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Abstract Let b = (b1,---,bm) be a finite family of locally integrable functions. Then,
we introduce generalized higher commutator of Marcinkiwicz integral as follows:

whhie) = ([ @) -

where

A =1 [ Tk @) - b))

t, le—y|<t |l‘ -y

When b; € Aﬁj,l <ji<m,0< B <1, B; =0 <n, and Q is homogeneous of degree
j=1

zero and satisfies the cancelation condition, we prove that ,u?; is bounded from LP(R™)
to L°(R™), where 1 < p < n/f and 1/s = 1/p — 8/n. Moreover, if 2 also satisfies some
L?-Dini condition, then /,L?Z is bounded from LP(R") to F**°(R™) and on certain Hardy
spaces. The article extends some known results.

Key words Generalized higher commutator of Marcinkiewicz integral, Hardy space, Lip-

schitz space
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1 Introduction

Suppose that S"~! is the unit sphere in R"(n > 2) equipped with the normalized Lebesgue
measure do = do(2’). Let Q € L'(S™!) be homogeneous of degree zero and satisfy the

cancelation condition

/ Q2 )do (') = 0, (1.1)
S’nfl
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where 2’ = z/|z| for any x # 0. Then the Marcinkiewicz integral operator of higher dimension
is defined by

0 de\1/2
pa($)@ = ([ Fach@PS) "
0
where ) o )
T —
Fof@ =7 [ A p)dy,
lz—y|<t |$ - |
And if H is the Hilbert space H = {h : ||h||g = fo |2dt)1/2 < oo}, then pg can be

looked as the vector-valued function in H, that is,

@ = ([ 1P = IRl

It is well known that the operator pgo was defined first by Stein in [1]. And he proved
that if Q is continuous and satisfies the Lip, (S™™!) (0 < a < 1) condition on S®~!, then uq
is the operator of type (p,p) for 1 < p < 2 and of weak (1,1). Benedek et al in [2] proved
that if Q € C1(S"1), then ugq is of type (p,p) for 1 < p < co. Recently, Ding et al in [3]
improved the results mentioned above and they gave the LP(1 < p < oo) boundedness of g
for Q € H1(S™1), where H! denotes the Hardy space on S™~(see [4] etc. for the definition of
HY).

Let b € Lioc(R™), then the commutator of Marcinkiewicz integral is defined by

(@ = (1@

where

FossN@) = 7 [ W—]fﬂ(bm by))fy)d.

t Jjw—y|<t |z —y
In 1990, Torchinsky and Wang [5] proved that if  is continuous and satisfies the Lip, (0 <
a < 1) condition, then for b €EBMO, pf, is bounded on LP(w), here w € A,(1 < p < 00).
For (3 > 0, the homogenous Lipschitz space Ag(R™) is the space of functions f such that

AL £
£, =, sp 1S <o
where AF denotes the k-th difference operator (see[6]).

When Q satisfies the Lip, (S"') (0 < a < 1) condition and b € Az (R?) (0 < f <
min(1/2, a)), Liu [7] considered the (L?, FPB’OO) and (LP, L*) boundedness of %), where 1 < p <
n/B and 1/s = 1/p— 3/n. And Xu [8] proved that uf, is also bounded on Hardy spaces. Later,
we [13] weaken the smoothness condition assumed on €2 and obtained the same conclusion.

Moreover, let b = (b1,---,bm) be a finite family of locally integrable functions, then gen-

eralized higher commutator of Marcinkiwicz integral is defined as follows:

N = ([ I o@P) "
where

Ran@=g [ 1H O
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It is easy to see, when m = 1, ,u?z( f) is the commutator of Marcinkiewicz integral and
when by = -+ = by, u%( f) is the higher commutator of Marcinkiewicz integral.

Let us give some remarks first.

