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Abstract

We establish near-optimal mixed norm estimates for the X-ray transform restricted to polynomial curves
with a weight that is a power of the affine arclength. The bounds that we establish depend only on the spatial
dimension and the degree of the polynomial. Some of our results are new even in the well-curved case.
© 2012 Elsevier Inc. All rights reserved.
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1. Introduction

The X-ray transform, which we denote by X, is a linear operator mapping functions on R?
to functions on the set G of all lines in RY via

X f (1) = / £
1

where the integral is taken with respect to Lebesgue measure. As G is of dimension 2(d — 1), this
operator is overdetermined whenever d > 3; this motivates the consideration of the restriction of
Xt to the set of lines whose directions are parametrized by a fixed curve y : R — R4—1. The
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resulting restricted X-ray transform, after reparametrizing, maps functions on R? to functions
d .
on R¢ via

XV f(t,y)= / f(s.y+sy@®)ds.
R

Because it is natural to bound Xy, in mixed norm spaces (indeed, the conjectured mixed norm
bounds for Xy are known to imply the Kakeya conjecture — [30]), we seek mixed norm es-
timates for X” of the form || X" f|lrary S |1 fllLr, where LZ(L") is the space whose norm is

given by
q 1
||g||Lq(Lr)=</( /|g<r,y)}rdy) dr) .

R Rd-1

It has been known for some time (see for instance [7,17]) that the mapping properties of X?
depend on the torsion

Ly =det(y,y", ...y, (1.1)

the best estimates being possible in the well-curved case, where the torsion never vanishes. Mo-
tivated by recent work on convolution and Fourier restriction operators, we seek to counteract
potential degeneracies of curvature. We accomplish this in the case of polynomial curves by
multiplying X7 by a weight that is a power of the affine arclength, and obtain bounds that de-
pend only on the dimension and the degree of the polynomial. Even for the localized operator,
this weight turns out to be optimal in a sense that will be made precise later.

2. Background and statement of results

For the purposes of this discussion, we denote by X l):)c the localized operator, given by

Xl);cf(t, y) = / f(s, y +sy(t))a(s, t)ds,
R

for some compactly supported a. Because the torsion governs the mapping properties of X7
and Xl’z)c, a useful model is y(¢) = Py(t) = (¢, 12, ..., 17971, the so-called moment curve. It is
conjectured (necessity was proved by Erdogan in [15]) that the X-ray transform restricted to the

moment curve satisfies

P
”Xloocf”LLI(Lr) S f e (2.1
if and only if p, ¢, and r satisfy
dp~' <@d—1r ' +1, 2.2)
dd—-1)p'<2¢7 " +dd - r ', (2.3)

d—=2)(d+Dp ' <dd—-1r . (2.4)
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Without the localization in place, scaling dictates that X0 : L? — L4(L") if and only if (2.2)
and (2.3) hold with equality and X 1};(2 maps L? into LY(L").

For a general curve y : R — R%~1 | the torsion (1.1) may vanish at some points, and a natural
question is whether it is possible to compensate for such degeneracies of curvature. This ques-
tion was first formulated in the context of the adjoint Fourier restriction operators by Drury and
Marshall, who in [13,14] asked whether the operators

. 2
EY f(x) = / O @) Ly, 0|70 dt,  x e RITH, (2.5)
R
satisfy L?(R) — L?(R?~1) bounds with p and ¢ independent of the curve y. This seems to be

the case, at least for sufficiently nice curves, as has been seen in [1-3,8,10,11] and other articles.
Later, Drury [12] asked the same question about the convolution operator

2
a@n gy, x e R (2.6)

T”f(x)=ff(x—7/(t))|Ly(t)
R

this was settled in the affirmative for polynomial curves in [9,24,27]. (Results on a different class
of curves may be found in [26].)

Thus in both the restriction and convolution cases, it has been seen that the natural choice
to compensate for degeneracies of curvature is the affine arclength measure A, which in
parametrized form y* is given by

2
dy*at) = |det(y @), ...,y V@) 7@ ar. 2.7

Moreover, affine arclength is extremely well-behaved under affine transformations (cf. Lemma 3.2),

and so it is reasonable to expect uniform bounds over certain classes of curves, such as polyno-

mials of a fixed degree. In the case of restricted X-ray transforms, this suggests the following.

Conjecture 2.1. Let d > 3 and let P : R — R4~ be a polynomial of degree N. Then for any
D, q,r satisfying (2.2) and (2.3), with equality in each, and (2.4), we have

P
1XP £l azriayeny < CIF Lo, 2.8)
for all f € LP. The constant C depends only on d, N, and 6. Furthermore, if P is a fixed
polynomial curve and L p is not identically zero, then these are the only exponents for which

(2.8) can hold.

Here A is the measure in (2.7), and we use the notation

q 1

r 2 q

||g||Lq(Lr;dy*x)=< / ( / |g<t,y>|’dy> |Ly ()| 7@-D dr) :
R Rd-1

The necessity portion of this conjecture may be proved by modifying the proof of necessity
given in [15] for the well-curved case.
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Before stating our result, we observe that it is possible to rephrase Conjecture 2.1 slightly.
The points p, g, r under consideration are precisely those which may be written as

(pel,qel,rel)=<l—9+%, %, 1—9+%), (2.9)
for some 0 < 0 < 1. Thus (2.8) when (p, g,r) = (ps, qs, ¥g) is equivalent to the bound
1 X8 £ 1 oo 1oy < CUF o (2.10)
where
X(ff(t,y):/f(s,y+sP(t))|Lp(t)|% ds, (2.11)
R

and the conjecture is that (2.10) holds for all 0 < 6 < 1. In this article, we prove the following.

Theorem 2.2. Let d > 3 and let P : R — R4~ be a polynomial of degree N. Then for 0 <0 < 1,
(2.10) holds for all f in LPé. At the endpoint 8 = 1, we have the restricted weak-type bound

1
(XF xE, xF)| < CIEI I xF] 2.12)

Lq; (Lri )7

for all measurable sets E, F C RY. The constants C in (2.10) and (2.12) depend only on d, N,
and 6.

Thus the conjecture holds except possibly at the endpoint (p1, g1, r1). Inequality (2.12) is a
restricted weak-type version of (2.10). The authors believe that their analysis could be modified
to obtain a restricted weak-type version of (2.8) at the endpoint, but (2.12) seems to have a
slightly simpler proof.

In addition to Theorem 2.2 being nearly optimal in terms of the exponents involved, we show
in Proposition 3.3 that X is in some sense the largest measure for which even the restricted weak-
type estimates in Conjecture 2.1 can hold.

We will turn in a moment to a discussion of some prior work concerning the X P but first,
a word on the (p, g, r) under consideration. Three values of 6 carry particular significance in
our analysis, and we record the corresponding triples here. Naturally, two of these values are the
endpoints 6 =0, 1. We have

d+2 d+2 d*+d-2

.40, 70) = (1,00, 1), . q1,71) = , , .
(po. g0.70) = (1,00, 1) (p1-q1,11) ( y y dz—d—2>
The third value, which we denote by 6y, is the unique parameter satisfying gg, = r4,, or equiva-

lently L% (L") = L% . Tt is easy to check that 6y = % and

dd+1) d+1 d+l>

(pooaqeovroo)=(dz_d+2’d—1’d—1
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In the case of the moment curve, weaker versions of (2.10) are known in all dimensions.
These are due to Wolff in [30] when d = 3, to Erdogan in [15] when d = 4, 5, and to Christ
and Erdogan in [6] when d > 6. Earlier work concerning non-mixed estimates was carried out in
[17] and [23]. In [6,15,30], (2.1) was also proved for all p, g, r satisfying (2.2), (2.3), and (2.4)
with strict inequality in each. The strong type bound (again in the case of the moment curve)
was proved by Laghi when 6 = 6 for d > 3. By interpolation with the trivial L' — L>®(L")
estimate, Conjecture 2.1 has thus been verified in the case of the moment curve when d > 3 and
0 < 0 < 6p. Thus even in the well-curved case, some of our results are new.

