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Abstract

The authors apply the theory of multiple Gamma functions, which was recently revived in the study of the determinants
of the Laplacians, in order to evaluate some families of series involving the Riemann Zeta function. By introducing a
certain mathematical constant, they also systematically evaluate this constant and some definite integrals of the triple
Gamma function. Various classes of series associated with the Zeta function are expressed in closed forms. Many of these
results are also used here to compute the determinant of the Laplacian on the four-dimensional unit sphere S* explicitly.
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1. Introduction, definitions, and preliminaries

The double Gamma function was defined and studied by Barnes [3—5] and others in about 1900.
Although this function did not appear in the tables of the most well-known special functions, yet
it was cited in the exercises by Whittaker and Watson [30, p. 264] and recorded also by Grad-
shteyn and Ryzhik [16, p. 661, Entry 6.441(4); p. 937, Entry 8.333]. Recently, this function was
revived in the study of the determinants of the Laplacians on the n-dimensional unit sphere S”
(see [9,18,22,23,27,29]). Shintani [24] also used this function to prove the classical Kronecker limit
formula. Its p-adic analytic extension appeared in a formula of Cassou-Nogues [7] for the p-adic
L-functions at the point 0. More recently, Choi et al. [10—13] used this function to evaluate the
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sums of several classes of series involving the Riemann Zeta function. Matsumoto [21], on the other
hand, proved asymptotic expansions of the Barnes double Zeta function and the double Gamma
function, and presented an application to the Hecke L-functions of real quadratic fields. Before their
investigation by Barnes, these functions had been introduced in a different form by (for example)
Holder [19], Alexeiewsky [1], and Kinkelin [20]. The theory of multiple Gamma functions was also
developed in yet another paper by Barnes [6].

In this paper we aim at presenting an explicit form of the triple Gamma function I3 by reducing
the recurrence formula for the multiple Gamma function introduced by Vignéras [26] and a general
form of a definite integral of the double Gamma function evaluated in terms of I3. We also show
that various series involving the Riemann Zeta function can be evaluated by using the theory of
multiple Gamma functions (I’ and I3) and introducing a certain mathematical constant. Finally,
by making use of some of our closed-form evaluations of series involving the Zeta function, we
compute the determinant of the Laplacian on the four-dimensional unit sphere S* with the standard
metric.

In accordance with Barnes’s definition [3], the double Gamma function I', = 1/G satisfies each of
the following properties:

(a) Gz+1)=T(2)G(2) (z € C);
(b) G(1)=1;
(c) Asymptotically,

1 n’ 5 z?
10gG(z+n+2):¥log(2n)+ > —i—n—l—ﬁ-i- +((n+1)z| logn
3n 1
—4—n(1+z)—logA+12+O<> (n — 00), (1.1)

where I is the familiar Gamma function:

{I'z+ 1)} :e>’2ﬁ{<1 + ;) e—<z/k>} (1.2)

and A4 is the Glaisher—Kinkelin constant defined by

log4 = lim Zklo k — —+N+ lo N+N—2 (1.3)
gd = m g 2 ) BT '

the numerical value of A being 1.282427130... .
From this definition, Barnes [3] deduced several explicit Weierstrass canonical product forms of the
double Gamma function I',, one of which is recalled here in the form

{Mz+ 1D} '=G(z+1)

oo k
= (ZTt)Z/ze—(1/2)[(1+y)zz+z] H { <1 + ;) e_z+zz/2k} , (1.4)

k=1
where y denotes the Euler—Mascheroni constant given by

"
y = lim <Z% —10gn> ~ (0.577215664 901 5325... . (1.5)

n— 00
k=1
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Voros [29] (see also Vardi [27]) showed for the Glaisher—Kinkelin constant 4 that

logd =—{'(-1)+ 4, (1.6)
in terms of the Riemann Zeta function {(s) defined by
=1 1 > 1
A)=) = = . (RG> 1. (1.7)
—k 1 =27 =~ (2k—1)
Indeed the Zeta function {(s) satisfies the functional equation (see [30, p. 269]):
Us) =2 (1 — )1 —s)sing (1.8)
and takes on the following special or limiting values (see [30, p. 271]):
(=) =—75, {0)=-3 {(0)=—3log(2n) (1.9)
and
1
lim (C(s)— > =. (1.10)
s—1 s—1
The generalized (or Hurwitz) Zeta function {(s,a) is defined by
= 1
= 1; —1,-2,... 1.11
Ga=Y gy FO>1ar0-1-2..) (L11)

which, just as {(s), can be continued meromorphically everywhere in the complex s-plane except
for a simple pole (with residue 1). It is not difficult to see from definitions (1.7) and (1.11) that

m—1 1

{(s,m + 1):((s)—kz:; 7w (m e N:={1,2,3,..}) (1.12)
and
(s, 1) =Us)= (2" = D)7 (s, 5)- (1.13)

There exists a relationship between the generalized Zeta function {(s,a) and the Bernoulli poly-
nomials B,(a) (see [2, pp. 264-266]):

Bn+
(=ma)=—=" jr(f) (n € No:=N U {0}), (1.14)
which, for a =1, yields
{0)=B, and {(—n)= _ B (n e N), (1.15)
n+1

where B, denotes the Bernoulli numbers given by
B,:=B,(0) = (=1)'B,(1) (n € Ny)

or, more conveniently, by
B,=B,(1) (neNo\ {1},

since

By =0 (neN).



