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1. Introduction

In recent years there has been significant interest in investigating multiple zeta values and their g-analogues. The subject
of this paper is studying g-analogues of double Euler sums

[o.¢] 0 17
- (=D" "Ha(a) - Hy(a)
Sap :Z nb ’ Sa,;:Z b (1)
n=1 n=1
where
n n i
1 — (=1)/1
Hi@=) = and Hy@=3 ~——
= =

are generalized harmonic numbers or partial sums of the series

o0 o0

1 _ —1)i-1
;(a>=Z].—a and ;(a)zz%

n=1 j=1

defining the Riemann zeta function and the alternating zeta function, respectively. If a, b are positive integers and a + b is
odd, the sums (1) are expressible in terms of ¢ and ¢ values as follows [3]:
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) a—1
j+2k=b
25 = (1= (=1)NZ (@) +Z(@+b) +2(—1)1 DI b+ ek
Say = (1= DYF@e0) +E@+b)+2-1 37 (7,7 Jeb+DE@k)
j+2k=a
a+j—1 - =
+2 Y ( ! >(—1>fc<a+1);<2k>, b>1. (3)
) a—1
Jj+2k=b
In formulas (2), (3) it is understood that ¢(0) = —1/2 in accordance with the analytic continuation of the Riemann zeta

function, the value ¢ (1) is interpreted as zero, z(0) =1/2, and ¢ (1) =log2.
In this paper we find a suitable g-analogue for alternating zeta values that allows us to obtain appropriate g-analogues
of formulas (2) and (3). As an intermediate result, we derive a g-analogue of the well-known formula

c*({2)) =20 a) =2(1 - 2'7*%)¢ 2a), 4)
where
£ (s1,...,8) = Z ! sjeN, sq2>2,

S] Sa’
1<k <ok K1 Ka

is the multiple zeta-star value, ¢*(#) =1, and {2}* denotes the a-tuple (2,...,2).
Note that the proof of (4) is quite simple and is based on the representation of the function 7 z/sinmz as an infinite
product, which gives a generating function for the zeta-star values ¢*({2}%),

oo

Tz 1
sinnz:pl—zz/mz 1+Z; {29 (5)

on the one hand, and as an infinite partial fraction expansion, which leads to the Laurent series,

1427 Z =1 +2Z;(2a)z2“ (6)

smnz
a=1

on the other hand. Laurent series expansions of the function 7 /sinwz played an important role, as well, in the Flajolet and
Salvy proof [3] of formulas (2) and (3) (other proofs of these formulas using an elementary partial fraction approach and
Fourier expansions of Bernoulli polynomials can be found in [2,8]).

2. On a g-analogue of the function r / sin it z and its properties

Let q be a real number with 0 < g < 1. For any complex number «, the basic number is defined as
1—q“
1—q°

For a positive integer n, put

[a]g =

n—1 00
@o:= (@ @o:=1, (@n:=(:n:=][](1-ad"), (@ :=(@:Poo:=]](1-aq").
k=0 k=0

For defining a g-analogue of 7 /sinmz it is convenient to use the reflection formula for the Euler gamma function:

rord-z=

sinz’
Let us consider the function

e e}

@ D% _ 1 I (1—g"?

= G G om 21 gt 10D =gz

(7)
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Since
(1—q"? 4 g“(1 - 2)?
A—-g'2(1—gz7h) 20 +¢%) —qk(1+2%)’

by the Weierstrass test we conclude that the infinite product (7) converges uniformly on any compact subset of C not
containing 0 and q", n € Z, and defines a meromorphic function on C\ {0} with simple poles at ", n € Z, and residues

res f(z) = (=1)"q""V/2 nez. (8)
z=q"

It is easily seen that
@—Df(q) = [T —x),

where I'(x) is Jackson’s g-gamma function,

(G Do 1—x
I —
(%) = " )OO( )

From [6, Appendix B] it follows that

lim(@ = Df(¢") = lim [ TG(1 =0 =T N (1 -0 = S

Lemma 2.1. For any integer n, the function f(z) satisfies the functional equation
f(zq") = D" f2). 9)

