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DERIVED CATEGORIES AND MOTIVES

I. Kriz and J. P. May
A b s t r a c t . We relate derived categories of modules over rational DGA’s to
categories of comodules over associated Hopf algebras, and we explain how
this implies the equivalence of deﬁnitions of mixed Tate motives proposed
by Bloch and Deligne. We also describe an approach to integral mixed
Tate motives in terms of the derived categories of modules over certain E∞
algebras.

We ﬁrst explain some new diﬀerential homological algebra — alias rational homotopy theory — over a ﬁeld of characteristic zero and then use it to
show the equivalence of two proposed deﬁnitions of mixed Tate motives [8,
9, 5] in algebraic geometry. One of these has been proven to admit Hodge
and étale realizations, but is intrinsically restricted to the rational world.
The other can be linked up to a speculative deﬁnition of integral or modular mixed Tate motives, and we end by explaining some new diﬀerential
homological algebra over arbitrary commutative rings that is necessary to
make sense of this approach to mixed Tate motives.
Let A be a commutative diﬀerential graded and “Adams graded” kalgebra, abbreviated DGA, where k is a ﬁeld of characteristic zero. Thus A
is bigraded via k-modules Aq (r), where q ∈ Z and r ≥ 0. We assume that
Aq (r) = 0 unless 2r ≥ q. The diﬀerential and product behave as follows
with respect to the gradings:
d : Aq (r) → Aq+1 (r) and Aq (r) ⊗ As (t) → Aq+s (r + t).
We assume that A has an augmentation ε : A → k. Write H q (A)(r) for
the cohomology of A in bidegree (q, r). We also assume throughout that
A is cohomologically connected, in the sense that H q (A)(r) = 0 if q < 0,
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H 0 (A)(r) = 0 if r > 0, and ε induces an isomorphism H 0 (A)(0) → k. We
say that A is connected if Aq = 0 for q < 0 and A0 ∼
= k. Any cohomologically connected DGA is quasi-isomorphic to a connected DGA. While the
Adams grading is present and important in our motivating examples, our
homological results apply verbatim to DGA’s without Adams grading.
Let DA denote the derived category of cohomologically bounded below A-modules. Its objects are diﬀerential bigraded A-modules M , where
M q (r) may be non-zero for any pair of integers (q, r), such that H q (M )(r) =
0 for all suﬃciently small q. All of our A-modules are assumed to satisfy
this cohomological condition. The morphisms of DA are obtained by adjoining formal inverses to the quasi-isomorphisms in the homotopy category
of maps of diﬀerential A-modules. Write ⊗A for the derived tensor product in DA . It is obtained by ﬁrst applying a suitable projective (or cell
— see below) approximation to modules and then applying the ordinary
tensor product. Deﬁne the “indecomposable elements QM ” by setting
QM = k ⊗A M . Then QM is a diﬀerential bigraded k-module. Deﬁne
HA to be the full subcategory of DA consisting of those M such that
H q (QM ) = 0 for q = 0. Deﬁne FHA to be the full subcategory of HA
consisting of the modules M such that H 0 (QM ) is ﬁnite dimensional and
deﬁne ω(M ) = H 0 (QM ). Recall the notion of a t-structure and its heart
from [1, §1.3] and the notion of a neutral Tannakian category from [11,
2.19] or [7].
Theorem 1. The triangulated category DA admits a t-structure whose
heart is HA , and FHA is a (graded) neutral Tannakian category over k
with ﬁber functor ω.
In the special case when A is a polynomial algebra on ﬁnitely many generators of even positive degree, most of this is proven in [2, pp. 93–103].
It follows from [11, 2.11] that the Abelian category FHA is equivalent
(in possibly many ways) to the category of ﬁnite dimensional representations of an aﬃne group scheme. What amounts to the same thing [11,
2.2], FHA is equivalent to the category of ﬁnite dimensional comodules
