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a b s t r a c t
Atanassov’s intuitionistic fuzzy set (AIFS) is a generalization of a fuzzy set. There are various averaging operators deﬁned for AIFSs. These operators are not consistent with the limiting case of ordinary fuzzy sets, which is undesirable. We show how such averaging
operators can be represented by using additive generators of the product triangular norm,
which simpliﬁes and extends the existing constructions. We provide two generalizations of
the existing methods for other averaging operators. We relate operations on AIFS with
operations on interval-valued fuzzy sets. Finally, we propose a new construction method
based on the Łukasiewicz triangular norm, which is consistent with operations on ordinary
fuzzy sets, and therefore is a true generalization of such operations.
Ó 2010 Elsevier Inc. All rights reserved.

1. Introduction
Since the introduction of fuzzy sets by Zadeh [39] many attempts have been made to generalize the notion of fuzzy sets.
Among others, Zadeh introduced the idea of type-2 fuzzy sets and interval valued fuzzy sets [40], see also [18,41,42]. Later in
[2], Atanassov introduced the idea of intuitionistic fuzzy sets (AIFS). Recently, several authors [23,25–30] have used AIFS in
different applications. In [3,8,16] authors advanced the theory of operators and relations for intuitionistic fuzzy sets and
interval-valued intuitionistic fuzzy sets. Bustince and Burillo [8] and Deschrijver and Kerre [11] made theoretical development relating to composition of intuitionistic fuzzy relations.
In many decision making applications, it becomes necessary to aggregate several fuzzy sets, particularly when preference
is expressed by fuzzy sets [6,7,22,37]. Weighted means and the Ordered Weighted Averaging functions (OWA) [37] have
been applied to this problem, along with triangular norms, conorms and uninorms. Various aggregation functions are discussed in detail in [7,19,20,32].
In a recent series of papers [31,33–36,38,43] the authors deﬁned some averaging aggregation functions for Atanassov’s
intuitionistic fuzzy sets, including weighted means, OWA and Choquet integrals. Their deﬁnitions are based on the operations of addition and multiplication for AIFS [3,4], which involve the product t-norm and its dual t-conorm. A problem with
their deﬁnitions is that they do not lead to the standard aggregation operations on fuzzy sets in the limiting case (see Example 2).
On the other hand, as noticed in [5] and later developed in [8,10,14], the AIFS are mathematically equivalent to the interval-valued fuzzy sets (IVFS). There exist several papers that relate other extensions of fuzzy set theory to AIFS [9,17,24]. It is
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straightforward to deﬁne aggregation functions for IVFS, see, e.g. [38], by applying a ﬁxed aggregation function to the ends of
the membership interval, the membership and (transformed) non-membership degrees. Such functions are called representable in [15]. This approach is fully consistent with the limiting case of the ordinary fuzzy sets, but there are various
non-representable AIFS aggregation functions, such as those presented in [12,13,15], and those discussed in this paper.
In this paper we develop an approach to extending aggregation operators to AIFS and IVFS, by using additive generators of
the t-norm and t-conorm in the arithmetical operations for AIFS. We provide simple tools to construct both representable
and non-representable extensions. We establish several interesting properties of the operators constructed by using
Łukasiewicz t-norm and t-conorm in the operations for AIFS. Our approach will eliminate the need for complex and explicit
constructions in [34–36,43].
The structure of this paper is as follows. We review operations on AIFS and IVFS in Section 2. In Section 3 we present
several types of averaging aggregation functions on AIFS based on arithmetical operations on AIFS. In Section 4 we relate
the mentioned aggregation functions to those deﬁned for IVFS, and present several more general approaches to
aggregation of AIFS. We will show that the use of Łukasiewicz t-norm and t-conorm in the deﬁnition of addition of AIFS
guarantees consistency of aggregation of AIFS with aggregation of ordinary fuzzy sets. This section is then followed by
conclusions.
2. Operations on AIFS and IVFS
We review several relevant concepts and highlight the correspondence between the notions in AIFS and IVFS [2].
Deﬁnition 1. An AIFS A on X is deﬁned as A ¼ fhx; lA ðxÞ; mA ðxÞijx 2 Xg, where lA ðxÞ and mA ðxÞ are the degrees of
membership and nonmembership of x in A, which satisfy lA ðxÞ; mA ðxÞ 2 ½0; 1 and 0 6 lA ðxÞ þ mA ðxÞ 6 1.