90 J. Choi, H.M. Srivastaval Journal of Computational and Applied Mathematics 118 (2000) 87-109

The Digamma (or Psi) function y(z) defined by

WZ)Z?((ZZ)) or logF(z):/lzlﬁ(t)dt

(1.16)

is meromorphic in the complex z-plane with simple poles at z =0,—1,—2,... (with residue —1).

We recall here some known identities involving y(z) (see [14, pp. 31-40]):

n—1 1
W ==7+3 . (neN)
k=1

and
n—1

1 1
)=y —2l0g2 425 N
b (n5) = -210g2+ S5y e,

it being understood (as usual) that an empty sum is nil.

2. An explicit form for the triple gamma function I3

(1.17)

(1.18)

Vignéras [28, p. 241] introduced the multiple Gamma function I, by means of a recurrence

formula, which can be applied here in order to evaluate the following Weierstrass
form of the triple Gamma function I3 explicitly:

I3(1+2)=Gs(1 +2)
1 23 1 1
=exp [—6 <y+%+§> z3+Z (y+10g(2n)+§>z2+92

< 11 {(”m) X lL&)_%(L(;))Z*%(ﬁ

meNZIXN

where

_ 1 3 752 I & n C(n+2)
== <2_y—310g(2n)+12> +§;(_1) (n+3)n+4)
and

L(m)=my +my +ms with m = (my,my,ms) € Nj x N.

canonical product

)

Now the infinite sum in Q can be evaluated explicitly by using a known formula [10, p. 116, Eq.

(2.63)]:
RO N N
— 1) 4L _2logd.
,;( Dinksy 276 72 28
We thus find that
Q== —- 10g(2n) — log 4

in terms of the Glaisher—Kinkelin constant 4 defined by (1.3).

(2.2)

(2.3)



J. Choi, H.M. Srivastaval Journal of Computational and Applied Mathematics 118 (2000) 87-109 91

Observe that, if
Lm)=m +---+m, withm=(my,...,m,) € Ng*1 x N,
then the number of solutions of
Lim)=k (me N x N)

18

n+k—2
(k € N). (2.4)
n—1
If we set n =3 in (2.4), we observe that {I3(z)} ' is an entire function with zeros at z = —k

(k € Np) whose multiplicity is
%(k2 +3k+2) (k€ Ny).

Furthermore, (2.1) can be written in the following equivalent form analogous to (1.4):
(1 4+2z)=G3(1 +2)

1 w3 1 1
=exp l—g <y+€+§> P+ (y+10g(2n)+ )

Z
3 1 0 —(1/2)k(k+1)
+ <§ — 2 log(2n) — log 4 ] ;[II{
1 1 1\ 4
xexp{(lﬂ—l)z—(l%—k) +6k(1+k>z] . (2.5)

It follows that I3 satisfies several basic properties and characteristics, which are summarized here
in

Theorem 2.1. The triple Gamma function I is the unique meromorphic function satisfying each
of the following properties:
(a) (1) =1;
(b) Ii(z + 1) = G(2)3(z) (z €C);
(¢) For x=1, Is(x) is infinitely differentiable and
4
%{log I3(x)} =0.

3. A set of mathematical constants

In this section, we shall introduce two interesting mathematical constants, in addition to the
Glaisher—Kinkelin constant 4, by means of the Euler—Maclaurin summation formula (cf. Hardy [17,
p. 318]; see also Edwards [15, p. 117])'

Zf(k)~co+ / F(r)dx + f(n)+Z B ey, (3.1)

(2r)!
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where C is an arbitrary constant to be determined in each special case and

By=1, Bi=—3 Bi=¢ Bi=—5, Be=g5 Bi=—5

Bl():&,..., and B,,.1=0 (I’ZEN)

are the Bernoulli numbers. Letting f(x)=x?logx and f(x)=x>logx in (3.1) with a=1, respectively,
we obtain

IOgB:nILIEO [ékzlogk— (%34-%24-%) logn+%3—1n—2] (3.2)
and

IOgC_,,hlgo Lzzlkﬁogk (%4+%3+%2—%>1gn+’11—;—’11—;] (3.3)
where B and C are constants whose approximate numerical values are given by

B =1.03091675... (3.4)
and

C=097955746... . (3.5)

The constant B was first considered by Choi and Srivastava [11, p. 102].
Moreover, using the Euler—Maclaurin summation formula (3.1) again, we can obtain a number of
analytical representations of {(s), such as (cf. [17, p. 333])

