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Ruscheweyh and Sheil-Small proved that convexity is preserved under the convolution
of univalent analytic mappings in K. However, when we consider the convolution of
univalent harmonic convex mappings in K:, this property does not hold. In fact, such
convolutions may not be univalent. We establish some results concerning the
convolution of univalent harmonic convex mappings provided that it is locally
univalent. In particular, we show that the convolution of a right half-plane mapping
in
with either another right half-plane mapping or a vertical strip mapping in K,O is
convex in the direction of the real axis. Further, we give a condition under which the
convolution of a vertical strip mapping in K; with itself will be convex in the direction of
the real axis.
Keywordr: Harmonic mappings; Convolutions; Convex
ClassificationCategory: 30C45

1. INTRODUCTION

Let D be the unit disk. We will consider the family of complex-valued
harmonic functions f = u + i v defined in D, where u and v are real
harmonic in D. Such functions can be expressed as f = h g, where

+

w

h(z) = z + x a , , f

w

and g(z) = x b . 9
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are analytic in D. The harmonic f = h + g is locally one-to-one and
sense-preserving in D if and only if
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In such case, we say that f is locally univalent. Let SHbe the class of
complex-valued, harmonic, sense-preserving, univalent functions f i n
D, normalized so that f (0) = 0 and f,(O) = 1. The classical family S of
analytic univalent, normalized functions on I0 is the subclass of SHin
which bk=O for all k. Let KH, SH,and CH be the subclasses of SH
mapping D onto convex, starlike, and close-to-convex domains, just as
K,S,and C are the subclasses of S mapping D onto these respective
domains. Finally, let S; denote the subclass of SH for which
&(O) = 6 = 0, and K,O and C; be the subclasses of S; of convex
and close-to-convex mappings, respectively.
For analytic functions f (z) = z + Cg2any and F(z) = z+
C,"_,A,z", their convolution (or Hadamard product) is defined as
f * F = z + Cz2a,Anz". In the harmonic case, with

and

define the harmonic convolution as

Clunie and Sheil-Small [2] posed the question for what harmonic
functions cp is cp Zf in KH, where f G KH? This question was partially
answered by Ruscheweyh and Salinas 181. In this paper, we provide
some further results related to this question.

2. BACKGROUND RESULTS

In [l, 3 and 61, explicit descriptions are given for half-plane and strip
mappings. Specifically, the collection of functions f = h + g E Sg that
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map D onto the right half-plane, R = ( w :Re(w) > - 1/21, have the
form

+

h(z) g (z) = -A
1-z

and those that map D onto the vertical strip, R,= {w: ((a-T)/
(2 sin a)) < Re(w) < (al(2 sin a))), where (~12)5 a < T, have the form

Downloaded by [Colorado College] at 16:46 01 December 2014

Note that a function in
satisfying (2) maps D onto a,, or onto the
convex hull of three points (one of which may be the point at infinity)
on the boundary of R,. In other words, the image of D may be a
vertical strip, a halfstrip, a trapezium, or a triangle.
In proving our theorems we will need a few known results. The
first is Clunie and Sheil-Small's shear construction theorem ([2],
Theorem 5.3).

+

THEOREM
1 A harmonicfwtction f = h g locally univalent in D is a
univalent mapping of D onto a domain convex in the direction of the real
axis if and only if h -g is an analytic univalent mapping of D onto a
domain convex in the direction of the real axis.
Next, there is a useful remark by Pommerenke [7] concerning
analytic mappings convex in one direction. Using a particular case of
this, we have the following result.
THEOREM
2 Let f be an analytic function in D with f(0) = O and
f' (0) # 0, and let

where 8 E R. If

then f is convex in the direction of the real axis.
Finally, we state a result by Ruscheweyh and Sheil-Small ([9],
Lemma 2.7) concerning convolution of analytic functions.
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THEOREM
3 Let cp and G(z) be analytic in D with cp(0)= G(0)= 0. I f c p
is convex and G is starlike, then for each function F(z) analytic in D and
satisfying Re F(z) > 0, we have

3. MAIN RESULTS
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For the convolution of analytic functions, if fi, f2 E K, then fi *f2 E K.
Also, the right half-plane mapping, ( z / l -z), acts as the convolution
identity. In the harmonic case, there are infinitely many right halfplane mappings and the harmonic convolution of one of these right
half-plane mappings with a function f E K: may not preserve the
properties off, such as convexity or even univalence. This fact is seen
in the following example.
Example 4 I f lo = ho

Adz)

=

+ go €Kg, where
z - (1/2)z2
00 l + n
+2
=z+ZTz''
n=2

and

is the right half-plane mapping presented in [2], and if fl = hl +
g1 E Kg is the mapping, described by Duren [5], onto a 6-gon, where
00

hl(4

=z+Cm k+' and
n=l

00

z6n-1

gl ( z ) =
n=l

(see [4] for these representations of hl and gl). Then lo T f l $Kg,
because I(go(z)* gl(z))'/(ho(z)* hl(z))'( = (z4(2+z6)/(1 2z6)1 $ 1 , Vz E D.