Given any positive integral m, for all 1 < j < m, we denote the family of all finite
subsets o = {o1,---,0;} of {1,---,m} of different elements by C" and for any o € CJ", let
o' ={1,---,m}\o. Let b = (by,---,by,), then for any o = {o1,---,0;} € C7", we denote by =

j
{bs,, -+, bo,} and b () = [] bs, (x). With these notations, for any m-tuple 8 = (81, -, Bm)
i=1
o J
of positive numbers, we denote ”b””/\ﬁ = II lIbo;ll4,, » where B, + -+ Bo, = B And we
7 i=1 7i

simply denote [|B]|;, = H1 b5l 4, -
j= J
Now, let us give some definitions and formulate our results.
Definition 1.1 For Q € LI(S" !')(¢ > 1), the integral modulus wy(8) of continuity of
order ¢ of Q is defined by
1/q
) = swp ([ 10(pa') - ot ras(a))
Sn—1

lpl<d

where p is a rotation on S™7', |p| = [|p — I||. When w,(d) satisfies
1
/ “a0) 45 < o0, (1.2)
0 5

we say that (z') satisfies the L2-Dini condition.
Definition 1.2 Let b be as above such that b; € Agj(R”), 1<75<m0<p <

—

1, in: B; = <nand 0 < p <1. A function a is said to be a (p, 0o; b) atom, if a € L>*°(R") and
sati;%es the following condition:
(1) supp a C B(zo,!l) = {z e R": |z — x| <1},
(2) llallz= < |B(zo, )| =7,
(3) fgn a(@)bor (z)dz = 0, for any ¢ = (01,---,0;5) € C},0’ = {1,---,m}\o and j =
1,---,m.
A temperate distribution f is said to belong to the atomic Hardy space Hg (R™), if it can be

written as f = Y Aja;, in the &’ sense, where a; is a (p, 0o; b) atom, Aj € Cand ) |\|P < o0.
J J

Moreover, we define the quasinorm on Hg (R™) by

||f||HEp(]Rn) = inf{ (Z |)\j|P) 1/p, for all decompostions of f = Z /\jaj}.
J

Obviously, Hl’;’(R")(O < p < 1) is a subspace of HP(R™). And when m = 1 the space
HZ(R™) = HP(R™).

Theorem 1 Let b be as above such that b; € Ag]. R"),1<ji<m,0<B;<1,> p;=
j=1

B <mn,1<p<n/fand 1/s = 1/p— B/n. If there exists some ¢ > n/(n — () such that
Q € L9(S™1) satisfies (1.1), then p& (f) is bounded from LP(R™) to L*(R").
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Theorem 2 Let b be as above such that b; € Agj (R™),1<j<m0<p <1, and
B =pB<nIf Qe LIS (g > n/(n— B)) satisfies (1.1), then there exists a constant
j=1

C > 0 such that, for any A > 0, [{x € R™: |‘u§2(f)($)| > A < C’(||b||Aﬂ||f||L1/)\)”/(”*B).
Theorem 3 Let 1 <¢ <p<oo,0<e<1and b be as above such that b; € Agj (R™),

1<ji<m,0<B; <1, B =0 <min{l/2,e}. If Q satisfies (1.1) and
j=1

/1 “a0) 15 < o0, (1.3)
0

51+5

then
(Pl ppoe < ClIBI & I Lagsn—1) 1 f ]| 2o,

where 1/¢'+1/q=1.
Theorem 4 Let 0 <e <1, b be as above such that b; € Agj(JR”)7 1<j<m,0< ;<

1,> B = <min{l/2,e}, n/(n+ ) < p < 1, and 1/r = 1/p — §/n. If there exists some
j=1

q > max{r,n/(n — B)} such that Q € LI(S"~!) satisfies (1.1) and (1.3), then /J?2 is bounded
from Hg(]R") to L™(R™).

When p = 1, (1.3) can be weakened by (1.2) and we can take 0 < 5 < n.