over a Hopf algebra (or bialgebra). We can specify such a Hopf algebra
explicitly, without recourse to Tannakian theory. The algebra A has a bar
construction B̄(A). If IA is the augmentation ideal of A, then B̄ q (A)(r) is
the direct sum over p ≥ 0 of the submodules of the p-fold tensor power of
IA in bigrading (q + p, r). If A is connected, B̄ 0 (A) is additively isomorphic to the tensor algebra on the (Adams graded) k-module A1 . We deﬁne
χA = H 0 B̄(A). This is a commutative Hopf algebra, and it turns out to be
a polynomial algebra. Its k-module of indecomposable elements is a co-Lie
algebra, which we denote by γA . We think of χA as a kind of universal
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enveloping Hopf algebra of γA . The following theorem gives a concrete and
explicit description of the category HA .
Theorem 2. Let A be a connected DGA. Then the following Abelian categories are equivalent.
(1) The heart HA of DA .
(2) The category of generalized nilpotent representations of the co-Lie
algebra γA .
(3) The category of comodules over the Hopf algebra χA .
(4) The category TA of “generalized nilpotent twisting matrices in A”.
We shall not make the deﬁnition of TA explicit, but the relevant matrices are quite concrete combinatorial objects. The hypothesis that A be
connected and not just cohomologically connected is needed to allow use of
TA . The other three categories are invariant under quasi-isomorphisms of
cohomologically connected DGA’s. The DGA A has a “1-minimal model”
ι : A1 → A. The map ι induces an isomorphism on H 1 and a monomorphism on H 2 . A quick construction is to let A1 be the exterior algebra
on a copy of γA concentrated in (homological) degree one, with diﬀerential
induced by the cobracket on γA . We say that “A is a K(π, 1)” if ι is a
quasi-isomorphism. The equivalence of (1) and (2) in Theorem 2 makes it
clear that HA depends only on A1 .
Theorem 3. The derived category of bounded below chain complexes in
HA is equivalent to the derived category DA1 .
Let k(r) be a copy of k concentrated in bidegree (0, r), regarded as a
representation of γA in the evident way.
Corollary 4. If A is a K(π, 1), then
ExtqHA (k, k(r)) ∼
= H q (A)(r).
While minimal algebras were introduced by Sullivan [15] in 1978 and
have played a central role in rational homotopy theory ever since, the
concomitant theory of minimal modules does not seem to appear in the
literature and plays an important role in the proofs of the results above.
Another basic ingredient, not special to characteristic zero, is a new general approach to derived categories that mimics the way topologists think
about the stable homotopy category of spectra. There is a theory of “cell
modules” that is just like the theory of “cell spectra”, and there are simple
algebraic analogues of such standard topological results as the Whitehead
theorem and Brown’s representability theorem. Derived tensor products of
modules work in exactly the same way as smash products of spectra.
We do not believe that these results are best possible. We believe that
the following result is true, and we have a sketch proof.
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Conjecture 5. There is an Abelian category RA and an embedding ι of
DA as a full subcategory of the derived category of bounded below chain
complexes in RA such that ι(A(r)) is an object of RA and
ExtqRA (ι(A), ι(A(r))) ∼
= H q (A)(r).
While the results above are statements in diﬀerential homological algebra, we formulated them as general results that would have to be true if
two seemingly diﬀerent deﬁnitions of mixed Tate motives were to agree.
We brieﬂy explain the relevance to mixed Tate motives. Let X be a
(smooth, quasi-projective) variety over a ﬁeld F . Bloch [3] deﬁned an
Adams graded simplicial Abelian group Z(X) whose homology groups are
the Chow groups of X:
(6)

