UNIVALENT FUNCTIONS AND NONANALYTIC CURVES
A. W. GOODMAN

The object of this note is to give parametric equations of a very
elementary form for a simple closed convex curve with a continuously
turning tangent, with no analytic subarc. The work is based on the
following result.

Theorem
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then f(z) is univalent in \z\ <1 and maps that region onto a region that
is starlike with respect to the origin. If

(3)
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then f(z) is univalent
region.

in \z\ <1, and maps that region onto a convex

The two examples z+(l+e)z2/2
and z+(l + e)z2/4 with e>0, show
that the right sides of (2) and (3) cannot be increased without destroying respectively
the starlikeness
and convexity of the image
regions.
This theorem was first discovered by Alexander [l], but according
to Remak [6], Alexander's proof contains an error. Remak supplied
a correct proof, and we give here a second proof of this theorem which
is somewhat different and yields a little more information about the
mapping function, than the one given by Remak. The condition (2)
on the power series has been investigated
further by Yan'-Sin Cin

[2], Mullender [3; 4], and Schild [7].
It is well known that the condition

(4)

ft -^

f(z)

is both

necessary

and sufficient

> 0

that/(z)

for | z | < 1,
given by (1) map
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onto a region that

is starlike

with respect

to the origin
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[5, p. 221].

Further, if

(5)

F(z) =z+22

hz"

maps \z\ <1, onto a convex region then f(z) —zF'(z) maps \z\ <1
onto a region starlike with respect to the origin, and conversely [5,
p. 223]. Now the condition (2) for/(z) is equivalent to the condition
(3) for F(z), so that it suffices to prove only the first part of the
theorem.
Suppose now that the inequality (2) is valid for/(z) and write
zf'(z)

1 + 2a2z + 3a3z2 + • • • + nanz"-x + ■ ■ ■

f(z)

1 + a2z+

= 1 +

£

a3z2 + ■ ■ ■ + anz"-1 + ■ • ■

Bnz".

n-l

Then
Bi

= a2,

B2

= 2a3 + a2.Bi,

B3

= 3at + a2B2 + a3Bu

Bn-i

= (ra — l)aB + a2Bn-2 + a3Bn-3 +

■ • ■ + an-iBi,

and hence for ra ^ 2
n—l

(7)

n

n—2

n—3

Z Bk = E (* - l)o* + <*«
E Bk + a3 22 Bk + ■■■+ an-iBi.
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Now the inequality
(2) implies that |7?i| = | <z2|^1/2, and if we assume that | Et-i-^*l
=1 tor 5 = L 2, • • • , w —2, then the equation

(7) yields

EBi
(8)

"-1

^ Z (* - 1)I **I + I <*!
I + I<*S
| + • • • + | ffln-l
|
^

^ J2k\ak\ < 1,
Jb-2

again using the inequality (2). Thus by induction
valid for each integer n = 2.

It now follows from Abel's lemma

the inequality

(8) is

[8, p. 6]1 that for 0<r^l,

1 The statement and proof of Abel's lemma given by Titchmarsh
real; however, it is easily generalized to complex series.
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\Bir+B2r2+

■ ■ - Bnrn\ —I. Therefore

(June

for z = r, we have from equa-

tion (6)

(9,

^-1S1.

But the inequality (2) is invariant under rotations of the z and w
planes, and the starlike character of the image domain is likewise invariant, under these rotations, so that any z in the unit circle may,
by a preliminary
rotation be placed in the interval [0, l]. Thus the
inequality (2) implies that the inequality (9) is valid throughout
the
unit circle. The case of the equality sign in (9) for an interior point of
the unit circle, can easily be rejected on the basis of the normalization

/'(0) = 1. But the inequality

(9) implies the inequality

(4), and the

proof of the theorem is complete.
For a specific example, set

(10)

F(z)=z+jl^r-

*~i 16*

By the Hadamard
gap theorem [8, p. 223], the circle \z\ =1 is a
natural boundary for F(z). But the series for F'(z) is absolutely and
uniformly convergent on \z\ = 1, so that the image curve T, of \z\ =1
under F(z), has a continuously
turning tangent. Further, the inequality (3) is satisfied, since for F(z)
oo

2>|«.|

n-2

oo

1

°°

/ 1 \ *

=Z(2T—=Z(T)
t=l
16*
*_l\4/

1

=-<i,
3

so that F(z) is univalent in \z\ <1, and maps that region onto a convex region, whose boundary is V. Therefore T is a simple closed convex curve, with the parametric
equations

u=y\

1

-cos
to 16*

" 1
v = T, -sin

tZ> 16*

2*0,

2*0.

Finally, if any arc of T were analytic, so that u and v could be expressed by convergent power series in a real variable t, with real
coefficients, then the function G(t) =u(t)+iv(t)
would be analytic in
a circle containing a segment of the real axis. Such a function would
provide for the continuation of F(z) across the boundary of \z\ =1
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in an obvious way. But this is impossible,
natural boundary for F(z).

since \z\ =1 is already
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