For more general curves, the endpoint restricted weak-type (unweighted, hence depending
on P), LP"1 — L7%° estimates for le)c follow from the work of Gressman in [18]. It seems

likely that all of the (again unweighted) restricted weak-type L” — L9(L") estimates for X{;C
may be proved by combining the techniques in [18] with those in [6,7], but the authors have not
undertaken to verify this. For (p~!, ¢!, r~!) lying in the interior of the conjectured region of
L? — L9(L") boundedness, the result was established in [7]. Our theorem differs from all of
these results in two significant ways. First, the results of [18] do not involve a weight, and so the
exponents involved and the bounds obtained depend on the particular curve under consideration.
Second, we establish strong type estimates in many cases where solely applying the results of
[6] and [18] would yield restricted weak-type bounds. We will say more about these issues in a
moment.

We remark that there is an equivalent point of view, namely the double-fibration formulation,
which originated in [16,19] and which was discussed at length in [28]. More specifically, by
duality, Theorem 2.2 implies that for any measurable set 2 C R?*!, we have

20 1
/x:z(s, 1, X)|Lp@) | @D dsdtdx S |m1(82)]7 || ) | (2.13)

L‘/é (er/))’
where the mappings 71, 72 : R9t! — R? are defined by
mi(s, 1, x)=(s,x +sP(1),  m(s.t,x)=(,x).

Inequality (2.13) can be regarded as an isoperimetric inequality for sets in R?*! and thus may be
of independent interest. We will, however, not elaborate further on this point of view.

Outline of proof. In Section 3, we set out some preliminaries and prove the invariance and
optimality assertions made in the remarks above. Our proof uses the method of refinements
(cf. [4]), and as such, we need lower bounds for the Jacobian determinants of certain maps that
arise when we iterate; these are obtained in Section 4. In Section 5, we prove the restricted weak-
type version of (2.10) for 6y < 8 < 1. To do this, we use the lower bounds from Section 4 as
well as ideas adapted from [6]. We note that the presence of the affine arclength term means that
even in the non-mixed case, these restricted weak-type estimates do not follow directly from the
results of [18], which is why we use more explicit computations.

It is not, to the authors’ knowledge, known whether there is an analogue of Marcinkiewicz
interpolation that could be used to prove the main theorem from this restricted weak-type result,
and so our work is not done. In Section 6, we prove a simple interpolation lemma, thereby
obtaining improved, but non-optimal, bounds in the range 6y < 6 < 1. We also give a partial
characterization of the quasi-extremizers for these bounds. Finally, in Section 7, we complete
the proof by adapting an argument of Christ in [5], which has previously only been used in the
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non-mixed setting. This adaptation uses the characterization of quasi-extremizers from Section 6
and seems to be the first time that such a result has been used in conjunction with the methods
of [5] to prove strong type bounds (even in the non-mixed case).

Notation. If A and B are two positive numbers, then we write A < B to mean that A < CB,
where the constant C > 0 may change from line to line and depends only on d, 6, and the
degree N of P. By A~ B, we mean A < B and B < A. We will occasionally write ‘A < B’
as a hypothesis; this is just a short-hand for ‘A < ¢B for some sufficiently small constant ¢ > 0
depending only on d, N, and 6. Finally, we define IT : R — R to be the projection 1 (t, y) :=1.

3. Preliminary considerations

We begin by noting that when 6 = 0, the strong-type bound in Theorem 2.2 is trivial by
Fubini’s theorem. We record this observation here.

Lemma 3.1. The operator X* is a bounded operator from L' to L°° (L") and satisfies the bound
1XP £ ey <NFlpr. feLl

For 6 > 0, we will not be able to compute the operator norm exactly, but as noted earlier, the
operator norms of the X g’ are invariant under affine transformations and reparametrizations of P.
More concretely, we have the following

Lemma 3.2. Let A : R~ — R~ pe an invertible affine transformation, A = B + ¢ with ¢ €
R and B € GL(d —1,R), and let ¢ : R — R be a diffeomorphism. Then, if P : R — R4~ is
a polynomial and f € LP? is not identically zero, we have

1X2 il Lao o) B IX2 fllLao o)
Il fllzre Il £l e

3.1)

where P = AP o ¢ and f(s,x) = f(s, A'y). In particular, Xg is a bounded operator from
LP? to L9 (L") if and only if X, 5) is, and moreover, the two have the same operator norms.
The proof is a routine computation, which we leave to the reader.

We now turn to the main goal of this section, which is to show that the weight that we use is
optimal in the following sense.

Proposition 3.3. Let 0 < 0 < 1. Assume that p is a positive Borel measure on R such that for
any Borel sets E, F in RY, we have

e
/ XP xe@, y)xr@, y)dp@)dy < CIE| || xFll (3.2)

Rd+!1

L% (L9)

for some constant C. Then p is absolutely continuous with respect to Lebesgue measure and its
Radon—Nikodym derivative satisfies

d 2
d_/t)(t) < CdC’LP([)’ @@

for some constant Cy depending only on d. Here the constant C is the same in both of the above
inequalities.
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We note that in the case of the convolution and Fourier restriction operators (2.5) and (2.6),
the analogous results are due to Oberlin in [25].
We begin with the endpoint 6 = 0.

Proof of Proposition 3.3 when @ = 0. Let 7) € R and let 0 < § < 1. Define sets
F={@y:lt—10l<8 <1}, E={(s,y+sP®): Is|<1, [t =10l <8, [yl <1}

We then have that || xr|| L=y = 2§ and for § sufficiently small (depending on fp), |E| < Cgy.
Furthermore, if (¢, y) € F, then it is obvious that X P xE(t,y) = 2. Therefore

p(lto — 8,10 +81) < cd/X”xE(r,y)xF(t,y)dp(t)dy,

and so our assumption (3.2) implies that p([tp — 8,7 + 6]) < C4CS. This completes the
proof. O

We now turn to the case when 6 > 0. It is in this case that curvature plays a role, as we see in
the following.

Lemma 3.4. Suppose that L p = 0. Then the image of P lies in a hyperplane. Moreover, (3.2) is
only possible if p =0 or6 =0.

The authors do not claim that this is a new result, but as we could not find a proof in the
literature, we decided to include its simple proof for the convenience of the reader.

Proof of Lemma 3.4. We begin by proving the first conclusion. Foreach j=1,...,d — 1, let
Aj = {t eR: dim(span|{P'(1),..., PV ()}) = j}.

Then A} D Ay D --- D Ay—1, and our hypothesis is that Ay_; = @. If A} =@, then P’'(z) =0,
and the result is trivial. Otherwise, we may fix j (1 < j < d — 2) to be the (unique) index such
that A; # ¥ and A = . Since A; is obviously open, it contains an open interval J.

On J, we have that

P't)yA-—-APY @) APYTD (@) =0.
Let us assume in addition that
Piyn---APYOAPP@) =0, (3.3)
for some k > j + 1. Differentiating (3.3), we see that

(P OAAPITDOAPOD) + (P (YA APD)APED (1)) =0



S. Dendrinos, B. Stovall / Journal of Functional Analysis 262 (2012) 4986-5020 4993

on J. Our hypotheses imply that PUtD () and P® (¢) both lie in the span of P'(¢), ..., P (1)
(which we have assumed are linearly independent) for every ¢ € J, so the first term in the above
sum is identically zero. This completes the inductive step, verifying that

POAN---APDDOAPPGH)=0

on J (and hence on R) for each k € N.
Without loss of generality, 0 € J and P(0) = 0. For any ¢ € R, we have

N n
P(1) :Z%P“)(O),

n=1

and thus by the previous observation, P lies in the subspace spanned by P’(0), ..., P{U)(0).
Recalling that j < d — 1, we have proved that the image of P lies in a hyperplane.