CH r (X, q) = Hq (Z(X))(r).

Bloch [3, 4] (see also Levine [13]) proved that
(7)

CH r (X, q) ⊗ Q ∼
= (Kq (X) ⊗ Q)(r) ,

where the right side is the nr -eigenspace of the Adams operation ψ n (for
any n > 1); Kq (X) ⊗ Q is the direct sum of these eigenspaces.
The simplicial Abelian group Z(X) has a partially deﬁned intersection
product. At this point another aspect of our work enters. Specializing
a general theory of “partial algebras”, we have constructed an “E∞ algebra” A(X) that is quasi-isomorphic to the associated chain complex of
Z(X). Here E∞ algebras are deﬁned in terms of actions by operads of
chain complexes and are the precise algebraic analogues of E∞ ring spectra in topology [14], [12]. We have also constructed a commutative rational
DGA AQ (X) and a quasi-isomorphism of E∞ algebras

A(X) ⊗ Q → AQ (X).
These objects are graded homologically. Cohomological considerations dictate the regrading
(8)

N2r−p (X)(r) = Ap (X)(r) and N2r−p
(X)(r) = (AQ )p (X)(r).
Q

Since Ap (X) = 0 if p < 0, Nq (X)(r) = 0 unless 2r ≥ q. Thinking of the
eigenspaces on the right side of (7) as successive terms of the associated
graded with respect to the γ-ﬁltration, we may rewrite (7) in the form
(9)

H q (NQ (X))(r) = grγr (K2r−q (X) ⊗ Q).
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The Beilinson-Soulé conjecture for X asserts that these groups are zero if
q < 0 or if q = 0 and r = 0, and that the group in bidegree (0, 0) is Q.
That is, the Beilinson-Soulé conjecture is that NQ (X) is cohomologically
connected. It holds when F is a number ﬁeld [6]. When it holds, our results
above apply to A = NQ (X).
Specializing to X = Spec(F ), let N denote the E∞ algebra N(Spec(F ))
and let NQ denote the commutative DGA NQ (Spec(F )). Even without
the Beilinson-Soulé conjecture, [5] proposed the following deﬁnition.
Deﬁnition 10. Let χmot denote the Hopf algebra χNQ = H 0 B̄(NQ ). Deﬁne the category of (rational) mixed Tate motives of the ﬁeld F , denoted
MTM(F ), to be the category of ﬁnite dimensional comodules over χmot .
Such a deﬁnition had been proposed in general terms by Deligne [8].
Theorem 2 specializes to give the following equivalence of categories.
Theorem 11. If the Beilinson-Soulé conjecture holds for Spec(F ), then

MTM(F ) is equivalent to the category FHNQ .

Deligne [9] ﬁrst suggested that, if a suitable commutative DGA NQ could
in fact be constructed, then FHNQ should give an appropriate deﬁnition
of MTM(F ) when the Beilinson-Soulé conjecture holds for Spec(F ). Thus
Theorem 11 is the promised equivalence of two approaches to mixed Tate
motives. In view of (9), Corollary 4 has the following immediate consequence.
Theorem 12. If NQ is a K(π, 1), then
ExtpMTM(F ) (Q, Q(r)) ∼
= grrγ (K2r−p (F ) ⊗ Q).
This veriﬁes one of the key properties desired of a category of mixed
Tate motives. Our Conjecture 5 suggests that there is a deﬁnition of mixed
Tate motives that will lead to such an isomorphism without the K(π, 1)
hypothesis.
The results of [5] start from Deﬁnition 10 and give realization functors
from MTM(F ) to the category of mixed Tate -adic representations in
étale theory and to the category of mixed Tate Hodge structures in Hodge
theory.
Étale realization. Fix a prime and assume that the characteristic of F
is prime to and that F has ﬁnitely many th roots of unity. There is a
rational Hopf algebra χét such that the category of mixed Tate -adic representations is equivalent to the category of ﬁnite-dimensional comodules
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over χét . Modulo replacing NQ by a quasi-isomorphic DGA, [5] constructs
a suitable realization map of Hopf algebras
Realét : χmot → χét .
Hodge realization. Let F = C. The category of mixed Tate Hodge structures is equivalent to the category of ﬁnite-dimensional comodules over a
rational commutative Hopf algebra χT M H . Again, modulo replacing NQ
by a quasi-isomorphic DGA, [5] constructs a suitable realization map of
Hopf algebras
RealT M H : χmot → χT M H .
The desired realization functors on MTM(F ) are obtained by passage
to the associated categories of comodules or, equivalently, of generalized
nilpotent representations of co-Lie algebras of indecomposable elements.
We believe that stronger realization results are true. There are étale and
Hodge analogues, NQ,ét and NQ,T M H , of the DGA NQ , and our Theorem
2 gives interpretations of mixed Tate -adic representations and mixed Tate
Hodge structures in terms of the derived categories of these DGA’s. Although complete details are not in place, it appears that realization maps
can be constructed on the level of DGA’s, from which the displayed realization maps are obtained by application of the functor H 0 B̄. In fact, we
believe that there is an integral version of this picture.
Conjecture 13. There are E∞ algebras Nét and NT M H together with
quasi-isomorphisms of E∞ algebras