Proof. The formula is trivial for n = 0. Suppose n is positive. Then

oo

. 1 (-l_qk)Z
f(zq )_ an_1 l_[ ( _qk+nz)(1 _qk ny— 1) —Zf(Z)l_[ k “Z 1

n—1 n—k
zq B
_Zf(Z) l_[ 1 —q z 1—[ — — (_])nznf(z)qn(n 1)/2,
zq -1
k=1 k=
and Eq. (9) is true in this case. Since

)=z (), (10)
we have
S =1((@"/2) ) ==Lr @),

Now applying Eq. (9) with z replaced by 1/z and n € N we obtain
_ q non(— _ ne _
f(zq n) _ _7(_])nz nqn(n 1)/2f(z 1) _ (_1)11 1Z n lqn(n+1)/2f(‘Z 1)
which by (10) gives

f(zq—n) — (_1)n—1z—n—lqn(n+l)/2(_zf(z)) — (_1)nz—nqn(n+1)/2f(z)’
and therefore Eq. (9) is valid for allne Z. O

We consider the following g-analogues of zeta, alternating zeta, and multiple zeta-star values:

00 _
qn(n 1)/2+an

3qlb; a] :Zzib, a,beZ,
n=1 [n]q
o
14+qg" n(n—1)/2+an
3q[bs al ;:Z‘( i =3qlb; a] + 3q[b; a + 1],

(n1}

Sl (-1 )nfl qn(nfl)/2+an

sqlbial:=)" 5 )

n=1 [nlg

n=1
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00
-1 n—1 1 ny,n(n—1)/2+an
T Y Gl R

= 3qlb; a] + 3q[b; a + 1],
[n]g 5(] 5(]

n=1

k] qkm

q
;‘*[b]a'-~abm]:= e
' 1<k1§<km [kl]gl (km1g"

b],...,bm EZ,

with the convention ;;[V)] =1.

Lemma 2.2. et a € R, n € Z. Then the Laurent series expansion of z* f (z) about q" is

. B (_1)nqn(n+1)/2+an o —nj mJ i/21 a+n— é‘(;k[{ }l]
Zf@= z—q" Zq (Z_q) Z(j—ZI)(l )21' (11)
j=0 =0

Proof. We start with rewriting Eq. (7) as

¢ @-p*\"'
f()_—,l_K a-¢9? 2z )

which implies the following expansion valid in a neighborhood of the point z=1:

1 &g @
f(z)_z—lgﬂ—q)z’ Z

1)21

Expanding z*! in powers of z — 1,

=(1+@E-1)" Z( )(z—l)k

k=0

where

(oz)_a(oz—l)---(oc—k—i—l)

k k!
we obtain
. 1T & ori2) ok
= z—1
2f(2) z—1l§§( )(1 Ui
S [i/21 * !
1 - a—1\ ¢ H2)]
_ _1)J q
P §<1—21)<1—q>21’ (12

which is exactly (11) in the case n=0.
Now suppose that n is a nonzero integer. Replacing z by zq" and a by a —n in (12), we obtain the following expansion
in powers of (z—q™"):

n . gnn=1—an 00 i, L Li/2] a—n—I f*[{z}l]
Al = T e L )]Z<J'—21>(lq—7q)21' (13)
j=0 =0

By Lemma 2.1, we have

Zaf(Z) _ (_Uann(nfl)/zzafnf(an)

which, by (13), implies the required expansion (11) if we replace n by —n. O

Theorem 2.1. Let a € R and b be a nonnegative integer. Then

(b/2]
l
5qlbib —al+ (=1)° - 3glbsa+ 1] = Z(b“ 2,)<1—q)b 2ex12)]. (14)
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In particular, for any nonnegative integer a,

. o (_1)1171(1+qn)qn(n71)/2+an
2= e

=j;[2a:a). (15)

Proof. Let R > 0 be a sufficiently large real number distinct from ¢, k € Z, and N be the largest positive integer such that
g" > 1/R. Then by the residue theorem, we have

