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Abstract

Let f(z) be a normalized convex (starlike) function on the unit di3cLet 2 = {z e C":
|211? + |22|P2 + -+ + |za|Pn < 1}, wheres = (21.22. ... 2n), 21 € D, (z2.....20) €C"7 L, p; > 1,
i=2...,n, are real numbers. In this note, we prove thetf)(z) = (f(zl) P2z, .

f (zl)l/l’n zn) is a normalized convex (starlike) mapping @nwhere we choose the power function
such tha(f/(zl))l/l’f l;;=0=1,i =2,...,n. Some other related results are proved.
0 2003 Elsevier Inc. All rights reserved.
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1. Introduction

In 1995, Roper and Suffridge [1] introduced an extension operator. This operator is
defined for normalized locally biholomorphic functighon the unit discD in C by

()2 = F(2) = (f(z0), v f'(z1)20), )

wherez = (z1, zo) belongs to the unitbal” in C", z1 € D, zo = (z2, ..., z») € C*~1, and
we choose the branch of the square root such‘yﬁﬂm) =
Roper-Suffridge extension operator has remarkable properties:

Y Project supported by the National Natural Science Foundation of China.

* Corresponding author.
E-mail addresseggongs@ustc.edu.cn (S. Gong), lts@ustc.edu.cn (T. Liu).

0022-247X/$ — see front matter 2003 Elsevier Inc. All rights reserved.
doi:10.1016/S0022-247X(02)00400-6



426 S. Gong, T. Liu/ J. Math. Anal. Appl. 284 (2003) 425-434

(i) If f is a normalized convex function aB, thenF is a normalized convex mapping
on B";

(ii) If fis a normalized starlike function ab, then F is a normalized starlike mapping
on B";

(iiiy If f is a normalized Bloch function of, then F is a normalized Bloch mapping
onB".

These results were proved by Roper and Suffridge [1], Graham and Kohr [2]. Until now,
we only know a few concrete examples about the convex mappings, starlike mappings and
Bloch mappings orB”. By Roper—Suffridge extension operator, we may construct a lots
of concrete examples about these mapping®&nThis is one reason why people are
interested in this extension operator.

After that there are many papers to discuss this operator (for example, [3-6], etc.). They
generalized the Roper—Suffridge extension operators and discussed their properties.

In [3], Graham et al. generalized the operator (1) as

Do (f)(2) = Fo(2) = (f(z0). (f'(z1))“20). (2)

wherex € [0,1/2], f, z1, zo, z are defined as above, and we choose the branch of the power
function such that /' (z1))*|;,=0 = 1. They proved that this operator maps the normalized
starlike function onD to the normalized starlike mapping &%, and maps the normalized
Bloch function onD to the normalized Bloch mapping a8, but it does not preserve
convexity onB"” wheng € [0, 1/2). In [2], Graham and Kohr proposed the following open
problem: consider the Reinhardt domain

22 = {z=(21,22) € C* |21/ + |z2|” < 1},

wherep > 1. Does the operator

@2,l/p(f)(Z) = F]_/p(z) = (f(Zl), (f/(Zl))l/pZZ)

extend convex functions ob to the convex mappings a2z ,?
In [7], we defined the starlike mappings on a domain @f'.

Definition 1. Let £2 be a domain irC", and letf : 2 — C" be a locally biholomorphic
mapping and & f(£2). We sayf is ¢ starlike mapping o2 if there exists a positive
numbere, 0< ¢ < 1, such thatf (£2) is starlike with respect to every point &rf (£2). All

¢ starlike mappings ot form the family ofe starlike mappings ore.

Whene =0, it is exactly the family of starlike mappings, and whes 1, it is exactly
the family of convex mappings.
In [7], we proved the following result.

Theorem A. Let f(z1) be a normalized biholomorphicstarlike function on the unit disk
D={z1€C: |z11 <1}inC,0< e <1, then

@n1/p() @) = Fuyp(2) = (f(z0), (f'(m))l/pzo), p=1 3)
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is a normalized biholomorphig starlike mapping on
2n.p=1{2€C" |z1/*+ llz0ll} <1}, (4)

wherezg = (z2,...,2,) € C" 1, 7 =(z1,z0) € £2,,, we choose the branch of the power
function in(3) such that( f'(z1))Y/?|;,—0 = 1, and

el = | Eim i)™ 1< p <o
! maxj=1,..nlzjl, p=o00.