Theorem 5 Let b be as above such that b € Agj(R"), 1<j<m0<p; <1, and

B; = B < n. If there exists some ¢ > n/(n — 3) such that Q € LY(S"~1) satisfies (1.1) and
=1

(1.2), then ué is bounded from HEl (R™) to L™/ (»=P)(R™).
Remark From [9], it is easy to see that (1.3) is weaker than (1.2) and uq is bounded
from LP(R™) to LP(R™), for 1 < p < oo in Theorems 3-5.

m

<

2 Some Basic Lemmas
Lemma 2.1 ([6]) (a) For 0 <8< 1,1 < ¢ < oo, we have

o 1 i e i
151, % 50 ez [ 1~ fal = s o (i [ 17 = fa)

for ¢ = 0o, the formula should be modified appropriately.
(b) For 0 < 8 < 1,1 < p < 00, we have

1/q
)

1
Aloge = e ormazrm [ 17 o],
|| ||Fp QB- |Q|1+ﬁ/n Q| Ql Lp
where fo = ﬁ Jo f(z)da.
Lemma 2.2 ([6]) Let Q" C @, then |fo- — fo| < C||f||A[,|Q|ﬁ/n-
Lemma 2.3 ([9]) Suppose that 0 < A < n and § is homogeneous of degree zero and
satisfies the L?-Dini condition (1.2) for ¢ > 1. If there exists a constant ag > 0 such that

|z] < apR, then we have

(/ ‘ Qy-—=z)  Qy)
Relyl<2r! |y — "N [yt

a_\1/a e [ |7l =/ 4,(5)
< OR™M 1= (n=X) / 1974
dy) <CR {R + won 0 5},
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where the constant C' > 0 is independent of R and =x.
Lemma 2.4 ([10]) LetO0<a<n,l<p<n/a,1/s=1/p—a/n,and ¢ >n/(n—a). If
Q € LI(S™1), then fractional integral operator Tg, o defined by

Toof@) = [ L}Ly)af(y)dy

n |z —y

is bounded from LP(R"™) to L*(R™).

Lemma 2.5 ([11]) Let 0 < a < n and ¢ > n/(n — a). If Q@ € LI(S"1), then for any
A>0and feL'(R"), {2 €R": [To,af(x)] > A} < C(|f]|1 /X)W =,

Lemma 2.6 ([12]) Let f € Loc(R"), for z € Q, f1 = [Xaymq and b= (b1, ,bm) be as
above such that b; € Ag;(R"),0 < ; < 1. Then for any o € CJ*, 0’ = {1,---,m}\0,0 < j <m,

10 = Mot fulle < CIQIM™2 /" [b 5, Mr(f)(x)

where M, f(z) = sup %fQ|f rdy)Y e > Tand A = (A, -, Am), Aj = (b)), = 1,---,m.

3 Proofs of Theorems 1-3

Now, let us first prove Theorem 1 and Theorem 2.
As b; € Agj (R™)(0 < B; < 1) for any j =1,2,---,m. By the Minkowski inequality,

o= ([, e -2

o0 1 q1/2
<[ e T e - b >'[/H<trsd4 o
<clills, [ %u( Jidy

Note that 0 < ) 3; = f < n, by Lemma 2.4 and Lemma 2.5, we have
j=1

lB(F)llze < ClBIL4, I Tior o flllze < ClBILA I Fller,

and

{z € R": |H§z(f)(1?)| > A} < [{z € R™ : |Tigy 6l f|(2)] > /\/OHEHAH}
< C(IBY 5, I /112 /)™ 7

So, we complete the proofs of Theorem 1 and Theorem 2. Let us now turn to prove
Theorem 3.

