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1 Introduction

The Eneström-Kakeya theorem [4] given below is well known in the theory of
zero distribution of polynomials.

Theorem A. For an nth-order polynomial P (z) =
∑n

i=0 aiz
i, assume

an ≥ an−1 ≥ · · · ≥ a1 ≥ a0 > 0.

Then P (z) has all its zeros in the disk |z| ≤ 1.

In the literature some attempts have been made to extend and generalize
the Eneström-Kakeya theorem. Joyal et al [3] extended the Eneström-Kakeya
theorem to the polynomials with general monotonic coefficients by showing
that if

an ≥ an−1 ≥ · · · ≥ a1 ≥ a0,

then all the zeros of P (z) are contained in the disk

|z| ≤ an − a0 + |a0|
|an| .
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Aziz and Zargar [1] generalized the result of Joyal et al [3] as follows.

Theorem B. If P (z) =
∑n

i=0 aiz
i is an nth-order polynomial such that for

some λ ≥ 1,
λan ≥ an−1 ≥ · · · ≥ a1 ≥ a0,

then P (z) has all its zeros in the disk

|z + λ − 1| ≤ λan − a0 + |a0|
|an| .

On the other hand Govil and Rahman [2] investigated the zero distribution
of polynomials such that the modulii of coefficients are monotonic, and proved
the following theorem.

Theorem C. Let P (z) =
∑n

i=0 aiz
i be the nth-order polynomial such that for

some a > 0,

|an| ≥ a|an−1| ≥ a2|an−2| ≥ · · · ≥ an−1|a1| ≥ an|a0|.
Then all the zeros of P (z) lie in the disk |z| ≤ K1/a, where K1 is the greatest
positive root of the equation

Kn+1 − 2Kn + 1 = 0.

Govil and Rahman [2] also proved that if P (z) =
∑n

i=0 aiz
i is an nth-order

complex polynomial such that

| arg ai − β| ≤ α ≤ π/2, i = 0, 1, 2, · · · , n,

for some real β, and

|an| ≥ |an−1| ≥ · · · ≥ |a1| ≥ |a0|,
then all the zeros of P (z) lie in the disk

|z| ≤ cos α + sinα +
2 sinα

|an|
n−1∑
i=0

|ai|
.

Recently Shah and Liman [5] generalized Theorem B and the result of Govil
and Rahman [2], and proved the following two theorems.

Theorem D. Consider an nth-order complex polynomial P (z) =
∑n

i=0 aiz
i

with Re{ai} = αi and Im{ai} = βi, i = 0, 1, 2, · · · , n. If for some λ ≥ 1,

λαn ≥ αn−1 ≥ · · · ≥ α1 ≥ α0,
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βn ≥ βn−1 ≥ · · · ≥ β1 ≥ β0 > 0,

then all the zeros of P (z) lie in the disk∣∣∣∣∣z +
(λ − 1)αn

an

∣∣∣∣∣ ≤ λαn − α0 + |α0| + βn

|an| .

Theorem E. Let P (z) =
∑n

i=0 aiz
i be the nth-order complex polynomial such

that
| arg ai − β| ≤ α ≤ π/2, i = 0, 1, 2, · · · , n,

for some real β, and

λ|an| ≥ |an−1| ≥ · · · ≥ |a1| ≥ |a0|,
for some λ ≥ 1. Then all the zeros of P (z) lie in the disk

|z + λ − 1| ≤ 1

|an|
{

(λ|an| − |a0|)(cos α + sin α) + |a0| + 2 sinα
n−1∑
i=0

|ai|
}

.

This paper presents further generalizations of the Eneström-Kakeya the-
orem. To illustrate the motivation of this paper, consider a fifth-order real
polynomial given by

P (z) =
5∑

i=0

aiz
i

= 5z5 + 4z4 + 10z3 + 3z2 − z − 2.