Whenn = 2,¢ =1, Theorem A solved the open problem of Graham and Kohr [2]. The
answer is affirmative, and it holds true for amy: 2. Whenp = 2,¢ = 1, Theorem A is the
result of Roper and Suffridge [1]. When= 2, ¢ = 0, Theorem A is the result of Graham
and Kohr [2].

Theorem A told how to construct concrete examples of convex mappings and starlike
mappings on a class of Reinhardt domains (4). No doubt, it is an important class
of Reinhardt domains in several complex variables, especially, it is a class of weak
pseudoconvex domains when- 2.

In Section 2, we will introduce some generalized Roper—Suffridge extension operator
in purpose to construct the concrete convex mappings and starlike mappings on some class
of more general Reinhardt domains. In Section 3, we will extend the Roper-Suffridge
extension operator from on complex variable to several complex variables.

2. Generalized Roper—Suffridge operator on a class of Reinhardt domain

We have already known that for the class of Reinhardt domains (4), we may generalize
the Roper—Suffridge extension operator as (3) such that we can use it to construct the
convex mappings and the starlike mappings on (4). Now we consider the more general
class of Reinhardt domains. Let

2={zeC" |z + - +]|u|" <1}, (5)

wherep; > 1,i=1,2,...,n, z=(z1,...,24). HOw to generalize the Roper-Suffridge
extension operator such that we can use it to construct the convex mappings and the starlike
mappings on it? In general, we do not know how to do it. But we have the following result.

Theorem 1. Let f(z1) be a normalized biholomorphicstarlike function on the unit disk
DinC,0<&¢<1 Then

Dy 1/pg... 1) pn (SN = F1/p,,...1/p, (2)

= (f(z0), (f’(z1))l/p2z2, e (f/(Zl))l/ann) (6)
is a normalized biholomorphigc starlike mapping on the Reinhardt domain
Rupypn ={2€C" zal? + |22P2 + - 4 |zl < 1), @)
wherez = (z1,...,zn), pi = 1, i =2,...,n, and we choose the branch of the power

functions in(6) such that( f'(z1))Y? |0 =1,i =2, ..., n.
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Theorem 1 is a special case of the following result.

Theorem 2. Let || - ||; be the Banach norms &"i,i =1, 2, ..., k, wheren; are positive
integers. Let
2v={(G1.2,....w) €Cx C" x - x C": |za P+ ||zlI7* + - + lwlIP* <1},
(8)

wherep; >1,i=12,....k, N=14n1+---+ng,z1€C,zeC", ..., we C,
If f(z1) is a normalized biholomorphie starlike function on the unit disk in C then

DN 1/py,.. 1/ pi (@) = F1ypy,.. 1/ pi (2)
= (f(Zl), (f/(zl))l/plz, o (f/(Zl))l/Pkw) )
is a normalized biholomorphig starlike mapping o2, where we choose the branch of
the power function in9) such that(f’(z1))¥?i|,;—0=1,i =1,..., k.

Whenk =1, || - |1 is the p-norm, it is Theorem A. Whem; =1, | - ||; iS p-norm,
i=1...,k, itis Theorem 1.