{(s) = lim {Zk s %n} (R(s)> — 1), (3.6)
{(s) = lim {Zk s_on Ly + isn“} (R (s) > —3), (3.7)
—o00 2 12
and
{(s) = lim {k_] ks — 1”1__S - %n*s + l—lzsnﬂ*l - %s(s F1)(s+ 2 }
(R(s) > =5). (3.8)
Now it is not difficult to express the mathematical constants B and C as
logB=-{(-2) (3.9)
and
logC = —{'(=3) — 5, (3.10)

respectively, in terms of special values of the derivative {'(s).
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It is clear from (3.3) that log C must be the finite part of the divergent sum > k°logk accord-
ing to some regularization; hence log C must be related to {'(s) for some special value of s. By
differentiating both sides of (3.8) with respect to s and letting s = —3, we obtain

" 4 3 2 1 nt n? 11
(=3 = 1i Blogh— [ +2 4% )1 LR T 3.11
¢(=3) E&{kz_; o8 <4 Tty o)t s 2t G
which, when compared with (3.3), yields the desired expression (3.10).
With a view to obtaining the assertion (3.9) in a markedly different manner, we recall a result of
Choi and Srivastava [11, p. 111, Eq. (4.24)] in the following corrected form:

— ((2k) 1
————— =— —log2+ 14logB. 12
2 Gt~y log2 4o (3.12)
Comparing (3.12) with another known result (cf., e.g., [8, p. 191, Eq. (3.19)]):
2n2 = {(2k)
3)=— ([ log2 |, 3.13
=27 (g2 3 S0 (1)
we immediately obtain the relationship:
{3)
logB=-"—— 3.14
og A (3.14)
which is precisely the same as our assertion (3.9), since (cf., e.g., [26, p. 387, Eq. (1.15)])
2(2n)*"
(Cn+1)=(-1) (2m) {'(=2n) (neN). (3.15)

(2n)!

4. A special value of I'3(3)

It is known from the work of Cassou-Nogues [7] (see also Barnes [3, p. 288, Section 17]) that

G (%) — 1 PA (/418 4=(/2) (4.1)
which may be compared with the well-known result:
1
r (2> =n'? (4.2)

We now proceed to express the value of I 3(%) in terms of the mathematical constants n, e, 4, and
B. We begin by recalling the following known asymptotic formulas:

1 - 1
510g(2n):nlingo Lz;logk <n+ 2) logn+n 4.3)

and

tog(14 1) =3 = 53 + 35 + 03] (01— %) (4.4)

n n 2n?  3n
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By taking logarithms on both sides of (2.5) and setting z = % in the resulting equation, if we

make use of (1.5), we obtain

1
log I (1 + —) = 3 —10g(2n) - = logA

2 16 16

+ lim [— Z k(k;_ D log

n— 00
k=1

We first consider the following sum:
" k(k+1) ( 1 )
S,i=) ————log( 1+ —
,; > U T
1

= k(k+ 1)log(2k + 1)
k=

\]

log2 1 1
— EEN k(k+ 1) = = S K logk — = 3 klogk
2 k=1 2k:l 2k:1

8

= k=1

log2 Zk(k+ 1) — Zkzlogk

We thus have

_1 2n+1 5 5 5
Sn_§<2klogk 4Zklogk 4log2Zk

k=1

k=1 k=1

2n+1
— Z logk + Z log k —|—nlog2>

k=1 k=1

_ 1 (Z(2k+ 1)*log (2k + 1)—2 log (2k + 1)

Zklog k.
k:l

log2 1 1
—EES kk+ 1) — = S K logk — = 3 klogk,
2 I 25 25

which immediately leads us to

2n+1 2n+1

Zkzlogk - = Zlogk Zkzlogk — kalogk

+ 35 Zlogk—( +3n +%n>10g2.

(4.5)

(4.6)
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Upon substituting from (4.6) into (4.5), if we apply (1.3), (3.2), and (4.3), we obtain

1 3 1 7
log I'; (1 + 2) T 1—610g(2n)7L 3 log B

We therefore have

1 1
log I (1 +—> :i - —10gn+zlogB

2 16 16 8
+ lim n” n 19 +O(1>+n2 n 35
n—o0 6 3 288 n 6 3 288
1 7
=— Elogn%— glogB,
where we have also used (4.4) for the second equality. Thus, we find that
(1 + %) — Tc—(l/l())B7/8’ (4.7)

which, in view of (4.1) and the assertion (b) of Theorem 2.1, yields
F3(%) — 2_(1/24)7'[:3/166_(1/8)A3/2B7/8. (48)

5. Integral expressions for log G(z + a) and log I';5(z + a)

Barnes [3, p. 283] expressed log G(z + a) as an integral of log I'(t + a):