For any =z € R”, fix a cube Q(zg,l) > x with its center at g and denote the half
side-length of Q by I. Let X = M5 dm), Ay = (bj)g,1 < j < m. For f € LP(R"), let
fi = fxo+ fo = f— f1, where Q* = 4/nQ denotes the 4/n times extensions of () with its
center at . It is obvious that there is an N € N, such that 2N < 4/n < N+
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As
b ={ [ o 06 —|nzl H (Z)dzz%}m
- {/om %/ g |y— }fl H (b)WY
- {/ooo %/ ‘ [ﬁ(bj(y) ST 0B - 006 - M
y—=|stTim =1 o
+<—1>m:1jl<bj<z> )| e 1

and by the definition of uq(f), we have
lna(F)(y) = pa(g)(@)] = [[Fa.(f) W)l — [Far(9) @) a] < [|Fa(f)(y) — Fo(g)(@)lla-

Thus observing (ug (f))o < oo and taking,

- m—j . B /
T / ‘ ‘/|IQ z|<t 1aecm (=1) (b(y) = Ao (b(2) = Ao
T b () — 2y 2@ =2) 2dty 12
) j];[l(bg( A ]Iw () ah
we have
|Q|1%5/n/ 66 (F) () — (1 (f)eldy
= |Q|1+5/n/ |MQ y) — aldy

m

- |Q|1+ﬁ/”/‘ / ‘ /w Z|<t H - )

+ Z (=D B(Y) = N (b(2) = Ao

Jj=1 UEC;”
+H(=1)" H(bj(z) —py )] |;2(yz|n ) f(2)de ]2‘“}1”

q
—~
S
—~
I\
~—
|
>
N
q

/ ‘ / - (=)™ (b(y) = N)
TQ— z<t j= 1U€Cm

0 T - 3] e s}y

j=1 |

: @P%M/Q{/om / s [ﬂ“ﬂy)—%ﬂjﬁ_g P ;n<—1>m-j<b<y>—x>g
x(b(z) — El L;Z(_yzwz_)lf( )z
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m—1
_/ [ (=)™ (b(y) = Vo (b(2) = Mo
lxg—z|<t j=1 UGCJ’.“
Lo >—m}$@*m o 5} "o

\ A

|@|1+5/"/ (I S L0 D=

-1

+ g |l / b Z(—nmJ‘(b(y)—A>o<b<z>—A>of%f<z>dz

—2|<t j=1 O’EC;”’ |y

m—1 2 y
_/ Z Z (_1)m7-7(b(y) _)\)U(b(Z) —)\) Sl(ﬁ@irl)lfé( ) ﬁ} / dy

3
leq—2I<t ;5 secm lzg t

i Qx 2d¢y1/2
_/ﬂcQ z|<t mH ()= %) (in)lfz( e _} W

ot g

=2(I+ 11+ 1II).

Now, let us estimate I, I1, and I11, respectively.
From Lemma 2.1 (a), we have

IQIHB/” / H 163 (y) = Ajlua(f)(y)dy

b;(y) — Aj| 1
)|d c|b
—HZES IQI‘*/” IQI/ e () W)ldy < ClB|;, M(ualf)) (@),

where M denotes the Hardy—Littlewood maximal function.

Moreover,
IT < n (b Jolna((b = Ao f1)(y)dy
< ey ZZ ol =N
|Q|1+ﬁ/n/ Z > Joll[Fa,i((b = Ao f2)(y) — Fai((b— Ao f2)(2Q) | ndy
J=1 GGC’”
=11 + 1.

Using Lemma 2.1(a), Holder’s inequality, the (L", L") boundedness of uq and Lemma 2.6,
we have

| Bo/n _ ,
1 < Mw/n Sy Hy p W P =2 /Q (b= N f2)(y)dy

7j=1 aeCm 1€0

S CZ > 15, Qe ,/nllun((b—/\)o/fl)llLTIC?ll_l/T

Jj=1 ceCcy



No.4 Mo & Lu: BOUNDEDNESS OF GENERALIZED HIGHER COMMUTATORS 859

<o Y i, i (b= N Al

j=1 UEC"’

m—1
O Wl Iorlls, , Mo(£)(@) < CUBlL, M ().