Obviously Theorem B is not applicable to this polynomial. However we have

a5 ≥ a4 ≥ λa3 ≥ a2 ≥ a1 ≥ a0,

for 0.3 ≤ λ ≤ 0.4. Then it is natural to ask what happens in Theorem B if

an−k+1 ≥ λan−k ≥ an−k−1,

for some λ �= 1 and 1 ≤ k ≤ n (a−1 = 0). Similar questions can be raised
for other theorems mentioned above. In the next section we present some
solutions to such questions for Theorem B through Theorem E.

2 Theorems and proofs

Theorem 1. Let P (z) =
∑n

i=0 aiz
i be the nth-order polynomial such that for

some λ �= 1, 1 ≤ k ≤ n and an−k �= 0,

an ≥ an−1 ≥ · · · ≥ an−k+1 ≥ λan−k ≥ an−k−1 ≥ · · · ≥ a1 ≥ a0.
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If an−k−1 > an−k, then all the zeros of P (z) lie in the disk |z| ≤ K1, where K1

is the greatest positive root of the equation

Kk+1 − δ1K
k − |γ1| = 0,

where

γ1 =
(λ − 1)an−k

an
,

δ1 =
an + (λ − 1)an−k − a0 + |a0|

|an| .

If an−k > an−k+1, then all the zeros of P (z) lie in the disk |z| ≤ K2, where K2

is the greatest positive root of the equation

Kk − δ2K
k−1 − |γ2| = 0,

where

γ2 =
(1 − λ)an−k

an
,

δ2 =
an + (1 − λ)an−k − a0 + |a0|

|an| .

Proof. Consider a polynomial

Φ(z) = (1 − z)P (z)

= −anzn+1 + (an − an−1)z
n + · · · + (a1 − a0)z + a0.

If an−k−1 > an−k, then an−k+1 > an−k and Φ(z) can be written as

Φ(z) = −anzn+1 − (λ − 1)an−kz
n−k + (an − an−1)z

n + · · ·
+(an−k+1 − an−k)z

n−k+1 + (λan−k − an−k−1)z
n−k

+(an−k−1 − an−k−2)z
n−k−1 + · · ·+ (a1 − a0)z + a0.

For |z| > 1,

|Φ(z)| ≥ |anzn+1 + (λ − 1)an−kz
n−k|

−|z|n
{

(an − an−1) + · · ·+ (an−k+1 − an−k)

|z|k−1
+

(λan−k − an−k−1)

|z|k

+
(an−k−1 − an−k−2)

|z|k+1
+ · · · + (a1 − a0)

|z|n−1
+

|a0|
|z|n

}

≥ |z|n−k|anzk+1 + (λ − 1)an−k| − |z|n{an + (λ − 1)an−k − a0 + |a0|}
> 0

if
|zk+1 + γ1| > δ1|z|k.
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This inequality holds if

|z|k+1 − |γ1| > δ1|z|k.
Hence all the zeros of P (z) with modulus greater than one lie in the disk
|z| ≤ K1, where K1 is the greatest positive root of the equation

Kk+1 − δ1K
k − |γ1| = 0.

But the zeros of P (z) with modulus less than or equal to one are already
contained in the disk |z| ≤ K1 since K1 > 1 (see Remark 1 below).

The second part can be proved similarly. If an−k > an−k+1, then an−k >
an−k−1 and Φ(z) can be written as

Φ(z) = −anzn+1 − (1 − λ)an−kz
n−k+1 + (an − an−1)z

n + · · ·
+(an−k+1 − λan−k)z

n−k+1 + (an−k − an−k−1)z
n−k

+(an−k−1 − an−k−2)z
n−k−1 + · · · + (a1 − a0)z + a0.

For |z| > 1,

|Φ(z)| ≥ |z|n−k+1||anz
k + (1 − λ)an−k|

−|z|n
{

(an − an−1) + · · ·+ (an−k+1 − λan−k)

|z|k−1

+
(an−k − an−k−1)

|z|k +
(an−k−1 − an−k−2)

|z|k+1
+ · · · + (a1 − a0)

|z|n−1
+

|a0|
|z|n

}

≥ |z|n−k+1|anzk + (1 − λ)an−k| − |z|n{an + (1 − λ)an−k − a0 + |a0|}
> 0

if

|zk + γ2| > δ2|z|k−1.