ZZ

z 1
/ logF(t+a)dt:§[10g(2n)+ 1 —2a]z— 5 +(z+a—-1)logl'(z+a)—logG(z+a)
0

+(1 —a)logI'(a) + log G(a), (5.1)

which, in the special case when a = 1, reduces at once to Alexeweisky’s theorem:
2

z 1
/ logl'(t+ 1)dt = 2 [log(2m) — 1]z — % +zlogl'(z+ 1) —logG(z + 1). (5.2)
0

Barnes’s integral formula (5.1) was derived also by Choi et al. [9, p. 385, Eq. (2.4)].
Setting z=1¢+a — 1 in (1.2) and (1.4), and taking the logarithmic derivatives of the resulting
equations, we obtain

s 1 1\ I'(t+a)
Z<z+a—1+k_%>__l“(z+a)_y (>3

k=1
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and
S k t+a—-1\ G(t+a) 1 1
— -1 = ~ “og(2 el y 1
(54)
respectively.

Next we set z=1¢+a — 1 in (2.5) and take the logarithmic derivative of the resulting equation.
We thus find that

It + a) (3 1 )
7 (2~ Zlog(2n) — log A
Lita) \8 4 og(2m) — log

2

1 1 1 w3
- log(2m) + = —1)-= -4z — 1y
+2<y+ og( n)+2)(t+a ) 2<y+ +2)(t+a )

6
t+a—1 | k t+a—1
e - - 4 -
+ 2 [;(r%—a—l—i-k + k )
+§:<1—1>+nz(t+a—l) (5.5)
—\t+a—-1+k k 6 ’ ’
which, by virtue of (5.3) and (5.4), becomes
It +a) (3 1 )
——— = - — —log(2n) — log 4
L ta) \g glosm)—log
1 1 (t+a—1)
+(2—|—410g(21r))(t+a—1)—4
1 G(t+a) 1 I'(t+a)
—(t 1) —=(t —1)—"7. 5.6
tatta=Deiy — 2T e T Dy (5-6)

Integrating both sides of (5.6) with respect to ¢ from ¢ =0 to ¢t =z with the aid of Barnes’s
integral formula (5.1), we obtain

z 1 2 1
/ log G(t + a)dt = [E(a 1)log(2n) — 2logd — % +a-|z
0

1 1
+ ~ [log(2m) 4+ 2 — 2a]z* — -2*

4 6
+(z+a—2)ogG(z+a) —2logli(z+ a)

+ (2 — a)log G(a) + 2log I3(a). (5.7)

In their special cases when a=1, if we further set z=1 and z= %, and make use of the aforecited
known recurrence relations for I'(z), G(z), and I3(z), together with (4.1) and (4.8), we obtain the
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following definite integral formulas:

1
1
/1ogr(t+1)dt=§10g(2n)—1, (5.8)
0
/1/210 [+ )di= -2 — L log2+ T logr+ > log4 (5.9)
, 8 T T 04 0BS T 0BT 5 0B, ‘
! 11
/logG(Z+l)dt:E+Zlog(2Tc)—2logA (5.10)
0
and
/1/21 Gt + 1)dt = (1 +1og2) + -1 L ogd — LiogB (5.11)
i og =54 og 1g logm — ; log 4 logB, .

of which (5.11) was derived directly from (1.4) by Choi and Srivastava (cf. [11, p. 105, Eq. (3.8)]).
The first term on the right-hand side of (5.11) appears erroneously with a negative sign in the work
of Choi and Srivastava [11, p. 105, Eq. (3.8)].

We can also evaluate each of the following integrals by direct use of the triple Gamma function
I3 in (2.5):

1
1

/ log I3(¢t + 1)dt = —— log(2m) + g10gB (5.12)

0 24 2
and

12 1 29 1 1 3 15

/0 logI3(t + 1)dt = ~556 @bgz ~ 13 logn + 16 logA4 + ZlogB—i— 16 log C.
(5.13)

For example, in order to evaluate the integral in (5.13), we take the logarithms on both sides of
the equation (2.5) and integrate the resulting equation from ¢t =0 to ¢t = % We then obtain

/1/210 L+ Ddi= 0 + Ly - L ioeam = Lioga + L tim s (5.14)
, o8l T 768 " 128 48 °% g 054 T g O ‘
where
S, = l — {2k + 1) log(2k + 1) + (2k) log(2k)} + {(2k + D)log(2k + 1) + (2k) log(2k)}
k=1

1
FOGK + 128+ 26)log(26) + (48 + 5K+ — o |
which immediately yields

2n+1 2n+1 n

Sp==> Klogk+ > klogk+16> k’logk + 122n:k210gk

k=1 k=1 k=1 k=1
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+2) klogk +16(log2)> &k’ + (4 + 121log2) Y "k

k=1 k=1 k=1

n

- 1 1 5
+(5+2log2)2k— §Z% —I—En.
k=1 k=1

Using (1.3), (1.5), and (3.2), we have

11 1
S,=—=1log2 ——-y+3logd + 12logB + 15log C
120 8
— <4n4+12n3+11n2+3n—£) lo <1+i>
120) 2" " 2,

11 25 13 1
+2n3+7n2+zn—&+0(2> (n—>oo),

which, by means of the following asymptotic formula [cf. Eq. (4.4)]:

1 11 1 1 1
log(14+—)=— — — _ -
°g< +2n> s 24w 64n4+0(n5) (n = o),

yields

lim §, = -2 + Llog2 — %y+3logA + 12log B + 151og C.

n—00 120

Finally, by substituting from (5.15) into (5.14), we obtain the desired formula (5.13).