<
j=1 ceCr
For I,
m—1
Iy < ﬂ/n > bupl = NolllFa((b = No f2)(y) — Fau((b — Mo f2)(zq) |2
|Q| j=1 aeCmy
C
S opT Z > lbolla,, sup [Fo,e((b = Mo f2)(y) — Fo,e((b — Mo f2) ()| 1
7j=1 aeCm
- W - SN sup D(y).
j=1 ceC
Thus,

D(y) = [[Fa.((b=No f2)(y) = Fau((b— N f2)(2q)]]

={[ Bl k@ pea:

rQ — z /
_/I Q(Qirl_)l((b—)\)a/fﬁ(z)dz} 2%}1 2

zQ—z|<t |xQ -z

< {/000’%/{ —— }%((b—/\)g/fg)(z)dz 2%}1/2

| zQ

+[/0°°’%/{ S } %((b— Ao f2)(2)dz 2%} 1/2

leg—21>

+f /0 a: /{ . }[J(y _l,f)l - sgxf;'f)l]((b_A)g/fQ)(zmz Ha

:= D1(y) + D2(y) + D3(y).

By Lemma 2.2, it is easy to see,

Esgp |b](2) - (bJ)Q| S C|Qk+1|ﬁj/n”b]”/\57 for a“HYj = 1327 s, (31)
2€QK+1 7

where Qg1 = 2¥71Q and k = 1,2,---. And when z € (Q*)%, |z — zg| ~ |y — 2|. So, by the
Minkowski inequality and Hoélder’s inequality, we have

|Qzg — 2)| ly=zl 1 (172
D <0 [ IR - eI i) s

o |7q oqsl £
Qzo — 2 11/2
<c [ B2, x), 06—t
o lrg — 2| lzg — 2|
<Cc> 2_k/2(2kl)_"|Qk+1|ﬁ"’/"||ga'||AB , / [Qzq — 2)[|f(2)]dz
N o Joki<|zg—z| <2k
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S C 2—k/2(2kl)—n|Qk+l|5U//n(2k+ll)n/q’ ||[;U, ||A[-1 ) Mq/(f)(aj)
k=N

q 1/q
<[/ 9zg — 2)I]
|z —z|<2k+1]
As Q € LY(S™ 1), we can get
1/q
|/ g — 7] < @R pagso . (32)
|lzg—z|<2k+1]

Thus,

Di(y) < C Y 27M21Qua ™ Mlbor I, 192l zo(sn-1y Mo (f) ()
k=N

chz /20| QI ™ i 5, 12 sy My () ()

< CIQIﬂ“ Mborlls, N9 Lagsn—1 My (f)(@).
Byt
In the same way,
Ds(y) < CIQlﬁ"//"HEcﬂHAﬁU, 12l La(sn—1) My (f)()-

Let us now estimate D3(y). By the Minkowski inequality, Holder’s inequality and (3.1),

D) < [ |70 - P i) - Dol /{ ) e
o

log—=l<t
Uy—2) _ Olrg —2) 1I{Hx) = N 1(2)
<C > @0 Qe il [
k=N 72

ly—z""" Jog —2"! ly — 2|

Qy —2)
ly —2[*"

ki<|z—zq|<2kt1l

Nzg —2) |2, 1/ ;e
e R | VOIS
|Q?Q - Z| |z—xq|<29+1l

<O 3 @) Y Qura | o, My (f)(@)

k=N
Qly — 2) Qzg — 2)

ly =2 Jwg — 2"

qdz} 1/q.

qdz] 1/q

q| /
211<|z—xq|<29+1]
However, using Lemma 2.3 and condition (1.3), we obtain
i y—2) _ Oeg-2)
2kI<|z—ag| <2k 11 ly — Z|"_1 lzq — Z|n_1
ly—zq|
< C(2kl)n/q—(n—1){ |y — le +/ 2kl wq(é) d6}
- 2k ly—eql §
2k+1;
1
kpyn/qg—(n—1) [ o—k —k wq(9)
< ok ok 4 /0 oo

< o@2knr/a-n=1) 9=k 4 9=ke) (3.3)
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So, by 0 < B, < 8 < min{1/2,¢}, we have

Z 2’”1[ n/q' (le)n/q (n—1)
k=N
X (275 + 275 Qu | b 5, Mo (£) (@)

oo

< C Y@ MP) 2 KB QP by 5, My (£)(@)

k=N
< ClQI* Mlbgr 4, My (£)(z).