This inequality holds if

|z|k − |γ2| > δ2|z|k−1.

Hence all the zeros of P (z) with modulus greater than one lie in the disk
|z| ≤ K2, where K2 is the greatest positive root of the equation

Kk − δ2K
k−1 − |γ2| = 0.

But the zeros of P (z) with modulus less than or equal to one are already
contained in the disk |z| ≤ K2 since K2 > 1 (see Remark 2 below).

Remark 1. Let

f1(K) = Kk+1 − δ1K
k − |γ1|.
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To prove K1 > 1, it suffices to show that f1(1) < 0. If an−k−1 > an−k, then one
of the following four cases happens.

(a) an−k+1 ≥ an−k−1 > an−k > 0 and λ > 1.

(b) an−k+1 ≥ an−k−1 ≥ 0 > an−k and λ ≤ 0.
(c) an−k+1 ≥ 0 ≥ an−k−1 > an−k and λ < 1.

(d) 0 ≥ an−k+1 ≥ an−k−1 > an−k and 0 < λ < 1.

It is easily seen that γ1 > 0 and δ1 ≥ 1 + γ1 for the cases (a), (b) and (c), and
δ1 ≥ 1 + |γ1| for the case (d). Then f1(1) = 1 − δ1 − |γ1| < 0 and we have
K1 > 1.

Remark 2. Let

f2(K) = Kk − δ2K
k−1 − |γ2|.

If an−k > an−k+1, then the following four cases are possible to occur.

(a) an−k > an−k+1 ≥ an−k−1 ≥ 0 and 0 ≤ λ < 1.

(b) an−k > an−k+1 ≥ 0 ≥ an−k−1 and λ < 1.

(c) an−k > 0 ≥ an−k+1 ≥ an−k−1 and λ ≤ 0.

(d) 0 > an−k > an−k+1 ≥ an−k−1 and λ > 1.

Then γ2 > 0 and δ2 ≥ 1 + γ2 for the first three cases, and δ2 ≥ 1 + |γ2| for the
last case. Hence f2(1) = 1 − δ2 − |γ2| < 0 and we have K2 > 1.

Theorem 2. Let P (z) =
∑n

i=0 aiz
i be the nth-order polynomial such that for

some a > 0, λ(�= 1) > 0, 1 ≤ k ≤ n and an−k �= 0,

|an| ≥ a|an−1| ≥ · · · ≥ ak−1|an−k+1| ≥ λak|an−k| ≥ ak+1|an−k−1| ≥ · · · ≥ an|a0|.

If |an−k| < a|an−k−1| (i.e., λ > 1), then all the zeros of P (z) lie in the disk
|z| ≤ K1/a, where K1 is the greatest positive root of the equation

Kn+1 − 2Kn + 1 = 0.

If a|an−k| > |an−k+1| (i.e., 0 < λ < 1), then P (z) has all its zeros in the disk
|z| ≤ K2/a, where K2 is the greatest positive root of the equation

Kn+1 − 2Kn +
λ − 1

λ
Kn−k+1 +

1

λ
= 0.

Proof. If |an−k| < a|an−k−1|, then ak−1|an−k+1| ≥ ak|an−k|, and we obtain the
same result as Theorem B following the proof of Theorem 1 in [2]. Now suppose



Generalizations of Eneström-Kakeya theorem 989

a|an−k| > |an−k+1|, and let Q(z) =
∑n−1

i=0 aiz
i. Then for |z| = R(> 1/a),

|Q(z)| ≤ |an−1|Rn−1
{
1 +

1

aR
+

1

(aR)2
+ · · · + 1

(aR)k−2

+
1

λ(aR)k−1
+

1

(aR)k
+ · · ·+ 1

(aR)n−1

}

≤ |an−1|Rn−1
{
1 +

1

aR
+

1

(aR)2
+ · · · + 1

(aR)k−2

+
1

λ(aR)k−1
+

1

λ(aR)k
+ · · ·+ 1

λ(aR)n−1

}

= |an−1|Rn−1
{

(aR)k−1 − 1

(aR)k−2(aR − 1)
+

(aR)n−k+1 − 1

λ(aR)n−1(aR − 1)