Applying a rotation if necessary, we may assume that P C RY~2 x {0}. Given a bounded
interval / C R and § > 0, we define sets

Y[, yaa1l <8,

F={(t,y, ya-1) ERxRYI2xR:tel,
E = {(s,x/,xd_l) eRxRIZxR: 5] <1,

x| <1+ sup| P(1)], |xd_1|<5].
1

11
We observe that |E| < Cy p 46, fF dp(t)dy ~ p(I)4, and ||XF||Lq/(Lr/) ~ |I|4"§+ . Additionally,
for (¢, y) € F, we have that X xz (¢, y) =2, so

1 L, 1
PS8 < / XPxet, Vxrt, y)dot)dy <87 (11487,
I xRR4

and if 0 > 0 (so r’ < p’ < 00), we see that p(I) = 0 by letting § \ 0. This completes the proof
of the lemma. O

We are finally ready to complete the proof of Proposition 3.3.
Proof of Proposition 3.3 when 6 > 0. We begin by considering a point #y where L p(tp) # 0.
Given § > 0, we define sets E and F by

d—1
E:= {(s,x—i—sP(to)): Is| <1, x:Zij(j)(to), where [v}] <251'],
j=1

d—1
F:= {(t,y): t—tol <8, y=> v;PY(t9), where v <af'}.
j=1

It is easy to see that

’

d(d—1)
|E|=27""="|Lp(10)

d(d—1)
, /dp(t)dy=p([to—8,to+8])8 T |Lp(to)
F
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and moreover that

)78

”XF”Lq’(Lr’) = (

Since P is a polynomial of degree N, we have

P(t) = P(ty )+Z E P(/)(t ). (3.4)

j=1
By Cramer’s rule, we have for d < j < N that

d—1 . . .
. det(P/, ..., P(!—l)’ P(j)’ P("H),.__, pd—Dy;
P (tg) = E ( )(f0)

@)
det(P’, ..., PA=D)(z) P (19).

i=1
Hence by (3.4), if § is sufficiently small and |t — 79| < §, we have that

d
P(t)=P(to)) + Y _v; PV (1),
j=1

with |v;] < 28/ . Therefore
(t,y)€F and |s|<1 = (s,y+sP(t))€E. (3.5)

This in turn implies that

p(lto — 8, 10 + 81) </XPXE(t W,y dp(t)dy < CyC|E| 7 N g gt

After some algebra, we obtain

I dd=1) _dd=1) j_

pllio — 8.10+81) < CaC|Lp)| 70 w8 0 55 170
=cdc|Lp(to)yma.

The proposition then follows from the observation that for (3.2) to hold, o ({fro}) = 0 for every
to € R (in particular for those points satisfying L p (o) = 0). This may be proved similarly to the
proof of the proposition when € = 0, and we leave the details to the reader. O

4. Jacobian estimates

One of the main steps in our proof of Theorem 2.2 will be to prove that the operators Xy
satisfy the restricted weak-type bounds corresponding to (2.10). We will establish these bounds
by using Christ’s method of refinements (cf. [4,6,28]), which involves proving lower bounds for
the volumes of certain sets obtained by iterating. In order to do this, we will need to prove lower
bounds for the Jacobian determinants of the maps that arise when we iterate.
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Before we begin, we record the formula

X5 (s, x) :/f(t,x —sP(t))|LP(t)|m dt.
R

Here we have omitted the superscript P from the operator, as we will continue to do for the
remainder of the article.

Given base points (sg, x0), (fo, Y0) € R?, we define maps q)é(so,m)’ lI/(ljo’yO) ‘R 5 RY (k =
1,2,...,d) by
K
05(25)(0)01,51, s IR SK) = <S1<, Xp — Z(Sj—l - Sj)P(tj)), 4.1)
j=1

K
q)(zsl(iiol)(ll,n, ces K1) = (tK-H»xO - Z(Sj—l —s5;)P()) — SKP(tK+1)>, 4.2)

j=1
K
w(%olfyo)(sl’ H,y.o.,SK,tK) = (t[(, yo + Zsj(P(tj—l) — P(l‘j))), 4.3)
j=1
K
WKt (1,1, skn) = (sK+1, Yo+ s1P(t0) = ) (s, —sj+1)P<t,~>>. (4.4)
j=1

The main goal of this section will be to establish the following proposition, which relates the

. . d d . _ / d—1)
Jacobian determinants of QD(S& o)’ lI/(tO’ Y0) to the torsion, Lp =det(P’, ..., P ).

Proposition 4.1. Let d = 2D be an even integer and P : R — R4~ a polynomial of degree N.
Then there exists a decomposition R = chlzv 'ld 1; into disjoint intervals such that for each j, the

following hold:

() If (50, 51, --.,sp) € RPt and (19,11, ..., tp) € 1].D+1, then

|det(Dl1/g0’yO)(S1, t,...,8D, tD))|

1
‘Utp —10l, (4.5)

D—1 ) f
z]‘[{|s,~+1—s,-||Lp<r,-)|d I1 |r,»—r,~|2}|Lp(zo>|d|Lp(zD>
i=1 0<j<D

J#L

|det(D(Pg,0’xO)(t1, Slyvvns l‘D,SD))|

D
21_[{|Si_si—l||LP(fi)|‘21 H Itj—tilz}- (4.6)

i=1 1<j<D
J#i
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(ii) There exist a constant A > 0, an integer K ; € [0, Cy ], and a real number b; ¢ intI; such
that

|Lp()|~Ajlt —bj|%i,  foreverytel,. 4.7)

Ifd =2D+1is odd, then analogous statements hold, only we must modify the bounds in (4.5),
(4.6) to

}det(Dlpgo,yo)(s] LI CREE SDH))‘

D 2 1

Zl_[{|si+1 — sil|Lp ()] l_[ |7 —ti|2}|LP(t0) a (4.8)
i=1 0<j<D

J#
|det(DPE, ) 1osts .. tpy)|

b 2 1

z]‘[{m —siallLe@)|® [T 1 —t,-|2}|Lp<zD+1>|d. (4.9)
i=1 1</§{)+1

JFL

Here again, t; € I, while s; € R.

For the proof, we will find alternative expressions for the Jacobian determinants and then
apply the following theorem from [11].

Theorem 4.2. (See [11].) If Q : R — R? is a polynomial of degree N, then there exists a decom-
position R = U?:V’ld 1} into disjoint intervals such that for each j, the following hold:

Q) If (1, ... 1a) € 1Y, then
d 1
|det(Q' (1), ..., Q")) | Z [ TILotn|* [T 1t — ul.

j=1 j<k

(ii) There exist a constant A > 0, an integer K € [0, Cy4 ], and a real number b ¢ intI; such
that

|LQ(t)| ~Ajlt — bj|Kf, foreveryt el;.
We record some useful formulae here.

Lemma 4.3. Ler Q(t) = (¢, f P(t)dt) be an antiderivative of (1, P). If d =2D is even, then

det(DW({ | (1,815, 1D, 5D))

D—1 2D—1
=i{]‘[(s,~+1—s,~>” I a,,~|t,:t,_[,}det(Q’(to>,...,Q/(tw_l)) (4.10)

i=1 j=D+1
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det(D®{ . (t1.51.....1p.5D))

D 2D
= i{ [ ] —si1>“ [1 ajh,.:,,._n}det(Q’(n),..., Q'(2p)).
i=1

j=D

Ifd =2D + 1 is odd, then

det(DW({ \(s1.11, ... 5D, D, SD11))

D 2D
= i{ [ Jsivi— sl-)” IT @li=n } det(Q'(to), ..., Q'(12p)),

i=1 j=D+1

det(D@fiso,xo)(tl ,S1s--oID,SD.ID41))

4997

@.11)

4.12)

D 2D+1
=ii]‘[(si—si_1>}{ I1 a,-|,_,=t_,._,)_]}det(Q/(n),...,Q’<t2D+1>). 4.13)
i=1

j=D+2

Proof of Lemma 4.3. We will give the proof of (4.10) only, the remaining formulas having

similar derivations. We compute:

det(DW{ | (181, 1D, 5D))

0 (s1 —s2)P'(11) Pt — P(to)
0 (oot —sp)Pip-n)| (D= E
=1 spP'(tp) =ﬂ:{ l_[(Si+1 _Si)} P(ID)P/(f)(tD_l)
0 P(t1) — P(tp) i=1 ' !
0 Pp)— P(tp 1) Ptp-1)
1 Po)
o 1 P(;t )
Zi{ [ ] Givn —Si)} 0 P’(t?)
l:1 . .
0 Plp 1)
D—1 2D-1 1 P (10)
=ﬂ:{ H(Si+1 _Si)} l_[ aj|tj=tj_1)} : U
i=l1 j=b+1 1 P(tap-1)

Now we are ready to begin the proof of Proposition 4.1.
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Proof of Proposition 4.1. We will give only the proof of (4.5). It suffices to establish a lower
bound for

2D—1
{ IT 9il=0 } det(Q'(t0), ..., Q'(t2p-1))- (4.14)
j=D+1

Since the determinant on the right of (4.14) is an anti-symmetric polynomial, it may be factorized
as

det(Q’ao),...,Q’(tzD1))={ I1 (rj—r,»)}fao,...,rzm), (4.15)

0<i<j<2D—1

for some other polynomial J of 2D variables. Additionally, by Theorem 4.2 and the trivial iden-

tity Lo = Lp, after decomposing R = Uf’zv'ld I;, for (tp,...,tap—1) € de, we have the lower
bound

2D-1 1

|det(Q'(t0), ..., Q' (tap-1))| Z [T |Lpp| [T 1tj —uel.

j=0 j<k
Thus the polynomial J in (4.15) obeys

2D-1 :

|7 Go,....op-D| Z [T [Lpap]?. (4.16)
=0

Now we fix D + 1 < j <2D — 1 and consider a single derivative from (4.14),
3jl;=1;_p det(Q'(t0), ..., Q'(2p-1)).