Proof of Theorem 2. For anyA € [0, 1], (z1,z,...,w) € 2y and (a1, a,...,b) € 2,
wherez1 € D,a1 € D, z€C",aecC", ..., andw € C*, b € C*, if we can find
(ut,u,...,v) € 2y, whereus € D,u € C", ..., ve C", such that

(F), (f @) u, ..., (f ) )
=(1-M(f (. (f/(Z1))l/p1z, e (f/(zl))l/pkw)
+ )‘S(f(al)’ (f/(al))l/pla, e (f/(al))l/pkb), (10)

then Theorem 2 has been proved.
Since f is a¢ starlike function onD, for any A, A € [0, 1], andzy € D, a1 € D, there
existsu1 € D, such that

fun) = (L= f(z1) +ref @), (12)
Thus the right hand side of (10) is
(fwn), @=2(f'@)" e +e(f @), ...,
=W (/@) w + he (/@) "b).
Let

.oy

<(1 — W (f @)Y Pz + re(f/(a1) Y P1a

Wu,...,v)= N
(f'(ua))t/re

1- )L)(f/(zl))l/pkw + Ag(f/(a]_))l/pkb>

(f" (un))t/ Pr '

(12)
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We need to prove the following inequality

Nl P2+ + vl < 1— Jugf? (13)
holds. From (11), we have
u1(z1,a1) = f (L — 2 f(z1) + ref (an)]. (14)
Regarding (14) as a mapping frobnx D to D, we have already proved [7] that
Ui duq
\au|lél+|aal\lnl ( H In| )
< max , 15
— |ual? —|z112" 1= |az|? (13)

whereg, n are any two arbitrary complex numbers. Moreover, by (14) we know that
3141 Juq 1
—=——0-2)f(z0), T =
oz1 ' ( D F@0 = T

Substituting it into (12), we have

9 1/p1 9 1/p1
w....n=[a=nVa () T poeVa( ) 4
8z1 Bal

1/ px 1/ px
(1 — n)Ya duy " + Oe) Y4 duy Ab
8Z1 8611 ’

where ¥p1+1/q1=1,..., 1/ pr + 1/qx = 1. By the triangle inequality of Banach norm
and Holder inequality, we have

1/p1

ref'(a1).

1/p1
llalla

1/p1
p1

0
lzlls + (he) V| 222
da

ou
PLy ‘_1
dai

d
lullr < (1— 1Yo dug
9z

9
<(A—a+ xe)l/‘ﬂ(‘%
1

Thus

duy J21
Zlly” +
21 llzIly

el <‘

Using the same process, we may obtain the estimations of the other terms, for example, the
estimations of the last term is the following inequality:

ou1 ou1
= lwlgt + |=—
071 daq

. _ | 9u1
I b D < |2 QA 4 o)

ouq )
+‘— (lall* + - -+ 1B1IF*). (16)

daq

Leté =IlzlIf* +- -+ lwl, n = llall{* +- -+ |6 in (15); then
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p1 Pk
lelly™ 4+ llvlly

Izl + -+ lwle* ey +--- + 161
1—|zq] 1—Jaql

<1—|uf?

by (16).
We have proved (13), and hence we have proved Theorerm?2.

3. Roper—Suffridge extension operator for several complex variables

The Roper—Suffridge extension operator and its generalizations which we mentioned
above start from a locally biholomorphic functighof one complex variable on the unit
disk in C, by the Roper-Suffridge extension operator or its generalizatiopnse get a
locally biholomorphic mapping (f) = F on some domain il€”, then we discussed the
properties of F. Now we try to extend the Roper—Suffridge extension operator and its
generalizations from one variable to several complex variables.

We start with a locally biholomorphic mapping: R — C", whererR is a domain irC"
and

1
=11
Ja
then we construct a generalized Roper—Suffridge extension operator, using it we may get a
locally biholomorphic mappings on some domairQfi (m > n). In this section, we give
one example of such kind generalized Roper—Suffridge extension operator.
Let
<1
D'=1z=|: |eC"|zl<l i=1....n
Zn
be the unit polydisk inC". Let f: D" — C" be a normalized biholomorphic convex
mapping onD"; then by Suffridge theorem [8],

f1(z1)
fl)= : ,
fn(Zn)
o)
f1(z1) 0
Jr(2) = ;
0 fn/(Zn)
J¢(z) is the Jacobi matrix off at z, where f;(z;), i = 1,2,...,n, are normalized

biholomorphic convex functions on the unit disk. Let

9%:{(5}) e C% |zl + |lwil? <1, i:l,Z,...,n}, p>1, (17)
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where

w1
w:( )EC".
Wn

As a consequence of Theorem A, we have the following result.