6. Integrals involving the Psi function

In this section, we shall show that integrals of the forms:

/Ztkt//(H-a)dt (k € N)
0

can be expressed in terms of multiple Gamma functions.
First of all, integrating by parts with the aid of (5.1), we obtain

Z2

/Zttp(t—i-a)dt:%pa— 1 —10g(2n)]z+5 + (1 —a)logl'(z+ a)
0

+logG(z +a)+ (a— 1)log'(a) — log G(a).
On the other hand, integrating by parts with the aid of (5.1) and (5.7), we obtain

z 1 1
2/ tlogF(t—i—a)dt—(——Ea—l—
0

1 1 1
2 a2—210gA>z+ <§1og(2n)—g+—) 2

2 4

—%3—}—[22—((1— 1)2]10gf(z+a)+(2a—3)10gG(Z+a)

(5.15)

(6.1)
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—2logI'y(z +a) + (a — 1)*log I'(a) + (3 — 2a)log G(a)

+ 2log I3(a). (6.2)
Next, integrating by parts with the aid of (6.2), we obtain

z 1 1 1 1 a 1
2 _ | _= ) _ - - 2
/0 ttp(t—i—a)dt( 4+2a 54 +210gA>z+( 210g(21t)—i—2 4)2

3
+% +(a—1)logI'(z +a)+ (3 —2a)log G(z + a)

+2logIy(z + a) — (a — 1)*log I'(a) + (2a — 3)log G(a) — 2 log I';(a).

(6.3)
Furthermore, integrating by parts with the aid of (5.7), we obtain
z 1 1 2
2/ tlogG(t+a)dt=(2 —a) (—4 + i(a — 1)log(2m) — 2log A — % +a> z
0
—i—l 7—I—llo (2rn) —2lo A+a—2—2 2
2 a2 8 gATy T )E
1 3 1 4 2 2
+ g[log(Zn) —alz’ — 37 +(z2—a" +4a—4)logG(z + a)
+2(a—2 —z)logIs(z + a) + (a — 2)*log G(a)
4202 — a)log Iy(a) + 2/ log I3(t + a) dr. (6.4)
0

Finally, integrating by parts with the aid of (6.2) and (6.4), we obtain

: 3001 1
3/ logI'(t +a)dt = [—az +a— 5+ 2(2a — 3)logAd — E(a2 —3a+ 2)10g(2n)} z
0

9 7 3, 1 )
+ [8 4a+4a +4(3 2a)log(2m) logA]z

1 3
+ 5[10g(211:) —1]2° - §z4 +{z+(a—1)y}logl'(z+a)
—(3a* —9a+7)log G(z + a) +2(2a — 3 — z)log I;(z + a)
+(1 —a)’logI'(a) + (3a*> — 9a + 7)log G(a) + 2(3 — 2a)log I';(a)

+2/ log Iy(1 + a)dt 6.5)
0

and

: 301 1
/ PY(t + a)dt = {az —Jat g+ 2(3 —2a)logA4 + 5(a2 —3a+2)log(2m)| z
0
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3, 7 9 1 , 1 3
+ 14 +4a 2 +4(2a 3)log(2n) +logA| z" + 3[1 log(2m)]z

3
+§z4+(1 —a)’logl'(z +a)+ (3a*> — 9a + 7)log G(z + a)

+2(z —2a+3)logI3(z +a) + (a — 1)’ logI'(a) — (3a* — 9a + 7)log G(a)

+2Q2a —3)logli(a) —2 /Z log I3(t + a) dt. (6.6)
0

7. Series involving the Zeta functions

This subject has a long history and many techniques to evaluate various series involving the
Zeta functions have been developed (see, for details, [25]). We show how beautifully the theory of
multiple Gamma functions can be applied to evaluate certain classes of series associated with the
Zeta functions. Many of our closed-form evaluations of series involving the Zeta function will be
applied in Section 8 in order to compute the determinant of the Laplacian on the four-dimensional
unit sphere S* explicitly.