2°f(2) 2'f() J 2°f(2) J 2'f(2) 2'f(2)
/(z—l)bdz_ / (z—l)bdz_,;zrei((z—nb)+,;z“3§k<(z—1)b>+zre?<<z—1>b) (o)

lz|=R |z|=1/R

where contours of integration on the left-hand side are taken in the counterclockwise direction. From an asymptotic formula
for (qz; q)co With |z| = R — o0, due to Littlewood [7, §12], it follows that

1m2R
(qz; @)oo| < €2 W0 RT1/2,
Since the infinite product
1 o0 1 0 qk o0 qk
= =] |1+ 1+
o= = s < T+ )
1@z Qoo J 1T —a" 270 S z2=q ] R—q
is bounded on |z| = R, we obtain
Zaf(z) —b+1/2 R
’ / (Z—])b O(Ra / ez L )’ (17)
|z|=

and therefore the absolute value of the integral in (17) tends to zero as R — oo. Similarly, on the circle |zl =1/R — 0 we
have

(a7 ) o < e R,
and the product

N T 8 e
= =1+ ——1< <1+ )
. Y i — Ak
@z Dol 3 1T=dk2 3] 7 1/z—gf| T 30T R—¢F
is bounded. This implies that
a n2
21D 4| = o(re12e3 ) (18)
(z—1)P
|z|=1/R

and the absolute value of the integral tends to zero as R — co. Therefore letting R tend to infinity in (16), by (17) and (18),
we obtain

- 2f(2) “f(2) #f(2)
2 res <<z—1)b>+z <(z—1)b) 55?(@—1)‘7)'

k=17

The function z%f(z)/(z — 1) has simple poles at ¥, k € Z \ {0}, and by (8), we have

o (_1)k71qk(k71)/2+(bfa)k (_l)k71+bqk(k+l)/2+ak B b Zaf(Z)
Z b + 5 =(1—-q)" -res 5 )
P (k19 (k1q =I\@z-1

By Lemma 2.2 with n =0, we easily find that

22f(2) B2 o)
res| —— | = Z — 7>
=1\ (z—1)b o \b—21/(1- q)?
which implies the desired identity (14). Putting b = 2a in (14) and noting that (22:121) is distinct from zero if and only if
| =a, we obtain (15). O

Notice that formula (15) was also proved in [4, Corollary 1.1] by another method. Using Theorem 2.1, we can rewrite the
expansion coefficients in (11) in terms of the alternating g-zeta values 3.
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Corollary 2.1. Let a € R, n € Z. Then the Laurent series expansion of z% f (z) about q" is given by
(_l)nqn(n+1)/2+an S qfnj

(1—q)

Afo=) (2= ") Galljs j —a =+ (= D)5qljza+n+ 11).
j=0

Formula (15) also allows us to obtain a g-analogue of the infinite partial fraction expansion (6). Indeed, for the product
Iy(1 +x)15(1 —x), we easily derive the expansion

RA+R-y=]] 0= =ﬁ(l+£[x] [~ )_]
q q o (1 _ qn+x)(1 _ qnfx) o [n]g q q
=1+ (D' [12)] (Xl ly) . (19)

=1

which is a g-analogue of the generating function (5). Substituting formula (15) into the right-hand side of (19), changing
the order of summation and simplifying, we get a g-analogue of the infinite partial fraction expansion for the function
7TX/sinmX.