Corollary 1. Let f(z) be a normalized biholomorphic convex mapping bf, where
f(z): D" — C" is a column vector. Then

®21/p(f)(z w) = <( Jf(gfi/,,w) (18)

is a normalized biholomorphic convex mappingf@@p, where

w1 (f1)™? 0
w:( : )eC", (Jf(z))l/p=( )
Wn 0 (fu@a)M?

and we choose the branch of the power function&l® such that( £/ (zi)Y/”|;,—0 = 1,
i=12,...,n.

Proof. From Theorem A,

fi(zi) .
=12,...
<(f;'/(zi))l/pwi> (l s &y 7n)
is a normalized biholomorphic convex mapping@p ,, SO

f1(z1)

< £) )_ Fulen)
r@)Yrw ) = | (fG)YPws
@)Y Pw,

is a normalized biholomorphic convex mapping.@ﬁp. O

Whene # 1, we cannot definé/(z))Y/? because/(z) is not a diagonal matrix. But
we have the following result.

Theorem 3. Let f(z): D" — C" be a normalized biholomorphie starlike mapping
on D". Thendy 1(f)(z, w) is a normalized biholomorphie starlike mapping on’zg’l.

In purpose to prove Theorem 3, we need the following lemma.

Lemma 1. The infinitesimal form of the Carathéodory metriciof is

pn _ |§l| |§n|
Fe (z,g)_max<l_|Zl|2,...,1_|an2 ,
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e ()

Proof. Fix

Yoo
o)
()

where

21—S1
1-z151
SAOES : ;
in—5Sn
—ZnSn
theng(s) eAut(D”) o) =
—&
1- |z1\2 0 1—z1?
Jp(2) = and J,(2)¢ = :

-1 *fﬂ
1- ‘Zn|2 ‘Z'I

Let F2"(-,) be the infinitesimal form of Caratheodory metric, thef” (z,¢) =

FP'(0, Jw(z)g) Since D" is a bounded convex circular domaif?” (0, ¢) = p(¢) [9,
10], wherep (¢) is the Minkowski functional ofD”. We already know that the Minkowski
functional of D" is maxg,<x |zi|. Hence

FE' (0.4 (2)¢) = max<l_|§l| . L )

|21 |2 |2

We have proved Lemma 1.0

By Lempert theorem [11], we know the infinitesimal form of Carathéodory metric of
D™ and the infinitesimal form of Kobayashi metric bf* are the same.

Proof of Theorem 3. Foranyx € [0,1], (?) € 234, ( )€ £23 4, if we can fine(!) € 254
such that

S \_ 4 f@ &)
<Jf(u>v) == (J.f(Z>w) e (chs)n)’

then Theorem 3 have been proved.
Since f is a¢ starlike mapping orD", for any A € [0, 1] andz € D", & € D", there
existsu € D", such that

J@)=A—-21)f(@)+ref(§). (19)
Let
v=~0=0J @I @w+red 7 Hw) T E)n. (20)
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We need to provg;) € £25 4, i.e., the following inequality

lvi] [vn |
max(1_|u1|2,...,1_|un|2><1 (22)
holds. From (19), we have
u(z, &) = fHA =N f@) +ref (©)]. (22)

We regard it as a mapping from@" x D" to D", then by the contraction property of
Carathéodory metric, the following inequality

i oeiea() o (()2)

holds for any column vectqr';) € CZ', whereJ, is the Jacobi matrix of. From (22),

Ju(@6) = (L=1)J 7w T £(2), Aed; @) T 5 (©)).
Hence

w _ _
Ju(z,s)(n) =A-nJ I r@w +red @) JpEn =
by (20). Thus (23) becomes
FDn (u7 U) g FD"XD" ((Z)’ <w>>
C C E n
By Lemma 1, it is exactly the following inequality
lv1] |Un |
max(l— 1o |un|2>

[wi] |wx | [n1l 77|
gmax(l_ AR 3 1 AR 5 <1
|z1] |znl &1 1&nl

Hence (21) holds true. We have proved the Theoremc3.
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