}

= |an−1|Rn−1
{

λ(aR)n + (1 − λ)(aR)n−k+1 − 1

λ(aR)n−1(aR − 1)
.
}

Hence

|P (z)| ≥ |an|Rn − |an−1|Rn−1
{

λ(aR)n + (1 − λ)(aR)n−k+1 − 1

λ(aR)n−1(aR − 1)

}

> 0

if
|an|

a|an−1| >
λ(aR)n + (1 − λ)(aR)n−k+1 − 1

λ(aR)n−1(aR − 1)
.

Since |an|/a|an−1| ≥ 1 by hypothesis, the above inequality holds if

λ(aR)n−1(aR − 1) > λ(aR)n + (1 − λ)(aR)n−k+1 − 1.

Replacing aR by K, we obtain the result.

Theorem 3. Consider an nth-order complex polynomial P (z) =
∑n

i=0 aiz
i

with Re{ai} = αi and Im{ai} = βi i = 0, 1, 2, · · · , n, and assume that for some
λ �= 1, 1 ≤ k ≤ n and αn−k �= 0,

αn ≥ · · · ≥ αn−k+1 ≥ λαn−k ≥ αn−k−1 ≥ · · · ≥ α1 ≥ α0,

βn ≥ βn−1 ≥ · · · ≥ β1 ≥ β0.

If αn−k−1 > αn−k, then all the zeros of P (z) lie in the disk |z| ≤ K1, where K1

is the greatest positive root of the equation

Kk+1 − δ1K
k − |γ1| = 0,

where

γ1 =
(λ − 1)αn−k

an

,
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δ1 =
αn + (λ − 1)αn−k − α0 + |α0| + βn − β0 + |β0|

|an| .

If αn−k > αn−k+1, then all the zeros of P (z) lie in the disk |z| ≤ K2, where K2

is the greatest positive root of the equation

Kk − δ2K
k−1 − |γ2| = 0,

where

γ2 =
(1 − λ)αn−k

an

,

δ2 =
αn + (1 − λ)αn−k − α0 + |α0| + βn − β0 + |β0|

|an| .

Proof. Consider a polynomial

Φ(z) = (1 − z)P (z)

= −anzn+1 + (an − an−1)z
n + · · ·+ (a1 − a0)z + a0

= −anzn+1 + (αn − αn−1)z
n + · · · + (α1 − α0)z + α0

+i{(βn − βn−1)z
n + · · ·+ (β1 − β0)z + β0}.

If αn−k−1 > αn−k, then αn−k+1 > αn−k and Φ(z) can be written as

Φ(z) = −anzn+1 − (λ − 1)αn−kz
n−k

+(αn − αn−1)z
n + · · · + (αn−k+1 − αn−k)z

n−k+1

+(λαn−k − αn−k−1)z
n−k · · ·+ (α1 − α0)z + α0

+i{(βn − βn−1)z
n + · · ·+ (β1 − β0)z + β0}.

If |z| > 1, then

|Φ(z)| ≥ |anzn+1 + (λ − 1)αn−kz
n−k|

−|z|n
{

(αn − αn−1) + · · · + (αn−k+1 − αn−k)

|z|k−1

+
(λαn−k − αn−k−1)

|z|k + · · ·+ (α1 − α0)

|z|n−1
+

|α0|
|z|n

}

−|z|n
{

(βn − βn−1) + · · ·+ (β1 − β0)

|z|n−1
+

|β0|
|z|n

}

≥ |anzn+1 + (λ − 1)αn−kz
n−k|

−|z|n|{αn + (λ − 1)αn−k − α0 + |α0| + βn − β0 + |β0|)}
> 0
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if

|zk+1 + γ1| > δ1|z|k.
But this inequality holds if

|zk+1| − |γ1| > δ1|z|k.

As a result all the zeros of P (z) with modulus greater than one are contained
in the disk |z| ≤ K1, where K1 is the greatest positive root of the equation

Kk+1 − δ1K
k − |γ1| = 0.