Nét ⊗ Q → NQ,ét and NT M H ⊗ Q → NQ,T M H .
There are also realization maps of E∞ algebras
Realét : N → Nét and RealT M H : N → NT M H
that are compatible under rationalization with realization maps of DGA’s
Realét : NQ → NQ,ét and RealT M H : NQ → NQ,T M H .
The reinterpretation of Deﬁnition 10 given by Theorem 11 leads to a
category of integral mixed Tate motives that is related to MTM(F ) by
extension of scalars. In fact, we have constructed a derived category DA
associated to an E∞ algebra A over any commutative ring k. The relevant theory is precisely analogous to the topological theory of E∞ module
spectra over an E∞ ring spectrum described in [12]. One ﬁrst deﬁnes a
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category of “E∞ k-modules”. This is quite diﬀerent from the category of
k-modules, but it has an equivalent derived category: k-modules are the
analogues of spectra and E∞ k-modules are the analogues of S-modules.
The category of E∞ k-modules has its own tensor product, which is associative and commutative but only unital up to quasi-isomorphism. There
is a tensor category of unital E∞ k-modules, and an E∞ algebra A is exactly a commutative monoid in this category. From here, the treatment of
A-modules proceeds in terms of the new E∞ tensor product over k. Just as
if A were an actual DGA, the derived category DA is a triangulated tensor
category.
Deligne ([9], [10, §3]) proposed the resulting category DN as an integral
“catégorie triangulée motivique”. Given our Conjecture 13, this deﬁnition
will lead directly to étale and Hodge realization functors. We deﬁne Adams
graded Ext groups in terms of the morphisms of this category:
ExtqN (M, N ) = DN (M, N [q])
for N-modules M and N . These agree with the cohomology groups of the
right derived N-module HomN (M, N ), and we have a spectral sequence
that converges from
∗
∗
Ext∗,∗
H ∗ (N) (H (M ), H (N ))

to Ext∗N (M, N ). Here H ∗ (N) is the integral Chow ring of Spec(F ), regraded as dictated by formulas (8) and (9). Little is known about the
integral Chow groups, and there seems to be only speculation as to their
relationship to the higher algebraic K-groups of F . However, the results
on derived categories just outlined work equally well if we reduce mod n,
and Suslin [16] has recently proven that if F is an algebraically closed ﬁeld
of characteristic prime to n and X is a smooth aﬃne variety over F , then,
for r ≥ dim(X),
2r−q
CH r (X, q; Z/n) ∼
= Hét (X, Z/n (r)).

Working topologically [12], we have constructed an analogous “derived
category” that bears the same relation to the K-groups K∗ (F ) that DN
bears to the Chow groups. This is the stable homotopy category h̄K(F ) of
module spectra over the E∞ ring spectrum K(F ) that represents the algebraic K-theory of F . It provides another plausible candidate for a motivic
triangulated tensor category. We have a function E∞ module spectrum
FK(F ) (M, N ) for E∞ module spectra M and N . Its homotopy groups are
the “topological Ext groups”
ExtqK(F ) (M, N ) ≡ [M, Σq N ]K(F ) ,
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and we have a spectral sequence that converges from
∗
Ext∗,∗
K∗ (F ) (M∗ , N )

to Ext∗K(F ) (M, N ). Despite the tantalizingly close analogy, we do not yet
see how to forge a connection between the candidates DN and h̄K(F ) for
categories of integral mixed Tate modules.
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