Deﬁnition 2. An IVFS A on X is deﬁned as A ¼ fhx; ½lA ðxÞ; rA ðxÞijx 2 Xg, where lA ðxÞ and rA ðxÞ are the lower and upper ends of
the membership interval, and satisfy 0 6 lA ðxÞ 6 rA ðxÞ 6 1.
Obviously an ordinary fuzzy set can be written as fhx; lA ðxÞ; 1  lA ðxÞijx 2 Xg, or as fhx; ½lA ðxÞ; lA ðxÞijx 2 Xg. AIFS can be
represented by means of IVFS and vice versa.
To ease the notation we now suppress the dependence of the membership/non-membership values on x, i.e., we will consider Atanassov’s intuitionistic fuzzy values (AIFV), the pairs A = hlA, mAi, and IV fuzzy values (IVFV) [lA, rA].
Several indices are used to characterize AIFV.
Deﬁnition 3. The Score and Accuracy of an AIFV A are deﬁned by

ScoreðAÞ ¼ lA  mA ;
AccuracyðAÞ ¼ lA þ mA :
The degree of indeterminancy of A is

pðAÞ ¼ 1  ðlA þ mA Þ:
We list the indices in Table 1 together with their counterparts in the IVFS representation. We use lþr
to denote the center
2
of the interval [l, r].
Deﬁnition 4 ([7,19]). An aggregation function f : [0, 1]n ? [0, 1] is a function non-decreasing in each argument and satisfying
f(0, . . . , 0) = 0 and f(1, . . . , 1) = 1.
An aggregation function is idempotent if f(t, t, . . . , t) = t for all t 2 [0, 1]. This is equivalent to averaging behavior of an aggregation function, i.e., min(x) 6 f(x) 6 max(x) for all x 2 [0, 1]n.
Let us denote by L the lattice of non-empty intervals L = {[a, b]j(a, b) 2 [0, 1]2, a 6 b} with the partial order 6L deﬁned as
½a; b 6L ½c; d () a 6 c and b 6 d. The top and bottom elements are respectively 1L = [1, 1], 0L = [0, 0]. The corresponding
Table 1
Various indices and operations on AIFV and IVFV.
Index

AIFV representation

IVFV representation

Membership
Degree of indeterminancy
Score

hl, mi
p = 1  (l + m)
lm

Accuracy

l+m=1p

[l, r] = [l, 1  m]
r  l = length([l, r])
 
r þ l  1 ¼ 2 lþr
2 1
l  r + 1 = 1  length([l, r])
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partial order in the AIFV representation 6LAIFV is deﬁned as hl1 ; m1 i 6LAIFV hl2 ; m2 i () l1 6 l2 and m1 P m2. The top and bottom
elements are 1LAIFV ¼ h1; 0i and 0LAIFV ¼ h0; 1i respectively.
Deﬁnition 5. fL : Ln ? L is an aggregation function if it is monotone with respect to 6L and satisﬁes fL(0L, . . . , 0L) = 0L and
fL(1L, . . . , 1L) = 1L [12].
A function fAIFV is an aggregation function on AIFVs if it is monotone with respect to 6LAIFV and satisﬁes
fAIFV ð0LAIFV ; . . . ; 0LAIFV Þ ¼ 0LAIFV and fAIFV ð1LAIFV ; . . . ; 1LAIFV Þ ¼ 1LAIFV .
There are many ways to construct such aggregation functions for IVFV. One way is to apply the usual aggregation functions to the ends of the intervals. Such functions are called representable in [15].
Deﬁnition 6. fL is a representable aggregation function if there are aggregation functions f1, f2 such that f1 6 f2, and fL can be
expressed as fL(A1, . . . , An) = B with B = [f1(l1, . . . , ln), f2(r1, . . . , rn)] and Ai = [li, ri], i = 1, . . . , n. A natural extension of an aggregation
function f to L is fL with f1 = f2 = f.
Various constructions of IV aggregation functions, including t-norms and t-conorms, uninorms and OWA are discussed in
[15]. In the special case of OWA, Yager [38] uses f1 = f2 = OWA. We will denote this function by OWAL.
3. Aggregation functions on the set of AIFV
The following operations are deﬁned for AIFV [4].