Combining the estimates of D1 (y), D2(y) with D3(y), we get

D(y) < ClQI™ 1Bl 4, 9] o5 My () ().

So
1Ty < C||bll5, 19| pagsn—) My f (),

Combing I1; with I15, we have IT < C|[b]l3, (M (f)(z) + My f(x)).
Now, let us estimate I11.

III<||17+ﬂ/n/’,uQr[lb—)\ )F)(y ’dy
-
—sup || Foi( ) = Foa (L] (b5 = ) 2) (o)
|Q|5/ yeQ Jl;ll Jl;Il !
=111 + I11,.

Similar to the estimate of 117, we have

<l -l
|Q|w+ﬁ/n po I:[ MW = ClBl, M ().
For 111, set B(y) = | Fa( 11 (05 = A) £)) = Foe( T 0y = A)fo)(wo)llm.
: n

J
Similar to the estimate of D(y), we have

E(y) < CIQI"™ B4, 120 La(sn—) My (f) ().

So
111 < O]l 4, 19l a1y (M (f)(2) + My (£)(x))-

Combining the estimates of I and I1 with 11, we obtain

@ll%"/“ /Q () — (b () eldy

< OBl 4, 20 assy [ M (5) @) + M) (@) + My (£)()],
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here, we take 1 <r < p.
So, by Lemma 2.1(b) and the L? (1 < p < co0) boundedness of M, M,., My, and po, we

conclude that
B e = [sup o [ IB(0)0) — (ol
’ Q3 QI Jg Lr

< Ol 1M Lagsm— L Fllzo-

4 Proofs of Theorems 4 and 5

By a standard argument, it is suffice to show that there exists a constant C' > 0 such that,
for each (p, oo, b) atom a, ||uby(a)||L- < C.
Take a (p, 00, b) atom a with supp a C B(zo,[). Then,

@l < [ [ Irh(@aras] Y /( @@ v
< [[ wh@wrad”

2B
|z —wo|+21 2d¢1r/2 17
AL L L e o] 5]}
(@B) o —y|<t Ix— yl
2dtr/2 1/r
AL L T o] 5] e
@B)e L je—aol+21!je—y|<t Im— |

=1+I1T+1II

Choose p; and s7 such that 1 < p; < n/fand 1/s; = 1/p1 —(/n. It is obvious that r < s;.
So, by the Holder’s inequality and the (LP', L1) boundedness of ;2 (see Theorem 1), we have
I < Clluby(a)l|ps |2BIY"Y*t < Cllal| o |2B]Y/7 1/
< Cllall=|B[/7 |2B[H/7=1/5 < C|B|=Y/2| BV 2B < €

Because y € B,x € (2B)¢, we have |z — y| ~ |x — xo| ~ |z — 20| + 2{. By the Minkowski
inequality, we have

wee{[ ([ j;‘)”'“ £ = llew] 7] I CERAUTKE: -
(2B) lz—y] yl

20— SR
<o [ 1), Pt I st - )] dz}" a(y)dy

l 1/2 Q — r 1/r
S ¢ Z{/2kl<w—wo<2k+1l [| | | |f+1/2 | H |b |i| de} |a(y)|dy

B =1 @~
1/r
<o [ Sy @), | / 06— y)de] " laly)ldy.
Bio 7L lp—ao| <2411

Because |z — zg| ~ |z — y| and Q € LI(S"71), it is easy to see that, for any ¢ > r > 1,