Corollary 2.2. Let x be a real number satisfying |x| < 1. Then

n(n+1)

(=D "1 +gYq 2
[n12 + q"[x]q[—x]q

o0

LA +0(0—x)=1-[xlg[—xlg Y

n=1

Note that the expansion (19) in powers of [x]q and [—x]q is not unique, since [x]q and [—x]q are connected by the relation
[X]lg + [—xlg = (1 — @)[x]q[—X]q. Using Heine’s g-analogue of the Gauss summation formula for the ordinary hypergeometric
function, Bradley [1, Theorem 16] proved another expansion for I';(1 4+ x)/3(1 — x) in terms of the g-zeta values

Eq[sl»n-asm]: Z

15
ky> k=0 j=1  Kilg

m q(ijl)kj

)

which has the form

oo o0

LA+000=x0)=1=Y > (=™ [m+ 2, (1)"]xlg -x1p .

m=0n=0
3. Evaluation of g-analogues of double Euler sums

We start with the definition of g-analogues of the generalized harmonic numbers:

X”: qka . 2”: (_l)k—lqka
Hnlb; a] := ot Hulb; a] := —
k=1 [k]q k=1 [k]q
" 1+ kygka _ n -1 k—1 1+ k~ ka
Hﬁ[b,a] :=Z#, Hﬁ[b,a]=z( ) ( : q)q
k=1 [k]q k=1 [k]q

and single zeta values:

©  ka 0 k—1_ka
q - (=D 'q
glbsal:=) ——,  fqlbiali=) —————
,;[k]g ; (k1

Define g-analogues of double Euler sums as

S (-1 )nfl qn(nfl)/2+cn

39 b.dsa,cli=) - Halb; al,
n=1 [nlg
X gn(n—1)/24+cn

5t da el =Y T Halb:al,
o1 (g
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o) _ _
—1)n 1 1 ny,n(n—1)/2+cn
577 [b.d:a.c] ;=Z( ) ( +qd)q H}[b; al,
o [nlg
1 n(n—1)/2+cn
5 T[b.da,c] :_Z( +44 - H)[b: a].
n=1 [n]q

Consider the g-polygamma function

S ak

_ q -1 -2
W“‘b(z)_gm’ a,beN, zeC\{1,g7 ", q %, ...}

and its alternating version

_ 0 (_1)kqak . 5
1ﬁa,b(Z)ZX:m, a,beN, zeC\{1,g7",q7%, ...}
k=0 q

The function v, is related to the Hurwitz zeta function by the limit relation

o0

: b X\ _ 1 1. —

313(1 ) %’b(q)_g(kﬂ)b’ xeR\{0,-1,-2,...}.
Note that

01— ) Yap(q) = ¢glbsal and (1 —q)°Vap(q) = {qlbsal.

Lemma 3.1. Let a, b be positive integers. Then the Laurent series expansions of Y4 » (z) and Ja,b(z) about q", n € N, are given by

o0 b+1—1 —n(a+l)
wa,b(z)=12(;< | )(f )b+l({q[b+l;a+l]—Hn_l[b+l;a+l])(z—q”)l,

b+1—1 q—n(a-H) o _ ml
Vap(2) = (1" Z( I >(l_4q)b+,(Hn—1[b+l;a+l]—fq[b—l-l;a-i-l])(Z—q )

and about q~", n € NU {0}, they are represented by

1)bgla—bn 00 b+1—1 n(a+l)
Vap(2) = % ( | )d]_—q)bﬂ(;q[b+1;a+1]+<—1)b+’Hn[b+l;b—a])(z—q—“)’,
1=0
( ])b+nq(a b)n
lﬁab(Z) (7,])13
0 b+1—1 n(a+l) o
‘(‘”"Z< ! )aq g (Gl a1+ P Elb 4 1:b —al)(z g7
1=0

Proof. Let n be a positive integer and o = +1. Consider the series

0 k ak 0 k ak
o°q o°q
Yap(z.0) =) =Y g
oo 1=200° (35 (1= gmb (1 — (2 — q)P
i k—nqa(k—n)
= (1 =g — gz —qp

Expanding the last sum in powers of (z —q"), we obtain

o k—n a(k—n) (k—n)l
loaml| b+1-1\ ¢q m!
Vap(z,0) =y ( ——=(z—1q")
= =49 = ! 1=
o o
i 1) n,—n(a+l) ! okgkath
= oq zZ—q T kbal’

which implies the first desired expansion if o =1, and the second one if o = —1.
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Now let n be a nonnegative integer. To expand v (2, o) in powers of (z—q~"), we rewrite it as