+

However, the next theorem guarantees that the harmonic convolution of a right half-plane mapping with another right half-plane
mapping will at least be convex in the direction of the real axis as long
as the convolution is sense-preserving.
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THEOREM
5 Let fl = hl + E l , f2 = h2 + g2 E K$ be right half-plane
mappings. If fl Ff2 satisfies (I), then fl Ff2 E C$ and is convex in the
direction of the real axis.
Proof For any right half-plane mapping f = h

+ g E K:,

recall that

Hence,
h2 -g2 = (hi +g1) * (h2 -g2) = h i *h2 -hi *g2+h2 *g1 -gi *g2
hi - gi = (hi - gi) * (h2 +g2) = h i * h2 +hi *g2 - hz * g i - gi *g2.
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Thus,

We will now show that (hi -gl)+(h2-g2) is convex in the direction of
the real axis.
If f = h + g E K$ is a right half-plane mappings with dilatation
w =g'/ht, then

where Re@@)}> 0, V z E [D. So, letting ~ ( z=)z/(l - z ) ~E S,we have

Therefore, by Theorem 2 and Eq. (3), hl * h2-gl * g2 is convex in the
direction of the real axis.
Finally, since we assumed that fl T f 2 is locally univalent, we apply
Theorem 1 to get that fl Ff2 = hl * h2 - g1 * g2 is convex in the
direction of the real axis.
Remark 6 The convolution of lo, which is the right half-plane
mapping presented in [2], with itself sends D onto a nonconvex
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domain. This is because

Hence by Theorem 5.7 in 121, lo ;lo 4 K z . Thus the conclusion of
Theorem 5 cannot be strengthened to fl T f i E K:.
The next theorem shows that the harmonic convolution of a right
half-plane mapping and a vertical strip mapping will also be convex in
the real direction, provided that the convolution is sense-preserving.
THEOREM
7 Let fi = hl + gl E K
: be a right half-plane mapping and
f2 = h2 g2 E Kg be a vertical strip mapping. Iffi T f i satisjies (I), then
fl T f i E C; and is convex in the direction of the real axis.

+
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Proof Let

and so

As before, we want to show that this is a function convex in the
direction of the real axis.
First, applying Eq. (2) to h2+g2, we have

= (hl

+ g1) *

+ g;)

(B)]
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where Re(pl(z)} > 0, Vz E ED.Hence,

Next, consider

Downloaded by [Colorado College] at 16:46 01 December 2014

where Re{pz(z)}>O, VZED. Using the fact that \E(z)*
~ z\E1(z) and since h2+g2 is convex by Eq. (2) we can apply
z/(l -z ) =
Theorem 3, we have

Therefore, from Eqs. (5) and (6),

and Fl +F2is convex in the direction of the real axis by Theorem 2.
Finally, by applying Theorem 1 to Eq. (4), we get the desired result.
Remark 8 Actually, we have proved a more general result since we let

fi be any mapping in K$ satisfying Eq. (2). Hencefi may map D onto
a vertical strip, a halfstrip, a trapezium, or a triangle. The same is true
of the next theorem.

THEOREM
9 Let f

+ g E K$

be a vertical strip mapping. I f f Tf
satisfies (1) and if Re{(l - ~ ) ~ ( h 'g')} > 0, Vz E ED, thenf Tf E Cg and is
convex in the direction of the real axis.
=h
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Proof

Let

Notice that

Since we assumed that Re{(l -~)~(h'-g')) > 0, we can apply Theorem
3 to derive
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Because

Theorem 2 guarantees that F is convex in the direction of the real axis,
and the result follows by Theorem 1.
rn
Question 10 These results concern unbounded domains. In Example
4, it is stated that the harmonic convolution of a half-plane mapping
with a 6-gon mapping is not in Kg. However, it is true that the
harmonic convolution of that 6-gon mapping with itself is in Kg.Does
this work in general? That is, i f f € KH maps D onto a bounded
domain, is f Ff E KH?
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