A þ B ¼ hlA þ lB  lA lB ; mA mB i;

ð1Þ

A  B ¼ hlA lB ; mA þ mB  mA mB i:

ð2Þ

From these formulas one obtains the following equations [16]

nA ¼ A þ    þ A ¼ h1  ð1  lA Þn ; mnA i;
An ¼ A      A ¼ hlnA ; 1  ð1  mA Þn i;
for any n = 1, 2, . . . , which can then be extended for positive real n.
When an aggregation function requires the sort operation (in the OWA function and the discrete Choquet integral), one
needs to deﬁne a total order on AIFVs. The following total order on AIFVs was used in [31,35,34,36].

A < B if and only if

ð3Þ

(i) Score(A) < Score(B) or
(ii) Score(A) = Score(B) and Accuracy(A) < Accuracy(B).
Clearly, in the IVFV representation, this corresponds to ordering according to the center of the membership
interval, and then (if the centers coincide) according to the length of the interval (length([lA, rA]) > length([lB, rB]) )
A < B).
Let us mention one undesirable property of such an ordering; it is not preserved under multiplication by a scalar: A < B
does not necessarily imply kA < kB where k is a scalar, as can be seen from the Example 1 below. This has a profound implication on the lack of monotonicity of aggregation functions for AIFV deﬁned below with respect to the chosen total ordering,
as shown in Proposition 1.
Example 1. Take A = h0.5, 0.4i, B = h0.3, 0.2i and k = 0.6. Since Score(A) = Score(B) = 0.1 and Accuracy(A) = 0.9, Accuracy(B) = 0.5,
then

B < A.

But

kA = h1  (1  0.5)0.6, 0.40.6i ﬃ h0.3402,0.5771i,

kB = h1  (1  0.3)0.6, 0.20.6i ﬃ h0.1927, 0.3807i,

and

Score(kA) ﬃ 0.2369, Score(kB) ﬃ 0.188, so kA < kB. Thus B < A does not imply kB < kA.
The following aggregation functions were deﬁned on AIFV in [35,36] using operations of addition and multiplication by a
scalar. These operations were called Intuitionistic Fuzzy Weighted Averaging and Intuitionistic Fuzzy Ordered Weighted
Averaging respectively in [35].
Deﬁnition 7. Intuitionistic Weighted Arithmetic Mean with respect to a weighting vector w, IWAMw, is deﬁned as

*
IWAMw ðA1 ; . . . ; An Þ ¼ w1 A1 þ w2 A2 þ    þ wn An ¼

1

n
Y

ð1  lAi Þwi ;

i¼1

In Eq. (4) and at other places, w ¼ ðw1 ; w2 ; . . . ; wn Þ; wi 2 ½0; 1;

n
Y
i¼1

Pn

i¼1 wi

¼ 1.

+

mwAii :

ð4Þ
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Deﬁnition 8. Intuitionistic Ordered Weighted Averaging with respect to a weighting vector w, IOWAw, is deﬁned as

*
IOWAw ðA1 ; . . . ; An Þ ¼ w1 Arð1Þ þ w2 Arð2Þ þ    þ wn ArðnÞ ¼

+
n
n
Y
Y
wi
wi
1  ð1  lArðiÞ Þ ;
mArðiÞ ;
i¼1

ð5Þ

i¼1

where Ar(i) is the ith largest value according to the total order (3): Ar(1) P    P Ar(n).
The explicit expressions in (4) and (5) were established in [35] from (1) and (2) by induction.
Similarly, the induced IOWA and induced Choquet integrals can be deﬁned as in [31,43].
One problem with such deﬁnitions is that they are not consistent with aggregation operations on the ordinary fuzzy sets
(when l = 1  m), nor with the natural extension of aggregation to IVFS (see Deﬁnition 6). This can be easily seen from the
following example.
Example 2. Take A = h0.1, 0.9i, B = h0.5, 0.5i and WAM with the weights w = (0.8, 0.2). Then

WAMw ð0:1; 0:5Þ ¼ 0:8  0:1 þ 0:2  0:5 ¼ 0:18;
and the same value is obtained by using the natural extension of WAM to L, but