By (4.15) and the product rule, this is a sum of @ + 1 terms, one for each of the linear
factors in (4.15) and an additional one for J. But it is clear that the only one of these terms that
is nonzero is the one in which 9; eliminates the (¢; — 7;_p) factor before the evaluation. Hence
the quantity in (4.14) is equal to

D—1 D—1
+1 [T =@ —1)* [] ¢j—)*{p—10)J (o, tp, 11, 1p1).
i=1 j=i+1

Using this together with (4.16) and (4.10), the proof of Proposition 4.1 is complete. O

The lower bounds in Proposition 4.1 together with the invariances in Lemma 3.2 allow us to
make some reductions before we attempt to prove Theorem 2.2.

Lemma 4.4. In proving Theorem 2.2, it suffices to consider the truncated operator Xg given by

)?gf(t,y)=/f(s,y+sP(t))|z|7<d+3f<34>X,(t)ds, 1clo, 1, (4.17)
R
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where P is a polynomial of degree N such that for t € I we have
|Lp@)]~ eI,

with K € [0, Cq n] an integer. We may further assume that on R x I x R x ---, either (4.5) or
(4.8) holds, and that on I x R x I x ---, either (4.6) or (4.9) holds, depending on whether d is
even or odd.

Proof. Obviously, in proving (2.10), we may assume that f > 0. By the triangle inequality, it
suffices to bound each of the operators X éj ) given by

Xé”f(ny)=/f(s,y+sP(t))ILPO)\M%WWS’
R

with I; one of the intervals in the decomposition in Proposition 4.1. By the monotone conver-

gence theorem (since f > 0), in bounding X, Y ), we may assume that /; is a bounded interval.
Next, by reparametrizing (linearly) in # and applying Lemma 3.2, we may assume that /; C [0, 1]
and that b; = 0. Multiplying P by a constant and using Lemma 3.2 again, we may assume that

A = 1. Finally, since f > 0and |Lp(t)| ~ |£|X (after all of our reductions), we may replace the
20 2K0
weight |L p(¢)| @2W@-D with |t|@2@-1  This completes the proof. O

As it suffices to establish bounds for X 0, we will work with these operators from here forward
and drop the ~’s from our notation. We note that under this reduction, the adjoint of Xy is given
by

2K6
X58(s,x) = /g(t,x —sP(1))|t| @@= dt. (4.18)
T

5. The restricted weak-type bounds

The main goal of this section is to prove a restricted weak-type version of Theorem 2.2. Our
proof is similar to the proof of the restricted weak-type bound at the endpoint 8 = 1 given in [6],
but we must make some modifications to deal with the differences in the operators.

We recall the quantity

_ d+2)d-1)
to = dd+1)

which is the unique value of 6 such that gy = rg.

Proposition 5.1. Let d >3 and let P : R — R~ be a polynomial of degree N. Then for 6y <
0 < 1, Xy satisfies the restricted weak-type bound

1
(Xoxe. xr) SIEV X gyt (5.1)

for all measurable E, F C R4,

Before beginning the proof of Proposition 5.1, we make a minor reduction.
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Lemma 5.2. It suffices to prove Proposition 5.1 under the additional hypothesis that there exists
a constant B such that B < ngF(s, x) <28 foreach (s,x) € E.

Proof of Lemma 5.2. Assume that the proposition has been proven under the additional hypoth-
esis given in the lemma and let E, F C R¢ be measurable sets. By the monotone convergence
theorem, we may assume that £, F' are bounded sets, and we may of course assume that E, F'
have posmve measures.
Let B = X”“E# For n € Z, let
={(s,x) € E: 2" 'B < X} xr(s,x) <2"B}.

Then standard arguments show that

—_—

(Xoxy1_ gn XF) S §(X9XE XF)s

which implies that

[\SRR

oo
(Xoxe. xr) < Y _(XoXEn, xF).
n=0

Furthermore,

BIE| = (XoxE, xF) = (Xoxen, xr) = 2"~ B|E",
so |E™| <27"|E|. Thus by our assumption, we have
<Pl
sy SIEI e

o o
_n €
(Xoxe. xr) S ZO<XexEn, XFYS D 2 WE| |xr| Ly

n=0

i.e. (5.1) holds. This completes the proof of the lemma. 0O

We record two more lemmas before proceeding to the main part of the proof of Proposi-
tion 5.1.

Lemma 5.3. (See [6].) Let F C R%. Then

1 11
> |FI|[I(F)|% 0, 6<O<I,

e g gt

where IT : R? — R denotes the projection I1(t, y) =1.

Proof. For 6 in the specified range, we have rg > gy, so ry < g,. Thus by Hélder’s inequality,
we have

/ ‘Ié A

- " ,r7
|F|=/ /xF(z,y)dydz<|n<F>} %(/(/mr y)dy) dr)"- 0

I1(F)Rd—1 R Ri-1
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Next is a variant of a lemma from [6]. For 0 < 6 < 1, we let iy denote the measure satisfying

/ F@O dug(t) = / F@O)le| @ dr. (5.2)
R 1

Lemma 5.4. Let ¢ > 0. Then there exists a constant ¢, > 0 such that for every interval Iy C [0, 1]
and every Lebesgue measurable S C Iy, there exists an interval J C Iy such that ug(J N S) >
%,ug (8) and such that for every interval I' C J with ug(I') = %[,Lg(]), we have that

o (S)
e (J)

Me(Sﬂ(J\I’))>Cs< ) 1o (S).

Proof. We will use a stopping time argument to find an interval J having measure pug(J) =
2™ g (S) such that ug(J N S) > %,ug(S) and such that for any interval I’ C J with ug(I') =

sua (),
po(SNI') < (1—c27™)ua(SNJ).
With I as in the statement of the lemma, define mq > 0 so that g (Ip) =2"0ug(S). Letc > 0

be a fixed constant whose value will be determined in a moment. We argue inductively. Given /;,
if there exists an interval I’ C I; with pg(I") = % e (1;) and

ne(SNI') = (1—c22U=m0) pup(S N 1)),

thenwelet I; 11 =1 " (for one such interval I’) and continue. Otherwise we stop.
We observe that at the j-th stage,

(SN ;) > (1 —c2fU=1mm) (1 — c278m0) 1y (S).

In particular, if ¢ = ¢, is taken sufficiently small, then
1 .
/,Lg(Sij)>§[L9(S), for all j <mg+ 2.

But since j > mq + 1 implies that gy (1;) < %,LL(;(S), the procedure must stop while j < mg+ 1.
The proof is thus complete. O

We are now ready to prove Proposition 5.1.
Proof of Proposition 5.1. By Lemma 4.4, our goal is to establish the restricted weak-type es-
timate (5.1) for Xy = Xy in the reduced form (4.17). Let E, F C R? be measurable sets having
finite, positive measures. By Lemma 5.2, we may assume that

0< B < Xjxr(s, x) <28 < o0

for each (s, x) € E.
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We define

oy 3 2K6 -
Iﬂ_[cﬁ H,l], 3K€_(1+7(d+2)(d—1)> (5.3)

and observe that for ¢ sufficiently small, we have ug(I \ Ig) < B. (Recall that I C [0, 1] and pg
is given by (5.2).)
Let (s, x) € E and observe that

Xoxr(s.x)=po({t € 1: (t,x —sP()) € F}).
Thus if we define
Sy ={t€lg: (1, x —sP(t)) € F},
we have pg(S(s,v) ~ B.