We begin by recalling the known result (cf., e.g., [25, p. 18]):

S (-1 ma)t. =log (a-+ 1)~ log (@) ~ 1(@) (k] < la]), (7.1)

n=2

which readily yields

> tna)t- =logM(a— 1)~ log I'@) + 1Y) (|1 <la)), (72)
o0 2n
Z C(Qn,a)% =logl'(a+t)+logl'(a—1t)—2logl'(a) (|t|<]lal) (7.3)
n=1

and
o) 2n—1
S tan— 1,a)2tn — = llog I'a— 1) — log I'a+ )] + 1(@) (l| <|a]). (7.4)
n=2

Differentiating both sides of (7.4) with respect to ¢ and multiplying the resulting equation by ¢,
we have

S t@n— Lay* " = —Ltpa— )+ tha+ Ol + @) (] < la]). (7.5)
n=2
Integrating both sides of (7.5) with respect to ¢ from # =0 to t =z, we obtain

iC(Zrz_l,a)f:_/Oztl//(a—i—t)dt_/oZtl//(a+t)dt+w(a)zz (2| < |al). (7.6)
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In view of (6.1), we find from (7.6) that

0 Z2n
Z {(2n — 1,a)7 =[¥(a) — 112* + (a — 1) log[I'(a +z)[(a — z)]
—log[G(a +2)G(a —z)] +2(1 —a)logI'(a) 4+ 2log G(a) (|z| < |a|).
(7.7)

We now differentiate both sides of (7.4) with respect to ¢ and multiply the resulting equation by
2. Upon integrating this new equation with respect to ¢ from ¢ =0 to ¢ =z, we obtain

oo Z2n z 3 —z 3 lp(a) .
Y ten-3,0)7 = —/ Poa+ 6)dr — / Ppa+ndi+ 502 (<l (78)
n=3 0 0
which, by virtue of (6.6), yields
oo 2n
nz:; {@2n — 3,a)Z7 = Baz — ;a + Z + (% — a) log(2m) — 2logA| z*

+ %[N(a) = 3)z* +(a— 1) log[I'(a +2)I'(a — 2)]

—(3a*> — 9a + 7)log[G(a + z)G(a — z)]
—2(z—2a+3)logl3(a+z)+2(z+2a—3)logli(a—z)

+2(1 —a)’log I'(a) + 2(3a> — 9a + 7)log G(a)

+4(3 — 2a)log I3(a) + 2/ log I3(t + a) dt
0

+2/ log Iyt +a)dr (|z] < |a]). (7.9)
0
Setting a =2 in (7.7), and applying (1.12) and (1.17), we obtain

SIn— 1) = 11 =32 4 1 - G
n=3

+1log[I(2+2)[(2—2)] —log[G2 +2)G2 —2)] (|z] <2).(7.10)

Setting z :% in (7.10), and making use of (1.12) and (4.1), we obtain

21 /3 739 81
> - <2> [C@2n—-1)—1]= 7 +3logd4 — 3—2C(3)+log(2_(1/12) x 5). (7.11)
n=3

Setting a =4 in (7.7), and applying (1.12), (1.17), (1.8), and (1.16), we obtain

= 1 1 7z 5 1251

§ n—-1)-1- —— | = (2 LI e 4
[é( n—1) 221 3%—& (6 V)Z ) [216 C(3)}z

n=3 n

+31log[I'(4+2)[(4 —z)] — log[G(4 + 2)G(4 — 2)] + 1og (27 x 37%) (|z| <4). (7.12)
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Setting z =3 in (7.12), we obtain

oo 2n

1 1 873
27 [C(Zn— H—1-— T 32,11] =5 "9 —C(3)+10g(3 3% 5%). (7.13)
n=3

Setting @ =4 in (7.9), and applying (1.12) and (1.17), we obtain

= 1 1 z2" 49 5
Z (C(2n -3)—-1- e W) — = (? — —log(2m) — 210gA)

n=3 n

1/1
+5 (5 — y) 2t +271log[I'(4 +2)I(4 — 2)]

—1910g[G(4 + 2)G(4 — 2)]
+2(5 —z)log I3(4 + z)

+2(5+2)logI3(4 —z) + log (271 x 37

+2/ log I3(¢ + 4) dt
0

+2/72 log Is(1 + 4)dt  (|z| < 4). (7.14)
0

Using (5.8), (5.10), and (5.12), we readily obtain

3 1 1 1
/ logF3(t+4)dl:10/ log(t+1)dt+4/ 10g(l+2)dl+/ log (¢t +3)dt
0 0 0 0

1 1 1
+19/ logF(t+1)dt+12/ logG(t+1)dt—|—3/ log I3(¢ + 1)dt
0 0 0

2
:—33+—910g2+910g3+%logn—24logA+ 9logB (7.15)
and
-3 1 1 1
/ logF3(t+4)dt:—/ 10gF(t+1)dt—3/ logG(t+1)dt—3/ log I5(t + 1) d¢
0 0 0 0
39 9
== — —log(2 6log4 — = logB. .16
7~ glog(2m) + 6logd — > log (7.16)
If we set z=23 in (7.14), and make use of (7.15) and (7.16), we obtain
=, 3% 1 1 237 81 1 2 s
; . (C(2n—3)—1— 553 _W) =~ 57 y — 54log A + log(2'? x 3727 x 5%).