As in the case of Theorem 1, it can be shown that K1 > 1. Hence all the
zeros of P (z) with modulus less that or equal to one are already lie in the disk
|z| ≤ K1, and the proof of the first part is completed.

Now assume αn−k > αn−k+1. Then αn−k > αn−k−1, and Φ(z) can be written
as

Φ(z) = −anzn+1 − (1 − λ)αn−kz
n−k+1

+(αn − αn−1)z
n + · · ·+ (αn−k+1 − λαn−k)z

n−k+1

+(αn−k − αn−k−1)z
n−k · · ·+ (α1 − α0)z + α0

+i{(βn − βn−1)z
n + · · ·+ (β1 − β0)z + β0}.

If |z| > 1, then

|Φ(z)| ≥ |anzn+1 + (1 − λ)αn−kz
n−k+1|

−|z|n
{
(αn − αn−1) + · · ·+ (αn−k+1 − λαn−k)

|z|k−1

+
(αn−k − αn−k−1)

|z|k + · · · + (α1 − α0)

|z|n−1
+

|α0|
|z|n

}

−|z|n
{
(βn − βn−1) + · · ·+ (β1 − β0)

|z|n−1
+

|β0|
|z|n

}
≥ |anzn+1 + (1 − λ)αn−kz

n−k|
−|z|n|{αn + (1 − λ)αn−k − α0 + |α0| + βn − β0 + |β0}

> 0

if

|zk + γ2| > δ1|z|k−1.

But above inequality holds if

|zk| − |γ2| > δ2|z|k−1.
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Hence all the zeros of P (z) with modulus greater than one lie in the disk
|z| ≤ K2, where K2 is the greatest positive root of the equation

Kk − δ2K
k−1 − |γ2| = 0.

Again it is easily seen that K2 > 1, and all the zeros of P (z) with modulus
less that or equal to one are already contained in the disk |z| ≤ K2, and the
proof of the second part is completed.

Theorem 4. Let P (z) =
∑n

i=0 aiz
i be the nth-order complex polynomial such

that for some real β,

| arg ai − β| ≤ α ≤ π/2, i = 0, 1, 2, · · · , n

and for some λ �= 1 and an−k �= 0,

|an| ≥ |an−1| ≥ · · · |an−k+1| ≥ λ|an−k| ≥ |an−k−1| ≥ · · · ≥ |a1| ≥ |a0|.

If |an−k| < |an−k−1| (i.e., λ > 1), then all the zeros of P (z) lie in the disk
|z| ≤ K1, where K1 is the greatest positive root of the equation

Kk+1 − δ1K
k − |γ1| = 0,

where

γ1 =
(λ − 1)an−k

an

,

δ1 =
{(|an| + (λ − 1)|an−k|)}(cos α + sinα) + 2 sinα

∑n−1
i=0 |ai|

|an| .

If |an−k| > |an−k+1| (i.e., 0 < λ < 1), then all the zeros of P (z) lie in the disk
|z| ≤ K2, where K2 is the greatest positive root of the equation

Kk − δ2K
k−1 − |γ2| = 0,

where

γ2 =
(1 − λ)an−k

an
,

δ2 =
{(|an| + (1 − λ)|an−k|)}(cos α + sinα) + 2 sinα

∑n−1
i=0 |ai|

|an| .

Proof. Consider a polynomial

Φ(z) = (1 − z)P (z)

= −anzn+1 + (an − an−1)z
n + · · · + (a1 − a0)z + a0.
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If |an−k−1| > |an−k|, then |an−k+1| > |an−k| and Φ(z) can be written as

Φ(z) = −anzn+1 − (λ − 1)an−kz
n−k + (an − an−1)z

n + · · ·
+(an−k+1 − an−k)z

n−k+1 + (λan−k − an−k−1)z
n−k

+(an−k−1 − an−k−2)z
n−k−1 + · · ·+ (a1 − a0)z + a0.