-1 oo
og™ n O.kqak o cqak
Vab(2.0) = St ot D Tyb
(T—zq")? = A—2zq)” 2= (1—2q%)
Now changing the order of summation in the second and third sums, we obtain
(- l)bo’ q(a b)n n oh— —k a(n —k) S k+n a(k+n)
Vab(2,0) = —n\b nkb+z k
+n\b
(z—aq™ o (M=2q" 57 = (1 —2zq*™)
(_])bo_nq(a—b)n n ( 1)b0n—kqan+k(b—a) i o_k+nqa(k+n)
= _ + o .
= e = R S = R

Expanding the above series in powers of (z —q~™), we find

o

(— 1)b0' q(a b)n +Z(_l)b+l<b+1_l)o-nqn(a+l)(z n)l n k(b a)
(z—q™P ! (1 —q)b+! [k]b+’

b+1—1\ o"g"eth il e okgk@th
+Z( ) q)b+l(z_q )Y T
k=1

Ya,p(2,0) =

k=1

which implies the third desired formula if we take o =1, and the fourth one if c = —1. O

Theorem 3.1. Suppose a,b,c,d€ Z,a>1,b>1,d >0, and b + d is odd. Then

3 [b,dia,c—a+1]+3;7[b,d;b—a,a+d—c]
is given by

jqlb +d;b+d — c]+ &lb; al (340d; ¢ —a+ 11 — (=1)P340d; a +d — c1)

—Z( >§q[b+d—1 a+d — jl(3qLi: ¢+ 11+ (=1)3L5: j =€)

—d \ & (—1)kgkte=1/2+k(a+d—c) .
+Z(b—j)Z [k]b+d j (Z_q[].;]"i‘k—C]—f-(—1)qu[j;(j_k+l])_
j=0 k=1
Proof. Let
@Y
g(2) = -1l

Then by the residue theorem and a similar argument as in the proof of Theorem 2.1, we obtain

Z res g2+ Z res g(z) - res g(z) (20)

klzq k=17

The function g(z) has simple poles at z=g¥, k € N, poles of order b +1 at z=q %, ke N, and a pole of order b +d + 1 at
the point z=1. By Lemmas 2.2 and 3.1, we easily find that

( ])l<qk(k+1)/2+k(f—ﬂ)

and therefore,
Zres g2(2) = ( ;b+d(5q [b,d;a,c —a+ 1] — glb; aliqld; ¢ a+1]—3q[b+d;c+1]). (21)
k1 =4

Taking into account that

ok —d kj —kyj
_1—d= 1_ k _d(z q _1> _ ( ) w,
=07 == (= q)d[k]d Z [y (1=a)

QJO
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by Lemma 3.1 and Corollary 2.1, we obtain

(-1 )qu(k—l)/2+k(a+d—c)

res g(z) = (¢qlb: al + (—1)" Hy[b; b — a])

=T (- Pk

(_1)b+k k(k—1)/2+k(a+d—c)

—d ) .
A Z(b_j)[k]z,(;;q[j;j+k_c]+<—1>fzq[j;c—k+1])
j=0

and therefore,

_1)b+1
Z res g(z) = ( ))M(;[b,d;b—a,a+d—c]+(—1)bgq[b;a]gq[d;a+d—c]
k1 =07
b _ 00 a\k—1k(k—1)/2-+k(a+d—c)
d D" 'q s i
+Z(b_j>z T (5q[];]+k_c]+(_])]5q[];C—k+1])>~ (22)
=0 k=1 (k]q
Finally, calculating the residue at z =1, we have
__ v Sqlb+d:b+d Sqlb+d:c+1
ngﬁg(z)—m jqlb+d;b+d—c]—3¢[b+d;c+1]
—Z( )¢q b+d— jia+d— jl(3qlis ¢+ 11+ (1) 3L ]—C])) (23)

Now by (20)-(23), we readily obtain the theorem. O

Note that letting g tend to 1 in Theorem 3.1, we recover formula (2) of Flajolet and Salvy for S+_ with b +d odd. The
next corollary gives two special cases of Theorem 3.1 when the parity of the parameters b and d is ﬁxed.