IWAMw ðA; BÞ ¼ h1  0:90:8 0:50:2 ; 0:90:8 0:50:2 i ¼ h0:1998; 0:8002i:
Another undesirable feature of (4) and (5) is that whenever one of the arguments Ai = h1, 0i and the corresponding weight
is not 0, we have IWAMw(A1, . . . , An) = IOWAw(A1, . . . , An) = h1, 0i, which is rather counterintuitive for an averaging operation.
On the other hand, if one of the arguments is h0, 1i and its weight is not zero, it is not accounted for at all, which is again
counterintuitive. The latter feature helps to prove that IWAM and IOWA in (4) and (5) are not monotone with respect to
the order based on the score and accuracy.
Proposition 1. Aggregation operators for AIFV deﬁned by (4) and (5) are not monotone with respect to the ordering in (3).
Proof. Take A1 = h0, 1i, A2 = h0.5, 0.4i, A3 = h0.3, 0.2i and w = (0.4, 0.6). We know from Example 1 that A3 < A2. Monotonicity
requires that IWAM(A1, A3) < IWAM(A1, A2), but IWAM(A1, A) = 0.6A for any intuitionistic value A. From Example 1,
0.6A2 < 0.6A3, so monotonicity does not hold. For IOWA the same argument applies. h
Of course, both (4) and (5), and the operators deﬁned in the next section are monotone with respect to the partial order
6LAIFV . However it raises an interesting question of whether there are alternative deﬁnitions of aggregation operators which
are monotone with respect to the total order (3). We will provide an afﬁrmative answer at the end of Section 4.
4. Alternative deﬁnitions of aggregation functions on AIFV
Let us write the operation A + B on AIFV as follows

A þ B ¼ hSðlA ; lB Þ; TðmA ; mB Þi;

ð6Þ

where T = TP is the product t-norm and S = SP is its dual t-conorm (called probabilistic sum), deﬁned by SP(x, y) =
1  TP(1  x, 1  y). Here we can use any pair of dual t-norm and t-conorm. We ﬁrst concentrate on continuous Archimedean
t-norms and t-conorms, and in particular on the product t-norm, because it was used in many existing deﬁnitions. An
Archimedean t-norm is strict if it is continuous and strictly increasing.
It is well known (see [21]) that a strict Archimedean t-norm is expressed via its additive generator g as follows

Tðx; yÞ ¼ g 1 ðgðxÞ þ gðyÞÞ;
and the same applies to its dual t-conorm,
1

Sðx; yÞ ¼ h ðhðxÞ þ hðyÞÞ;
with h(t) = g(1  t). We remind that an additive generator of a continuous Archimedean t-norm is a strictly decreasing function g : [0, 1] ? [0, 1] such that g(1) = 0. For nilpotent operations the inverse changes to the pseudoinverse. The additive generator is not unique, it is deﬁned up to an arbitrary positive multiplier [19,21]. For TP, an additive generator is g(t) = log(t).
Now, let C = A + B. Then g(mC) = g(mA) + g(mB) and h(lC) = h(lA) + h(lB). Further, if D = kA, then g(mD) = kg(mA), h(lD) = kh(lA).
^i ¼ hhðlÞ; gðmÞi, the transformed membership/non-membership pair. In this notation, for AIFV
^; m
Let us now denote by hl
C = A + B and D = kA,
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^C i ¼ hl
^A þ m
^B i;
^C; m
^A þ l
^ B; m
hl
^ D; m
^D i ¼ hkl
^ A ; km
^A i:
hl
We deduce that if C = IWAMw(A1, . . . , An) then

^C i ¼
^C; m
hl

*
n
X

n
X

^ Ai ;
wi l

i¼1

+

^ Ai ;
wi m

i¼1

and explicitly,

*
IWAMw ðA1 ; . . . ; An Þ ¼

h

1

n
X

!
wi hðlAi Þ ; g

1

i¼1

IOWAw ðA1 ; . . . ; An Þ ¼

h

1

n
X

!+
wi gðmAi Þ

ð7Þ

:

i¼1

If C = IOWAw(A1, . . . , An) then

*

n
X

!
wi hðlArðiÞ Þ ; g

i¼1

1

n
X

!+
wi gðmArðiÞ Þ

:

ð8Þ

i¼1

Similarly one obtains the expressions for other aggregation functions based on linear combination and re-ordering of the
inputs, like the Choquet integral and induced OWA. By taking g = log we recover Eqs. (4), (5) from (7) and (8) respectively.
In fact Eqs. (7), (8) show that the degrees of membership and non-membership of the combined AIFVs are simply
weighted quasi-arithmetic means of the respective degrees of the components (additionally, in (8) the arguments are reordered). The properties of these functions discussed in [35,36,43,34] are now simple consequences of this fact.
Proposition 2. The IWAM and IOWA operators in (7) and (8) are idempotent, monotone with respect to the partial order 6LAIFV ,
and are bounded by

A 6LAIFV IWAMw ðA1 ; . . . ; An Þ6LAIFV Aþ ;
A 6LAIFV IOWAw ðA1 ; . . . ; An Þ6LAIFV Aþ ;
with A ¼ hmin lAi ; max mAi i, Aþ ¼ hmax lAi ; min mAi i. The IOWA is symmetric.
Proof. The proof follows from the fact that weighted quasi-arithmetic means in both components of (7) and (8) are idempotent monotone functions. The symmetry in (8) is obvious. h
We note that direct proofs in [34,43,35] are several pages long. Next we consider the weighted quasi-arithmetic mean
(WQAM)
1

Mw ðx1 ; . . . ; xn Þ ¼ /

n
X

!
wi /ðxi Þ

i¼1

with a generator /. We remind that / : [0, 1] ? [1, 1] is a continuous strictly monotone function.
The intuitionistic WQAM was deﬁned in [43] as follows (the authors considered only power functions /(t) = tp, p > 0, and
called it the generalized intuitionistic fuzzy weighted averaging (GIFWA))

IWQAMw;p ðA1 ; . . . ; An Þ ¼



1=p 
Yp w 1=p
Y
:
1
Þ i
; 1  1  ð1  ð1  mAi Þp Þwi

ð9Þ

It can be written in our notation in this way

D
 X

 X
E
1
1
IWQAMw ðA1 ; . . . ; An Þ ¼ /1 h
wi hð/ðlAi ÞÞ ; 1  /1 h
wi hð/ð1  mAi ÞÞ
D X

X
E
¼ u1
wi uðlAi Þ ; v 1
wi v ðmAi Þ ;

ð10Þ

with u = h  / and v = h  /  N, where N is the standard negation. Note that this formula is similar to (7), just with a different
pair of additive generators; note u(t) = v(1  t). In fact, it gives the same expression as (7), as long as we use a different pair of
t-norm and t-conorm in (6) instead of the product, namely a strict t-norm with the generator v and its dual. If / is the power
function as in [43], it is the pair of dual t-norm and t-conorm deﬁned by using the generator g(t) = log(1  (1  t)k).
In general, the operator (9) inherits the same problems of inconsistency with the operations on ordinary fuzzy sets mentioned at the end of Section 3 (to see this, it is sufﬁcient to take / = Id to get IWAM as the special case we already considered).
Later we will show that by using a different pair of t-norm and t-conorm in (6), we can achieve consistency.
Let us now extend these constructions to other aggregation functions. Take any aggregation function f, and following the
same approach, deﬁne an aggregation function for AIFV fAIFV. There are several ways of doing this. First, directly by using the
following deﬁnition:
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Deﬁnition 9. Let f be an aggregation function, and g is an additive generator of the t-norm in (6). fAIFV is an aggregation
function on AIFV corresponding to f if fAIFV(A1, . . . , An) = C with


^ C i ¼ f r ðl
^A1 ; . . . ; m
^ An Þ ;
^C; m
^ A1 ; . . . ; l
^ An Þ; fr ðm
hl

ð11Þ

where the index r indicates that f may depend on a permutation r of the participating A1, . . . , An.
The dependence on r is needed speciﬁcally for IOWA and Choquet integrals by (5), where the ordering is done with respect to AIFV and not with respect to l and m separately.
Proposition 3. The expression (11) is well deﬁned, i.e., fAIFV is monotone with respect to 6LAIFV and its result is always an AIFV.
Proof. Monotonicity is straightforward by noticing that both components of (11) are monotone with respect to all

mAi , i = 1, . . . , n. To show that lC + mC 6 1 it is convenient to write (11) in the IVFV representation

lAi and

½^lC ; ^r C  ¼ ½fr ð^lA1 ; . . . ; ^lAn Þ; fr ð^r A1 ; . . . ; ^r An Þ;
where ^l ¼ hðlÞ and ^r ¼ hðrÞ. Since lAi 6 r Ai ; hðlAi Þ 6 hðr Ai Þ for all i, and because fr is non-decreasing in all components, we get
^lC 6 ^r C and therefore l 6 r . h
C
C
By taking the aggregation functions from [31,33–35,43] (WAM, OWA, Choquet integrals), and generator g = log we obtain the respective formulas as special cases.
However, WQAM and generalized OWA as deﬁned in [43] by (9) do not ﬁt this deﬁnition. Eq. (9) is consistent with (10)
whereas (11) generally leads to a different formula