If |z| > 1, then

|Φ(z)| ≥ |anzn+1 + (λ − 1)an−kz
n−k|

−|z|n
{
|an − an−1| + · · · + |an−k+1 − an−k|

|z|k−1

+
|λan−k − an−k−1|

|z|k + · · ·+ |a1 − a0|
|z|n−1

+
|a0|
|z|n

}
≥ |anzn+1 + (λ − 1)an−kz

n−k|
−|z|n

{
|an − an−1| + · · · + |an−k+1 − an−k|

+|λan−k − an−k−1| + · · ·+ |a1 − a0| + |a0|
}
.

It was shown in [2] that, for two complex numbers b0 and b1, if |b0| ≥ |b1| and
| arg bi − β| ≤ α ≤ π/2, i = 0, 1, for some β, then

|b0 − b1| ≤ (|b0| − |b1|) cos α + (|b0| + |b1|) sinα.

Using this fact, we have

|Φ(z)| ≥ |anzn+1 + (λ − 1)an−kz
n−k|

−|z|n
{
{(|an| + (λ − 1)|an−k|)}(cos α + sin α)

−|a0|(cos α + sinα − 1) + 2 sinα
n−1∑
i=0

|ai|
}

≥ |anzn+1 + (λ − 1)an−kz
n−k|

−|z|n
{
{(|an| + (λ − 1)|an−k|)}(cos α + sin α) + 2 sinα

n−1∑
i=0

|ai|
}

> 0

if
|zk+1 + γ1| > δ1|z|k.

This inequality holds if
|z|k+1 − |γ1| > δ1|z|k,

and all the zeros of P (z) with modulus greater than one lie in the disk |z| ≤ K1,
where K1 is the greatest positive root of the equation

Kk+1 − δ1K
k − |γ1| = 0.
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It is easily seen that K1 > 1, and all the zeros of P (z) with modulus less than
or equal to one are already contained in the disk |z| ≤ K1.

Now consider the case |an−k| > |an−k+1|. Then |an−k| > |an−k−1| and Φ(z)
can be written as

Φ(z) = −anzn+1 − (1 − λ)an−kz
n−k+1 + (an − an−1)z

n + · · ·
+(an−k+1 − λan−k)z

n−k+1 + (an−k − an−k−1)z
n−k + · · ·

+(a1 − a0)z + a0.

If |z| > 1, then

|Φ(z)| ≥ |anzn+1 + (1 − λ)an−kz
n−k+1|

−|z|n
{
|an − an−1| + · · ·+ |an−k+1 − λan−k|

|z|k−1

+
|an−k − an−k−1|

|z|k + · · · + |a1 − a0|
|z|n−1

+
|a0|
|z|n

}
≥ |anzn+1 + (1 − λ)an−kz

n−k+1|
−|z|n

{
(|an| + (1 − λ)|an−k|)(cos α + sinα)

−|a0|(cos α + sin α − 1) + 2 sinα
n−1∑
i=0

|ai|
}

≥ |anzn+1 + (1 − λ)an−kz
n−k+1|

−|z|n
{
(|an| + (1 − λ)|an−k|)(cos α + sinα) + 2 sinα

n−1∑
i=0

|ai|
}

> 0

if
|zk + γ2| > δ2|z|k−1.

This inequality holds if
|z|k − |γ2| > δ2|z|k−1,

and all the zeros of P (z) lie in the disk |z| ≤ K2, where K2 is the greatest
positive root of the equation

Kk − δ2K
k−1 − |γ2| = 0.

Again it can be shown that K2 > 1, and all the zeros of P (z) lie in the disk
|z| ≤ K2.
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Math. J. 20 (1968) 126–136.

[3] A. Joyal, G. Labelle and Q.I. Rahman, On the location of zeros of poly-
nomials, Canad. Math. Bull. 10 (1967) 55–63.

[4] M. Marden, Geometry of polynomials, Math. Surveys, No. 3; Amer. Math.
Society, (R.I.: Providence) (1966).

[5] W.M. Shah and A. Liman, On Eneström-Kakeya theorem and related
analytic functions, Proc. Indian Acad. Sci. (Math. Sci.) 117 (2007) 359–
370.

Received: November, 2010