Let ¢ > 0 be a small quantity to be determined in a moment. By Lemma 5.4, there exists an
interval I,y C Ig such that

po(Isxy) =2"e0 B, withm ) > —C  for some integer constant C,

Mo (I(s,x) N S(s,x)) ~ B,

and for any interval I’ C I(s ) with ug(I’) = %MQ(I(M)) we have

I’LQ(S(s’x) n (I(S,x) \ I/)) 2 ng_sm(“‘)ﬂ.

(0.¢]
m=

We partition E as E = J,,__~ E™, where
E™ = {(s,x): m—1<mg, x) gm}.

With m fixed, we choose points T;, 0 < j < M, satisfying

infUNIg)=To<Ti<---<Ty=1,
2"V < g (ITj-1, Tj1) <278, j=1,...., M.

Let J;" =[Tj_1,Tj],for 1 < j <M and J6” = (. It is easy to see that

__ 2K#
[ ~2mBT, P 1< <M. (5.4)
For j=1,..., M, we define
ET ={(s,x) € E™: Iy C I, UJTTUTT ]
and observe that if (s, x) € E"", then

B~ Xgxr (s, x) ~ 1o (Sis.x)) ~ Xgxpm (s, x), (5.5
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where F;" :=17_1(Jm UJ’”UJH)HF With m, j fixed, we define

(XoxEm, Xpm)
oy = =T
|F7

We will soon prove the following.

Lemma 5.5. Provided 6y < 0 < 1 and ¢ is sufficiently small, depending on N and d, there exists
p > 0 such that

L
7

22 () g ||

11 _ L
|F"|7e 7 % (5.6)

The implicit constant and p are both independent of 0.

Assuming the lemma for now, we complete the proof of Proposition 5.1.
(Xoxgm.xpm)
Using the definition of oc;” and the fact that % ~ B (which follows from (5.5)), we

see after a little algebra that, provided ¢ is sufficiently small, we have

==

| ml”glF'"l
—— <2 om| |7 XEr N Lap pay (5.7)

miry  q
1771

(Xoxem, xpm) S277"

Using the fact that E™ = j E;.", the relation (5.5), the bound (5.7), and Holder’s inequality

d*4+d—2
d*+d

(XoxEm, XF) < ZXGXE’" XF) Z(XQXE;n,XF;")
J J

(recall that pg < gg for 0 >

), we obtain

<2 S ED | e
J

L% (L")

_%

H ’ J
<2 pm(Z|Ej |) SUP”XF ||ng( m(Z'XF}" an(L’6)>[ .

Qb\l'_

To bound this last term, we observe that a point ¢ € I can lie in IT(F /’.") for at most three values
of j, and similarly, a point (s, x) € E™ can lie in E}" for at most three values of j. Thus

E"| <|E % < 5.8
Y |ETISIE| anFj [ ||xF||Lq€(L9) (5.8)
J

J

which by the computation above implies that

1
(Xoxem, xr) S 27" | E™| 7o |l x|l

/ .
L% (L"9)

Summing on m, we obtain (5.1), and the proposition is proved. O
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The proof of the key estimate in Lemma 5.5 will be by the method of refinements. Similar
arguments have already appeared in print, but there are some differences that arise here, and so
we give a complete proof.

We begin by recalling the iterated mappings (pfSo,m)’ lI/(]jo’yO) :RF — R? given in (4.1)—(4.4).

The following lemmas will reduce the proof of Lemma 5.5 to a computation.

Lemma 5.6. If d = 2D > 4 is even, then there exist a point (ty, yo) € F]'" and a set 24 C R4

. d m
with W(to,yo)(‘Qd) C Fj and
2K6 b—1 4K0
/ |tot p| @ D@TD < 1_[ It <d+z><41)> dip---ds) > 27" (a;")DﬂD. (5.9)
rs k=1
Furthermore, (s1,t1,...,5p,tp) € 24 implies that t; € Jj'.”_1 U ij U J;”+1f0r0 <i<Dand
m
o’
|Si—5i71|z—]2m, 2<i<D, (5.10)
|tj_1| @@=
___ Ko
Iy — 2| 2 Bltiyy|” @@, 0<i<I<D-1, (5.11)
K6
ltp — 1] = 220F8km g1y oo |~ @@ (5.12)
_ Ke
ltp — ;| 227" Bltpt;|” @2@D,  i=0,2,...,D—1, (5.13)

where §kg is as in (5.3).

Lemma 5.7. If d =2D + 1 > 3 is odd, then there exist a point (s, xg) € E;" and a set 24 C R4
. d
with <D(SO’X0)(.Qd) C F;” and

D
4K60 2K6 _ D
/(1_[|tk|<f1+2)("—1)>|tD+1|7(d+2)<d—1> dipyrdsp---dn 227" (o) pPFL (5.14)

24 k=1
Furthermore, (t1,51,...,tp+1) € §24 implies that t; € J]’."_1 U J]’." U J]’."H,for 1<i<D+1and
a™
lsi = si—1] 2 ——4—> 1<i<D, (5.15)
1 @
R <)
It — ;1 2 Bl @@, 0<i<I<D, (5.16)
1 _ Ko
ltp1 — t1] 2 22HKOM By 1y | @D (5.17)
Ko i
ltpy1 — i1 227" Bltpy1ti|” @@, 2<i<D—1, (5.18)

where Sk is as in (5.3).

We only give a proof in the even dimensional case, the odd dimensional case being similar.
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Proof of Lemma 5.6. We begin by refining E ;.”, F jm . By arguments which by now have appeared
many times in the literature (cf. [4]), there exist sets

W#Fip S Fip 1 S-S Flo=FJ,
##ENp S Efp S-S Efy=ET
so (t,y) € F;”k implies that X(?XE}"k,l t,y) = a;” and (s, x) € E;”k implies that X;XF}”k (s,x) 2

X(E™, F™) .
—Ll= =: B ~ B. In other words

ETT
o
t,»eF, = |{seR: (s,y+sPM)e€EY, }[2 ——, (5.19)
t @2d-1
(s, ) €EY, = we({rel: (,x—sPm)eFL}) 2B (5.20)

Furthermore, if (t,x —sP(t)) € F ]’" , then we in fact have

te(Ffy) SH(F) I, I U

Let s € R and 7 € Ig. Then it is obvious that

a™ o™
/ . / J J
{S eR: |s —s| < 2K6 ” < 2K0
F@FDT) @I

Next we consider the interval

b=t e |

2K0
t @D @@=

where ¢ is a small constant satisfying the following. First, since ¢ > 8% by (5.3), we may choose

2K0
c sufficiently small that 7 € Ig and t' € J; implies ¢ ~ ¢’. Second, g (J;) ~ (sup J;) @@D | J;|,
and since sup J; € Ig, making ¢ smaller if necessary, p9(J;) < B. With ¢ fixed, ¢’ ¢ J; implies
that

B

N@Dan
(17')

|t —1t| 2
Now let (t9, yo) € F]"’}D' We define

21={s1 ek lp(%o,yo)(sl) €ET, )

and then recursively define
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— . w2k m
Qo = {51, 11, 51, 1) € Qo1 X R Wt (51,115, 1) € Fll'py

¢ Jy, 0<i<k—1},

2k+1
41 = {(Sl,tl, coot Sern) € Qo X R WA (st sk) € BTy,
a™
J
[sk+1— Skl 2 T}v
(@@
k
for1<k<D-—1.
To define £2;, we must argue a little differently. Let (s1, #1,...,Sp) € £24—1 and define xp so
that (sp,xp) = lI/(”tlo_ylo)(sl, t1,...,5p). We observe that