1/r
|/ e —y)dz] " < ORI s, (4.1)
|z—mo|<2k+11
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And, we also have
lallcs < [lallz<|B| < [B]'7/P = crr=1/P), (42)

Therefore,

II < CHEHAﬁHQ”L‘I(S"*U/BZZ_k/2(2kl)_n(2k+1l)5(2k+1l)n/r|a’(y)|dy
k=1

§C||g||AB||Q||Lq(S"—1)/ Z2—k[(1/2—5)+n(1—1/r)]l—n(1—1/p)|a(y)|dy
k=1

< CIBll 4, 19l agsn- 1Y al| 1 < Clb 4, 192l Lagsn-1)-

Let us now estimate I11.
Note that for any y € B, we have t > |x — 20| + 21 > |z — xo| + |y — zo| > |z — y|. So, by

the vanishing condition of a, we have

/ ’/ H d ’2(21?5}1/2
lz—zo|+20"J |z—y|<t |33 - |n |z —y" !

2 d¢q1/2
-1/ !/ SRS wxm—m<> wa| Y]
|z—z0|+21 |$ - |

| v [,

\/J$_|n1 (%@%JMMM@MﬂEjja:E

< C{‘/Bl:[(bj(x) —bj(xo)){lﬂ(x—y) B Q(a:—xo) } a(y) dy‘

z—y|" ' o —ao|" T o —wo| + 2

+‘/ Z > (- r) — b(x0))o hg(_xy_'ny)l _ Q(_;v—xoj }

j=1 ceCi |z — o™ !

m

(b(y) — b(w0))oraly 1 (b5(v) = b;(w0))a(y)
” B ‘+’/ 1 dy‘}'
| — xo| + 21 |z — |n oz £ 2

So,
1| bj(x) = bj(zo)lla(y)]

—v) Q(x — xg) |j=1 r_oql/r
11 < C ‘ . ‘ dy) d
{ /23 / |$— y|" 7t o — x|t | — x| + 21 y) x}

/QB)C / Z Z |(b(z) = b(x0))o e —y) Q(:C—zo)‘

Jj=1 UEC’"

yln—l |:v—x0|”_1

N(0(y) = b(z0))or[laly )|dy)rdx} Lr

|z — x| + 21

N (R R Ve TR
+[/(2B)C( ||fc2(_ y|" )1| |x — 20| + 21 dy) dw} }

= C(III, + I11, + ITI3).
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For II11;, by the Minkowski inequality, Holder’s inequality, (3.3) and (4.2), we obtain

111 < /B{/(QB)C[

<C BZ(le)ﬂ—l(2k+1l)n(1/r—1/q)||5||Aﬁ
k=1

<] /
2k < |z —xo| <2k 11

< Bl [ 322 Ky oy fay
k=1

I by = bl
Us—y) _ Qa=ro) |17 "2} )1y

o —y"™t o ="M | — | 2

Qx —y) Q(x — x0)

lz -y |z —m

q

1/q
do| " Ja(y)ldy

|n71

< Ol 0P al|zy < €],

Similar to the estimate of I1I;, by the Minkowski inequality and (3.3),

1L, < cmz_:l 3 /B{/(w)c [1(6() = b(z0))o| |9(’I—y) Q@ — ap)

2 PR P
10(0) ~ blao)) o
| — xo| + 21

m—1 [e%s)
<oy S [ S,

j=1 ocecy ’ B k=1

x [/
2k <|z—zo|<2F 1

m—1 o)
<OY S [ S, @ 2 () dy

j=1 cecy /B k=1

"z} " a(wlay

Qz —y) Q(x — zp)

r 1/r
da| " Ja(y)ldy

ERR K e

m—1 00
<ClFly, Yo 0 [ STt g agy )y
k=1

j=1 ceCm
< CHb”Aﬁl—n(l—l/p)||a||L1 < OHb”Aﬁ
Let us now estimate I11s.