Corollary 3.1. Leta,d € Z,a>1,d > 0. Then

2d+1
—2a
+— . 3 . ;. ;
234 [2a,2d + 1;a,d+ 1] =}3¢[2a+2d + 1;a+d+ 1] — jE_O <2d+l_j>§q[2a+2d+1—],2d+a+1—]]

2d ) i (_1)1{ k(k+1)/2+kd

x (3qlira+d+ 11+ (=1)5Lj; j —a—d]) +Z<20_J [l]z"“d“ 7

k=1
x (3ql; j+k—a—dl+ (=) 3q[j;a+d — k+11), (24)
55 [2a+1,2d;a,d] =2¢[2a + 1; al3p[2d; d] + 37 [2a + 2d + 1; a + d]

—2a-1 ) AT TN
+§(2d_j)qq[2a+2d+1—1;a+2d—1](3§[1;a+d]+(—1)139[1;J—a—d])

2a+1 _ 00 vk k(k—1)/2+kd
2d (~D¥q o
T (Gliii—a—d+h
" ]:Zo (2a+1—j>§ [l 20+ 21 (3l J —a—d+k

+q"5ql5s j—a—d+k+11+ (=1 (5qlj; a +d —k+ 11+ " 5q[j; a +d — k1)). (25)

Proof. Replacing b by 2a, d by 2d + 1, and ¢ by a +d in Theorem 3.1, we get identity (24). Considering the sum of two
identities corresponding to the sets a,b,c,d and a,b,c + 1,d from Theorem 3.1, and then replacing b by 2a + 1, d by 2d,
and ¢ by a+d — 1, we get the desired identity (25). O

Zf@Vap@

Similarly as in the proof of Theorem 3.1, evaluating residues of the function 1)

mula (3).

, we get a g-analogue of for-
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Theorem 3.2. Suppose a,b,c,d€Z,a>1,b>1,d > 0,and b + d is odd. Then

3 Tb,da,c—a+1]+3,%[b,d;b—a,a+d —c]
is given by

3q[b+d;b+d_c]+Eq[b;a](3q[d;c_a+1]_(_l)bﬁq[d§a+d—c])
d
_b z i i1(2 y i- ..
+Z(d_j)fq[b+d—J;a+d—1](3q[1;c+1]+(_1)13q[];]_C])
j=0
0 _k(k—1)/2+k(a+d—c)

b
—d .
2> (b - ,-) 2 q[kw(éq[ﬁ jtk=cl+ (D5l e —k+11).
= q

Fixing parities of the parameters b and d, we get the following corollary.

Corollary 3.2.Leta,d € Z,a>1,d > 0. Then

2d+1

—2a - . .

25,20, 2d + 1sa.d+ 1] =3g[2a+2d + Tsa+d+ 1]+ Y (2d+1_j>§q[2a+2d+1—];2d+a+1—]]
j=0

2a —2d—1> o0 gklet1)/2+kd

X (jq[]'§a+d+1] + (—1)j3q[j§ j—a —d]) +Z<
=0

2a—j = [k]éa+2d+1—j

x (3q0j; j+k—a—dl+ (=DI3qglj;a+d —k+11),
5, T12a+1,2d; a.d] =27 4[2a + 1; al3p [2d: d] + 37 [2a 4 2d + 1; a + d]

2d
—2a—1\_ .
+Z( a_j );q[2a+2d+1 —jra+2d — jl(o L a+dl + (=1)'3,1); j —a —d])

L\ 2d
=0
2a+1 _ 00 k(k—1)/2+kd
2d q R k= s+
+ _ A (gliij—a—d+k+ cj—a—d+k+1
j;o <2a+1 _])é T (3lis 1+0"3qLJ; J ]

+ (=1 (3qlj; a+d —k+ 11+ g 340j; a +d — k1)).

For further possible applications of the formulas for double g-Euler sums proved in this section, we refer the reader to
the paper [5].
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