/,Lg({t e S(sD,xD): It — 1| K |I(sD,xD)|}) < /’LG(I(SD»XD))’

so by the way the intervals /(5 ) were defined (cf. Lemma 5.4), we have

'U“e({t € Sspap): It =112 |1(sD,xD)|}) =27,

Furthermore,

D—1
278m 27€m
M@( U |:ti —CTG'B,H +0Tfi|> K27,

i=2 ti(d+2)(d71) li(d+2)(d71)
Therefore if we define
24 = {(Sl, t,....8D,tp) € 2q4_1 X R: tp € S¢sp xp)s 1tp —t1] 2 1 (sp.xp)|, and
2—5m
o —112 2P i—02... . pD-1,

d+2)(d—1
ti( +2)(d-1)

then £2; satisfies the volume lower bound (5.9). We have already shown that (5.10) and (5.11)
hold on £24, and (5.13) is proved in the same way as (5.11).
We finally turn to (5.12). Let (s1, t1, ..., fp) € §24, and define xp as above. Foreach 1 < j <
M, the requirements o (J7") ~2" B and J7" C Ig imply that
inf(J7") 2 27K sup(J7"). (5.21)

Indeed, if sup(JJ’.”) > 2inf(J;"), then
__2K6 __2K0
sup(J]'_") @ an ! o Sup(]j’_”) @+2)d=1 ’Jj’?1| ~ g (JJ’”) ~2MB,

from which we deduce that

sup(J7) < (27 B)°%7 < 2Ok inf(J7),
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since J jm C Ig. In fact, a similar argument shows that
inf(JJ’-") ~ sup(J]'.”), j=2, (5.22)
because in this case,
inf(J7) Z sup(J7") 2 (27 B)°%°.
By (5.21), since t1, tp € J}"_l U J}" U J]’."Jrl and (s, xp) C J]’.”_1 U J;" U Jj’."H, we have
min{t1, tp} 2 27" sup(J7, U TP U TP ) 227" sup sy xp).-
Additionally, since |t1 —tp| 2 |I(s;),xp)| and 1, ¢p > 0, we have
max{t1, tp} 2 sup Iisp.xp)-
We may therefore conclude that
11 = D11 1D) T 2 Ly sy [27" KO TG (up L5 ,1,)) FHED
~ Z_mSKG%MQ(I(SD,XD)) ~ omU=8ko G g = 23 (I+9keIm g,
This completes the proof of (5.12) and thus of the lemma. O

Now we are ready to prove Lemma 5.5.

Proof of Lemma 5.5. We give the details of the necessary computation when d = 2D. Since

llf(‘fo ) is a polynomial, a standard application of Bezout’s theorem gives

|FI'| = [ 0 (Ra)| 2 /|detDlI/(”tlo’yO)(s1,t1,...,sD,tD)|dtD~-~ds1.
24

Thus by Proposition 4.1, the lower bounds (5.10)—(5.13), and a bit of arithmetic,

D—-1
K 2 X
|F,’-”}2/1"[{|s,~+1—si||ri|v [T 15—l }|rorD|w|rD—ro|er~-ds1
24 i

i=1 0<j<D
J#i
K __ Ko b1 2K _ 2K6
D-1 - —e(d— K_ Ko 2K _2Ko
2/(0[;,,) BEPWD=D+1pm(1+dko—e(d=D) 1o 1T~ 142 l—[ |4 a2
24 i=1

To take advantage of (5.9), we use the fact that ; < Tj’” (by (5.22), since t; € ]]’."_1 U Jj’.” U J]’.”+l ),
and obtain



5008 S. Dendrinos, B. Stovall / Journal of Functional Analysis 262 (2012) 4986-5020

|Fmi>( )D lﬂZD(D 1)+12m(1+5K9 e(d— 2))(Tm) K((dd-édb%_l)

/ltotD|<d+2><d 0 1_[ It; |<d+2)<d 0 dtp---ds
i=1

d 2 _d@+he
Z(O‘j )d ],3 ot 2m(1+31(9 e(d— 3))(Tm) K(apa-p—D

Now we use the fact that |J;”|(T;”) @@-D ~ 2™ B and a bit of arithmetic to see that if ¢ is
sufficiently small, then '

d—1 ,Wd+2d=-1) _;_ @+2)@d=0 (1 _y_ocg_ dd+l)  (@d+2)d=1)
m| > (,Mm (d—=1)HAm(Sgg+ (z—=D—e(d=2))| ym| =2 20
|F'| 2 () B 2 2 (g A

1,1
____)l

L1y 4yl 1
_ o &) g ) Gr=Gr=op)

9% To Py

This completes the proof. O
6. Interpolation

If we were working with unweighted, non-mixed L” — L9 bounds with (p~!, g~!) lyingona
line segment, then strong-type bounds away from the endpoints would follow from the restricted
weak-type bounds at the endpoints via Marcinkiewicz interpolation. The mixed norms seem to
present particular difficulties. Although there are cases (such as in [22]) where interpolation of
multiple inequalities has been used to deduce strong type mixed norm estimates from restricted
weak type bounds, the authors are unaware of an analogue of Marcinkiewicz interpolation that
applies in the current situation, where the triples (p~!, ¢~!, »~!) under consideration all lie on a
single line segment. (A closely related issue is discussed in [20, Sections 4 and 5].)

Despite these difficulties, in this section we will use interpolation to obtain an improvement,
albeit a non-optimal one, for non-endpoint values of 6. We will use this interpolation step later
on in the proof of Theorem 2.2.

We continue with the simplifications in Lemma 4.4 in place. Let k > 0, and define an operator

Xg" by
X5 [, y) = Xo £ (1, ) xp-k-1 217 (1)

2K6
:/f(s,y+sP(t))|t|(d+2)(d7|)X[m(z—k—liz—k](t)ds. (61)

Proposition 6.1. For 6y < 6 < 1 and k > 0, the operator Xe_k defined by (6.1) is a bounded
operator from LPé-! to L96-%°(L'%),

This proposition follows from Proposition 5.1 and by applying the following lemma to X, k
with

(50, 40, v0) = (Pay- 96y 76,) (s1,u1,v1) = (p1,9q1,r1)

k(2K 6p) k(2K)
and My =2W@W-0 | M| = 2W@+2@-1)
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Lemma 6.2. Let T be a positive operator satisfying the restricted weak-type bounds

1
(Txe, xr) < MGIET NI xFIl v,

U/ 9 .ZO’ 17
L' J

for all measurable sets E, F C RY, where 1 < sj,uj,vi <oo, j=0,1and vo <vi. Then T
satisfies the mixed Lorentz space bound

(Tf )| S My~ MYNF I s ligl oy (6.2)
for any measurable functions f, g and any triple (s, u, v) satisfying
~hu o) = -0)(sg gt vy ) FO(sr oY), 0<o<1. (63)

The proof this lemma is along standard lines, but we give the details to facilitate our under-
standing of the quasi-extremizers for (6.2).

Proof. Before beginning, we recall that if f is a measurable function with | f| ~ > i 27 XE;»
where the E; are pairwise disjoint measurable sets, then

i 1
I fllper ~ Y 20 1ES 5.
J

Thus by linearity and positivity of 7', it suffices to prove the bound (6.2) when f = xg for some
measurable set £ and g = > j 2/ xF; for pairwise disjoint measurable sets F; satisfying

H D 2t
J

~A, forallteF® :=H<UF;), (6.4)

v/
L J

for some A > 0. We note that our assumption implies that

by
”g”L“/"(L”/) ~ ”g”L”/(L”/) ~A|F|.

To prove (6.2) with f and g as above, we let n be an integer (whose value will be determined
in a moment) and decompose

n o0
(11 X ) - <TXE, 3 sz,-> . <TXE, 5 z-fXF,,.> sz
Jj j=—o00 j=n+1
First we bound Y. By assumption, we have

1 n )
So<MolEl™ Y 27(|xp,ll

j=—00

M, U/ .
L70(L"0)

With —oo < j < n fixed, we have by (6.4) that



5010 S. Dendrinos, B. Stovall / Journal of Functional Analysis 262 (2012) 4986-5020

Jug(1—
21||XF,||LO(L by (/2 0 (2JU

ja-%y &L ja-ry Los o or
S2T AP~ 2T A OllgllLu(Lu)'
Since vg < vy, we have v/ < v6, and we may conclude that
< m2" U/)AE_,__/ I
Yo 0“0 ‘0
Zo S Mo EFO gl
Arguing similarly, using the fact that v} < v’, we have
1 o0
5T J
ZUSMUERT Y0 2l o
j=n+1
n(—y i
< AT B
<2 AT E T g
The final step is to find n satisfying
U/ v/ / ll
1-60 3 g0 (L nA=r) T e o
MY MBI gl oy ~ o2 A% S B IS
=) -t u
~ 2 AT E T g

This is possible because of the identity

1

0 W o 1 7
M Wy 11 T\ 1-Y
ZL) an o EP gl )
M LY (L)

1— u _i o
(M) A e )
My LY

<L” )
We leave the computations to the reader. O

IS

e

(6.5)

(6.6)

6.7)

(6.8)

Now by paying more careful attention to the losses in the above lemma, we can partially

characterize the quasi-extremizers of (6.2).