(7.17)
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Setting @ =2 in (7.9), and applying (1.12) and (1.17), we obtain

> 22”_ 5 1 5
; [((2n —3) — 1]7 = (Z —5 log(2m) — 210gA) z

— (1 + 29)z* +1og[I'(2 +2)['(2 — z)] — log [G(2 + 2)G(2 — 2)]
+2(1 —2)logI3(2+z)+ 2(1 + z)log I3(2 — z)

+2/ logF3(t+2)dt+2/ log Iy(r +2)dr (|2 <2).  (7.18)
0 0
Making use of (5.8) to (5.13), we find that
32 1 1
/ 10gF3(t+2)dt:/ 10gG(t+1)dt+/ log I5(t + 1) d¢
0 0 0

12

12 112
—I—/ 10gF(t+1)dt+2/ logG(t—i-l)dH-/ log I3(¢ 4+ 1)dt
0 0 0

259 29 9 15 5 15
=2 2 1og2+ —logn — — logAd — ~log B+ — log C
768 1920 851 16 08T T 16 084 T 4lo8F F g 08
(7.19)
and
—(3/2) 1 1/2
/ logF3(t+2)dl:—2/ logF3(t+1)dt+/ log I53(t +1)d¢
0 0 0
1 12 1
+/ log G(t + l)dt—/ log G(t + l)dt—/ logI'(t + 1)dt
0 0 0
1/2 —(1/2)
+/ logF(t—l—l)dt—/ log (1 + 1)dt
0 0
29 29 3 1 15
== = log2— —logd — ~logB+ — logC. 7.20
768 1920 85 16 084 plogBH qglos (7.20)
Setting z :% in (7.18), and applying (4.1), (4.8), (7.19), and (7.20), we obtain
> 1 /3\" 17 81 27 15
-z 2n—3)—1]=—— — —y+ "-logd+ —1 log(2~(26%/480) . (7.21
320 (5) o3 1= —gg S Flewa s JloaC v lout x5). (721)

8. The determinant of the Laplacian on S*

Choi [9] computed the determinants of the Laplacians on the n-dimensional unit sphere S”
(n=1, 2, 3) by factorizing the analogous Weierstrass canonical product form of a shifted sequence
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of eigenvalues of the Laplacians on S” into multiple Gamma functions. Here we compute the de-
terminant of the Laplacian on S* by using the method proposed by Choi and Srivastava [12] for
the computation of the determinants of the Laplacians on S” (n =1, 2, 3), together with the results
given in Section 7.

Let {4,} be a sequence such that

O=Jg<i<h<--- <A, <+, 2,700 (n— 00); (8.1)
henceforth we consider only such nonnegative increasing sequences. Then we can show that
=1
Z(S) = s
n=1""n

converges absolutely in the half-plane R(s) > ¢ for some real number o.

Definition 8.1 (cf. Osgood et al. [22]). The determinant of the Laplacian 4 on the compact mani-
fold M is defined to be
detl 4= H )uj,
2740

where {/,} is the sequence (8.1) of eigenvalues of the Laplacian A4 on M. But this is always
divergent; so, in order for this expression to make sense, some sort of regularization procedure must
be used. It is easily seen that, formally, e=%®) is the product of nonzero eigenvalues of A. This
product does not converge, but Z(s) can be continued analytically to a neighborhood of s =0, and
we define

det' A:=e % ©®
to be the Functional Determinant of the Laplacian A on M.

Definition 8.2. Let

=1
,u::inf{oc>0 Zﬁ<oo}.

k=1 "k

Then we call p the order of the sequence {4;}. We also let
= 1

Z(S,Cl) = Z m

k=1
and the analogous Weierstrass canonical product:

s A A A2 A
E()u):kl;[1 {(1 _/1_k> exp(Z—i-Z—)%—i--“—i-m]—)&M)},
where [u] denotes the integer part of the order p of the sequence {4,}. Let
D(A) = exp(—Z'(0,—1)).
Formally, indeed, we have

Z'(0,—2) == log(/ — 4),

k=1
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which implies that
D) =[] = 2).
k=1

Voros [29] gave the formula:

1] Jm
D(1) =exp(—Z'(0))exp (— ; FPZ(m);)

(1] A
1 A
— C,\l4+-4+——)— | EL), 8.2
xexp( (S +m_1)m!> (*) (82)
where the finite part prescription is applied, as usual, as follows (cf. [27, p. 446]):

f(s) if s is not a pole,

FPf(s)=1 . : 4 e
lim,_o (f(s +¢&) — 8=y jf 5 is a simple pole,

and

Z(—m) = (=1)"m!C_,. (8.3)

Now consider the sequence of eigenvalues on the standard Laplacian 4, on S”. It is known from
the work of Vardi [27] that the standard Laplacian 4, (r € N) has eigenvalues w, =k(k +n—1)
with multiplicity

k+n k+n—2
n n '
Let us consider the sequence {/;} as the spectrum shifted by ((n—1)/2). Then the shifted sequence
{A} is written in the following simple and tractable form:

n— 1\ n— 1\
k Mk+< 2 ) <+ 5 ) (8.4)

with multiplicity

k+n k+n—-2
n n

We will exclude the zero mode, i.e., start the sequence at k =1 for later use. Furthermore, with
a view to emphasizing n on S”, we use the notations Z,(s), Z,(s,a), E,(4), and D,(1) instead of
Z(s), Z(s,a), E(L), and D(1), respectively.