Note that for any y € B,z € (2B)¢, we have |z — y| ~ |z — zo| + 2I. So, by the Minkowski
inequality, (4.1) and (4.2),

m

11 [;(y) = bj(wo)] .
s = C/B { /<23>c {||:(v2(—$y_|"y‘)1| Fllw — zo| + 2 ] dx}l/ la(y)ldy

<cC /B gzﬁ@’“zr"nauﬁ [ /

<O [ S om0 Dla(y)ay B, 120 sy
k=1

2~ y)laz] law)lay

kl<|le—azo|<2k+1]

< 0D ] Bl 5, 1920 ogsn -y < ClBI, IR Lagsn-s)-
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So
1 < CUII + I + I1T5) < C|[b] 5, 192] pagsn-1)-

Combining the estimates of I and [T with 111, we obtain
lra(@)ller < Clbl i, 10 Lagsn-1).-

Now, let us turn to prove Theorem 5. The main idea is the same as that of proving
Theorem 4.
Let r =n/(n— () and a be a (1, oo, E) atom with supp a C B(zg,!). Then, we have

by(a)|| e < T+ 1T+ 111,

where I, 11, and III are the same as in the proof of Theorem 4.
In the same way as proving Theorem 4, we have I < C and Il < C||5||AB 12 La(sn—1).-
For 111, we have

—y) Q-0 {1 16,(@) = by o) )

r 1/r
HI<O{/ /‘ ‘“ d)d}
2B)e |x— y|" ™t o — x|t | — 0| + 21 y)

/QB)r / Z Z |(b(w) — b(x0))o Oz — y) Q(z — x0) ‘

j=1 UEC’"

y|"71 |n71

|z — x

|(b(y) — b(x0))o[|aly Lr
x |a:—x00| +21 ) }

H 16 (y) — bj(zo)llaly)|
Qz —y)| j=1 r 1/r
+[/(23)C( ||x(_ y|” )1| |x — 20| + 21 dy) dw} }

—CU+V+W).

In the same way as estimating /115 in the proof of Theorem 4, we have W < C”g”[\ﬁ 1 La¢smn—1).-

Let us now estimate U and V. Similar to the estimate of I11; in the proof of Theorem 4,
by Lemma 2.3, r = n/(n — ), (1.2) and ||a|~ < |B|~!, we have

Uu<c }:21 RO D]

B =1
Qz —y Qx —x) 2, 11/
< wy) =0 10) 0y ay
2kl<|w—wo|<2k+1l |z — y |z — o
B 1 Aﬁ 2kl ly—ol| /25+11 1)
el 2 5)

< Clla, lal / |

ly—zo|/2F+11

d(s}

- Lo (S .
< Clfl, lol<IBI[1 + #d&} < bl
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Using Lemma 2.3, 7 = n/(n — ) and (1.2), similar to the estimate of ITl5 in the proof of

Theorem 4, we have

m—1 oo
veey Yo [ Sty o)

j=1 ocecy ' B =1

<] /
2k < |z —zo| <2k 11

m—1 o) \y7w0|/2kl
—kBoi |7 y— wq(6
<oy 3 [ S oy, (Bl <0 45] ()l
k=1

j=1 ceC y—mol/2F+11

< cIIEIIAﬁ/B[ZrMZ/
k=1 k=1

y—aol/2+i 0

Qx — Qx — x0) (7. 1V/4
wy) 2= 20) 0] a(y)lay
oz -0l

l[y—wol /21 wg(9)

2 45] a(w)ldy

1
_ wq (0 > -
< Cllalu~ i 1+ [ “220as] i, < CIBl,
So
111 < 3, | ooy

Combining the estimates of I and 11 with I11, we have

(@)l /s < ClIBNL4 12| Lagsn-1y.-

We complete the proof of Theorem 5.
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