Lemma 6.3. Let T be an operator satisfying the hypotheses of Lemma 6.2 and let (s, u, v) be as
in (6.3). Let E be a measurable set, g = Z/ 2/ xF; with the F; pairwise disjoint sets satisfying

(6.4), and assume that (T xg, g) > sM(}*GMf|E|% ||g||L,,r(L,,/)f0r some 0 < & < %
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5011
Then there exists a subset J C 7 with cardinality #J < log(1 + &™) such that
<TXE, ZZIXF> (TXE. 8)-
jed
and such that j € J and i € {0, 1} imply that
> c Yt
(Txe. xr;) Z & MAEPIXE N g o (6.9)
and
M M
c 1 by -C 1 by pci
— ) A”|E|Y < < — ) A”|EIY 6.10
e (M0> EFgHG oy S 1 g g, S (MO> EFIglYd 0 (610)
where
/ —_—
a; = 1 5 b = ! v/lu/l 1146”: ) 5
1 1 P A
11 1 _ 1
51 S0 u) it
G=——7 1o di=———5—"7- 6.11)
U,{(U—i—%) up vy — o

The exponent C and the implicit constants are allowed to depend on 0 and the exponents
50, 81, 40, U1, Vo, V1.

Proof. Let n be as in (6.8). Then arguing as in (6.5), (6.6), and (6.7), we have

i — 1
Yoo (Txe 2 xr) < eMyTIMYIEL 18l g0

<(T Xk, 8)- (6.12)
|j—n|>Clog(1+e~1)

Thus if we let

J={jeZ: |j—n|<Clog(l+&7") and (T x£.2 xF,;) > ce(Tx£. 8)}.

we have

<TxE, > 2 xx, > (TxE, 8)-

jeJ

We claim that 7 has all of the properties stated in the conclusion of the lemma. The cardinality

bound is obvious. For (6.9) with i = 0, we use the definition of n and use (6.8) and then (6.5) to
see thatif j € J,
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(Txe. xr,) 2277 MY MYEIS 18] L g

Y —a(-Yy i
>eC2 "2 0 My MYIED gl

~

@

v/ u/ ll

/U v, u
~ 52 Mo BT g, ) 2 e MOETS ke

This establishes (6.9) when i = 0, and the case i = 1 may be verified using similar arguments.
We use (6.9) to prove (6.10). We note that j € J implies

1— 1 P _
eMy " MY\EN gl oy < AT xe, 8) S2767 (T xe, xr,) S 276 LM ELS e g

ECMAEN xe Il v v AT xes ) <2 (T xe, g) S27 MY MELE TS llgll Lo

ilpui vty ~ (L

Taking i = 0 and rearranging, we have for j € J that

0
M M,
Ch—n s <. ~Coen .
g2 (M()) |E| 0||g||Lu (LU)N”XF,”LuO(L ())NE 2 (Mo) |E| OHg”L” @)

By (6.3),

(M i M, b Wd
n{ - s , o~ = o 0
2 (Mo> LET* o llgllpu p <M0 ATIEIIgll, @’y
s0 (6.10) holds when i = 0. We leave the case i = 1 to the reader. O

7. The strong type bounds

Our main task in this section will be to prove the following, which will complete the proof of

Theorem 2.2.

Proposition 7.1. Let 6y < 0 < 1. Then Xy is a bounded operator from L% to L9 (L'?).

With Xy as in (4.17), we recall from the introduction that this is equivalent to the statement

that X is a bounded operator from LPo-Lto L9 (L7 d y*X). We can thus use real interpolation

(cf.[29, 1.18.4-6]) and the trivial L! — L°(L') bound (Lemma 3.1) to obtain the main theorem.

1
Proof of Proposition 7.1. It suffices to prove that (Xgxz, g) < |E|? whenever E C RY has
finite, positive measure and g = > j 2/ xF; with the F; pairwise disjoint sets and ”g”L”é i~
We start by decomposing g. For (k, ) € Z?, we define

A ={teR 271 <1 <2, and 27!

<2t}

gk = (xayoIg,  Fi:=I""(Ax)NFj, jeL.
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We now adapt a strategy, originally used by Christ in [5] and subsequently used in several other
articles (cf. [9,21,27]) to prove strong-type bounds for various generalized Radon transforms.
Roughly, we will prove that the gi; interact with almost disjoint pieces of E.

Our next step is to decompose the right-hand side of the identity

(Xoxe.8) =Y (Xoxe.gu)= Y (XbXE: gk,
k.l k.l

where we have used the notation in (6.1). For ¢ > 0, we say that (k,[) € K, if

& 1 1
— Py ’ ’ < Py ’ ’
SIElgall gy gy < (Xoxe: gu) < ELEN Ngull g, rp-

We observe that for each k, /, || gk || so by Proposition 6.1, we have that

oty N8kl g g

(Xoxe. &)=Y > (Xoxe,gu),

eS1 (ke

where the outer sum is taken only over integer powers of 2. We decompose further. For 1 > 0,
we say that (k, [) € kg if

n
= < llgrll <.

2 L% (L'0)

We now record a trivial bound. Since the Ay; are pairwise disjoint, we have

HIC. ~ 96 n~9 ~p~
e~y ||gk1||Lq0(L,0) ||g||m(m n
(k,D)elCe
Therefore
€ L
> (Xoxe.gu)~ Y, elEl7nSen'T%|E|m. (7.1)
(k.)ekey (k.)ekey

Because of the negative power of 7, we need a second bound in addition to (7.1).
We apply Lemma 6.3 to (XoxE, gki) With A = 2k,

(50, 40, v0) = (Pay»> Gog+ T6y) (s1,u1,v1) = (p1,4q1,11),

2K 6l
and Mo =2 @D , My =2 @@= . Noting that the quantities in (6.11) are

_(d+2)(d—1) , 2d—-1)

) b=_ ) i ——— :17
2 QG- V= Gd+1n 0

there exists a set Ty C Z, #Ju < log(1 4+ &~ 1), such that for j € Ji;, we have (recalling that
q6y = r90)
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1

L -
C q,
(XooXEs XFi) Z €7 1EI™0 [Fjg] ™, (7.2)
1
CAl 2K —k q/ 2(d—1) q'_
£€2 d(d+1)( ||gk1||ng(Lr€)) 9|E|3@FD < | Fjgg| ™
_CAl2K k 4, 2(d—1)
S 2T (27 gwl gy p)" VEITTD (1.3)

Given (k, 1) € K¢, we define

(XoxE, XFj) .
Ejy = {(s,x) € E: XgXry (s, x) 2 T"" . J€Jus
Ey = U Ejk.

Jj€Tu

As usual, we have
(XQXEa XF/'/(/) ~ <X9XE_,~/(1’ XF_ikl>‘ (74)
In a moment we will prove the following.
Lemma 7.2. We have for each n, € that
—1\3
> 1Eul S (log(1+&7")|E.
(kD) eKey
Assuming the lemma for now and using Lemma 6.2, we compute
D, Xoxeg)~ D ) (Xoxeu Y xr)
(k,DeKen k.DEKen j€Tu
1
S Y Koxeega) S D 1Eal™lgull g,
(ke (kD) eKey
1 L ,‘LG
Po pé
< ( > |Ekz|) ( 3 llgul® ) sup [lgu
‘1 ‘I %
k,DeKey (k.Dekey L) ek k H(L "
5 % -5
Slog(1+&7 ) |E[@ g, n (7.5)
Lqe (L"9)

where for the second-to-last inequality, we have used Holder’s inequality and the fact that
! !/
q9 < p@'

We recall that || g|| ~ 1, so interpolating between (7.1) and (7.5), we obtain

Lqé ( L"é )

1
> (Xoxe. gu) Sen?|E|e
ke,
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for some constants ¢, d > 0. Summing over dyadic values of ¢, n satisfying 0 < &,n < 1 com-
pletes the proof. O

Before we begin the proof of Lemma 7.2, we record a useful lower bound.

