
and

2
| <@ Coszﬁer’ (2.27)

where f € (—n/2,m/2).

Upon putting 4 = 1 —20, 0 <o < 1 and B = —1, above
Corollaries 2.4 and 2.5, we get following results

Corollary 2.7. Let f € o/ be in the class S B%F(«). Then

lap] < /2(1 — a) cos BB, (2.28)
and
|as] < 4(1 — a)” cos® B+ 2(1 — a) cos f, (2.29)

where p € (—n/2,7/2).

Put 2 = 1 in Corollary 2.3, we obtain

Corollary 2.8. Let f € .o/ be in the class S BYF (). Then

laa| < W’ (2.30)
and
|a3| < (17%)20052ﬂ+w (231)

3 ?
where f € (—n/2,71/2).

Remark 2.1. On taking f = 0 in Corollary 2.8, we obtain a
known result due to Srivastava et al. [8].
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