We readily observe from (8.2) that

D, ((” o 1)2> — det' 4, (8.5)

where det’, are the determinants of the Laplacians on S" (n € N).
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Letting n = 4 in the shifted sequence (8.4) of eigenvalues of A, on S*, we obtain a discrete
sequence as follows:

(k + 3)* with multiplicity sk + 1)k +2)2k+3) (keN)). (8.6)
We see that the sequence in (8.6) has the order ¢ =2. Now it follows from (8.2) and (8.5) that
det’ Ay = Dy(3) = exp(—Z4(0) — TFPZy(1) — YFPZ,(2) — 8 CL)EL(3), (8.7)

where det’ 44 denotes the determinant of the Laplacian on S*.
We can express Z,(s) for the sequence (8.6) in terms of the Riemann Zeta function as follows:

1 & (k+ 1)k + 2)(2k +3)
Z4(s)=g; Gt e

22* i (k+1)(k+2) 2% i k(k+1)

S 6T @k 7 k12!
(S St
24 \ = Rk +1)»3 & (2k+ )=
25 (& 1 = 1 1 1
~ % (; G—1ps o ot 3zs1> ’ (8:8)
which, in view of (1.7), becomes
Zi(s)= 1%~ DI@s —3) — 1@ - Di@s — D= WGP+ 1R (89)

It follows from (1.11) and (8.8) that Z,(s) has simple poles at s =1 and s =2 with their residues
1

— % and , respectively.

Using (1 15) and (8.3), we obtain

1 9,801,047

Ca= 524(_2) T 22 %33 x5x7 (8.10)
and

Z,(0) = log(2~(869/1440) 32)+ C( 1) — —C( 3). (8.11)

Now we evaluate FPZ4(1) and FPZ4(2). Since Z4(s) has simple poles at s =1 and s =2, we have
to use the second case of the definition of FP f(s) to compute the finite parts of Z,(s) for s =1 and
s =2.

Using the expression in (8.9) for Z,(s) and (1.10), we easily see that

1
FPZ4(1):1i113 (Z4(1 +¢&)+ —)

24
311 1 1y 21
— 2 im [(22 - ) e 1) - o
727 3000 l( 4>{é(8+) 2g}+ 431
31 1
S L ) (8.12)
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Similarly, we have

1
FPZ,(2) = lim <Z4(2 o) —)
e—0 6¢

16 7 1 1) 2%t 2
> _ L Slim Q¥ - D) dRe+ 1) — L4 T
g1 2o+ 3lm [( ){C( e+ 1) 2s}+ 2¢ ]
16 p 2 7
— 2 T S0e2— L, 1
81 + 3 + 3 og 12C(3) (8.13)

Since the sequence in (8.6) has the order u=2, the analogous Weierstrass canonical product £4(4)
of the sequence in (8.6) is

E(2) ﬁ (1 2 ><1/6><k+1><k+z>(2k+3)
= (k+(3/2))
xexpy okt DD+ D | s Y og ey ) [ w1

Upon setting 4= % in (8.14) and taking the logarithms on both sides of the resulting equation, if

we make use of (1.7) and the Maclaurin series of log(1 4 x), we obtain

9 1 %) e} 32n
log E, (Z) =% ;(kJr 1)(k+2){z W}

n=3

1 & 3 r 1 i 1 1 1 1
=754 o 27/17_2 n— - n— + n—

244~ n |&= (2k—1)7 =2k — 1yt 303 3l
——ii ! 32"{(2n—3)—8 (§>2n {@2n—3)—=3"{2n—-1)
- 244 2

3 2n
+2(5> C(2n—1)—24]. (8.15)

Now let p;, p», p3, and p, denote the sums of the Zeta series occurring in (7.11), (7.13), (7.17),
and (7.21), respectively. We then find from (8.15) that

9 1
IOgE4 (Z) = _ﬂ(zpl — D2 + p3 — 8p4)

4 21 189

BECRE TR P

1
+Z7 log A + Z log C + log(2707/1440) 5 3, (8.16)
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Finally, in view of (1.6) and (3.10), it follows from (8.7) and (8.9) to (8.16) that

1 (35,639,301 13
exp

Ay = —exp( 2222200 2
det A =3exp| 757557 ~ 3

which can be written in the following equivalent from:

183,758,875)
21 %33 x7)°

U1 - SUE3). (8.17)

1
det’ A4, = 5/113/3’ x C*3 exp( (8.18)
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