Lemma 7.3. Let F, F', H C RY have finite, positive measures. Assume that IT(F) C (21_1, 21],
I(F)c@'~-1,27,

Xooxr(s,x) 2 B, and X xp(s,x) 2B, for(s,x)eH. (7.6)
Define
_ Xeoxu xr)
|F|

If\l =1'| > 1, then we have

2
Al dZ-2d+l

|F/| ZZ”II_I/Iotd_I(ﬂ/) > g

d—

where a = = Land » = m If |l =1'| < 1, then we have

2
d . d —2d+2 —d

||z (B)"8

Proof of Lemma 7.3. We give the details when d = 2D + 1, the case when d = 2D being
similar. (The reader may find the proof of Lemma 5.5 helpful in making these modifications.)
The proof is based on the method of refinements. We begin by observing that there exists a

point (sg, xp) € E and a set £2; C R? such that <D(ds x )(.Qd) C F’ and

2K(d—-1) ’ 2K
f(z’)TM (2")T D dtp gy dspdtp ---dsyd 2P BPB. (1.7)
2q
Furthermore, if (¢1,s1,...,tp,SD,tp+1) € 24, then t,...,tp € (2[_1,2[], Ip+1 € (21/_1, 2[/],
and
s —si11 2 (7)™ e, 1<i<D, (7.8)
It —tj|>( )d(d+l)ﬂ 1<i<j<D, (7.9)
, 2K
o1 —1:] 2 (277) T B, 1<i < D. (7.10)

The proof of this observation is similar to that of Lemma 5.7 and also to one step in the proof of
Lemma 2 in [21], so we omit the details.
We consider first the case then |/ —I’| > 1. In this case we have in addition the lower bound

ltpy1 — 1] > 2maxl (7.11)
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by purely geometric considerations. Using Bezout’s theorem and Proposition 4.1, we have

(50,X0)

|F'| > | (Qd)|Z/|detD¢é0’XO)(Qd)|dtD+1dsD-~-ds1dt1
24

D

2K K
2K 2 K
Z/H{Isi—sz'—llllild [T 1-ul }IIDHI"dtD+1dSD--~d81dtl.
o = 1<t

Next, using the lower bounds (7.8), (7.9), and (7.11), followed by (7.7), we have
2KD 4KD(D-1) + #

|F’| Z/(zl)fm’ d@d+1)

24

/ E !
(zl)dzzz)max{z,z loP gD gy g

_ 2KD , 2KD _4KD(D—1) _2K(d—1) K_ 2K
z(zl) daxnt a ——darp PICESY) (21/)(1 —d(d+1)22DmaX{l,l’}a2D‘320(D—l)+D/g/_

Thus, after some arithmetic, we see that

d-nHd-2)
2 !

IF| 2 (ZZ)%(21’)%z(d—l)max{z,l’}ad—lﬂ (7.12)
Since g, (251, 2k]) ~ 251+ 1) for k € 7., we have by (7.6) that

B< 1+ g3y g < o' U+
Thus

pmaxill') > 2%|l—l/|(m)m’

as can be seen by (for instance) treating the cases I’ > [ and [ > I’ separately. Plugging these two
pieces of information into (7.12), we obtain

, K(d-1) 1 4 d=1)d=2)
‘F ‘ > B ddTn) TRK/d@TT 2

K@= , d—1 1 —
1.d-1 /
(’3’)((1(:1+1)+ ) (k7a@ )t 9 max{l,l'}  d—1
d-1 no@d=n? dtl
327”—”,3T—*(,3’) 2 Aozd_l,
which is what we were trying to prove.

Now we turn to the case when |l — I’| < 1, which is a bit simpler since 2l ~ 2! 1n this case,
we use (7.8)—(7.10), then (7.7), and some algebra (the 2! factors all cancel out) to obtain

‘F’| Z /(21)—51%5(43)_;(5212)+KQD/32D(D—1)(/3/)DdtDH cevdsy diy

24

d ,d*=d+2_

zad_l(ﬂ/) ,3 5 i

completing the proof of the lemma. O
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Finally we move to the proof of Lemma 7.2, the last step remaining in the proof of Theo-
rem 2.2.

Proof of Lemma 7.2. It suffices to prove that

S S Eul £ (log(1+¢7Y)) EL

(ksl)e’cm jeTu

Furthermore, since #.7;; < log(1 + &~ !) for each (k, 1) € Ken, it suffices to prove that

> S IEjul SIE| (7.13)

(kDER ey j€Tu
under the additional hypotheses that
Key is C'log(1 + & ")-separated and #Jy =1 forall (k1) € Key, (7.14)
where C’ is some large constant to be determined later on.

The argument we use originated in [5] and was used in [21] in a related context.
We begin by noting that by Cauchy—Schwartz and some elementary manipulations, we have

<Z|Ejkl|> </ZXE,k,> IEI/ Z XEjiy XE jroy

(k1) (k,l) (k, 1), (k' ,1")
=|E|<Z|Ejkl|+ > |E,-kmE,w|),
(k,0) (K1) k1)

where (k, 1) € K¢, and {j} = Ji is understood whenever the subscript jk! appears (likewise for
(j', k', 1")). Thus failure of (7.13) implies that

2
<Z|Ejkl|> SIEL Y. Eju NEjwr| < |E|(#Ke)®  sup  |Eju NEjppl. (7.15)
(k1) k£ K 1) (k,)£(K',l")

2K6
Now let (k, 1) € K¢;,. Since IT(Fjx) C (2!=1, 211, the weight ¢ @2@-1 is essentially constant,
so (7.4) is equivalent to

(XooXEs XFju) ~ (Xog XEju» Fki)- (7.16)

So by (7.2), (7.16), and Proposition 5.1, we have

C|E|PH() “XF,k[” qe o (L reo) 5 <X90XEa XFj)d) ~ (XQOXEjk[a Xij[)

< |E]kl|p(‘)0 ||XF,k1|| q”O(Lr"O)
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and so 5”"0C#IC5,,|E| Sy |E jk|. Plugging this into (7.15), we see that if (7.13) fails, then there
exist distinct ordered pairs (k, [), (k’,1") € K¢y such that

2P0 C|E| S1Eju N Ejorl. (7.17)

We assume (7.17) and will derive a contradiction by applying Lemma 7.3 with H =
EjpNE iy, F=Fjy, F' = Fjipp. By (7.2), the definition of E ji;, and the fact that IT(Fjx;) C
(21=1, 241, we have for (s, x) € H that

1 1

<X90XE XF'kl) T -
’ c 3 @ .
—————— 2" |E| "0|Fju|" =:p

X5 XF(s,%) 2
0 |E|
and similarly that
- -
X, xF (5. %) 2 €S [E] "0 |Fjyop| ™0 =: .

Using these bounds and (7.17), we have

1 __1
= Kaxe xe) o PULL e g |y "0,

|F TOF T

Xoo X X o 1
Ol/ = < 6o XH XF) Z8C(1+pgo)|E|p00 |Fj’k’l’| a6

|F'|
By Lemma 7.3 and a bit of algebra, we have (regardless of the separation between [ and ')
|Fjal 2 42 Fjen, (7.18)
for some constants A, a > 0. By symmetry, we have in addition that
Py 2 €220 Py, (7.19)

Obviously, this implies that |/ —I’| < Clog(1 +&~"). Thus if C’ is sufficiently large, our hypoth-
esis (7.14) implies that |k — k| > % log(1 + &~!'). But by (7.3), we have

1
1 2(d-1)

) a 2K /
D < | Fjp| " < e~ Colaam (27 Fn)% | E| 7@

2K / 2(d—
eColaasm (27kp)%| E|aar

1
2(d—1)

2K ’ 2(d—1) a 2K ’
€2 T (27K )% | E|aa) < |Fjpop| o < e~ Coa@n (27 p)% | E|aa@D

where we have used the bound |/ — '] <log(1 4 &~!) to eliminate /’. These bounds are incom-
patible with (7.18), (7.19) and the fact that |k — k| > %/ log(1 + e~ (for ¢’ sufficiently large).
This completes the proof of the lemma. O
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