*
IWQAMw ðA1 ; . . . ; An Þ ¼

h

1

n
X

1

/

!!
wi /ðhðlAi ÞÞ

;g

1

1

/

i¼1

n
X

!!+
wi /ðgðmAi ÞÞ

:

i¼1

An alternative, which accommodates and extends deﬁnitions in [34,43] to a special class of generated aggregation functions, is the following:
Deﬁnition 10. Let f be a generated aggregation function with a generator /, so that f is deﬁned by
P
/ðf ðx1 ; . . . ; xn ÞÞ ¼ ni¼1 wi /ðxi Þ. fAIFV w is an aggregation function on AIFV if fAIFV w ðA1 ; . . . ; An Þ ¼ C with

^C; m
^C i ¼
hl

*
n
X

^ i;
wrðiÞ l

i¼1

+

n
X

^i ;
wrðiÞ m

ð12Þ

i¼1

^ ¼ v ðmÞ; u ¼ h  /; v ¼ h  /  N; h ¼ g  N and g is an additive generator of a strict Archimedean t-norm.
^ ¼ uðlÞ; m
and l
wr(i); i = 1, . . . , n, denote weights which depend on the ordering of pairs hli, mii; i = 1, . . . , n.
By specifying how wr(i) depends on the ordering of the arguments, we get weighted quasi-arithmetic means, generalized
OWA and generalized Choquet integrals as special cases. Note that if / = Id, Eq. (12) is equivalent to Eq. (11).
So far we have presented constructions that generalize those in [31,33–35,43], however the problem of consistency with
the operations on ordinary fuzzy sets remains. To ensure consistency, let us now look at the following alternative. Take in (6)
SL, TL, as the Łukasiewicz t-conorm and t-norm respectively, SL(x, y) = min(1, x + y), TL(x, y) = max(0, x + y  1) with g(t) = 1  t.
Then we have for k 2 [0, 1]

kA ¼ hklA ; 1  kð1  mA Þi:
We immediately obtain that the ordering of AIFV described in Section 3 is invariant under multiplication by a scalar k 2 [0, 1],
because Score(A) = Score(B) ) Score(kA) = Score(kB), Score(A) < Score(B) ) Score(kA) < Score(kB), Accuracy(A) = Accuracy(B) )
Accuracy(kA) = Accuracy(kB), Accuracy(A) < Accuracy(B) ) Accuracy(kA) < Accuracy(kB). It is sufﬁcient to observe that such
an operation can be written in the IVFS representation as k[l, r] = [kl, kr].
P
Taking into account that h1 = h = Id and g1 = g = 1  Id on [0, 1], and that ni¼1 wi ¼ 1 ensures the argument of g1 is in
[0, 1], we consequently obtain from (7), (8)

IWAMw ðA1 ; . . . ; An Þ ¼

*
n
X

wi lAi ; 1 

n
X

i¼1

and

IOWAw ðA1 ; . . . ; An Þ ¼

*
n
X
i¼1

+
wi ð1  mAi Þ

i¼1

wi lArðiÞ ;

n
X

¼

*
n
X
i¼1

wi lAi ;

n
X

+
wi mAi ;

ð13Þ

i¼1

+
wi mArðiÞ :

ð14Þ

i¼1

The expression (13) is a natural extension of the WAM according to the Deﬁnition 6, and hence is a representable fL. However
(14) cannot be written as a representable fL, because the order in which lArðiÞ and mArðiÞ are arranged depends on both l and m
according to (3). In contrast, representable fL imply that aggregation of l values does not depend on m values and vice versa.
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Consequently IOWAw is not the same as the operator OWAL in [38], which is a natural extension of OWA according to Definition 6 with f1 = f2 = OWA.
What is remarkable is that the use of Łukasiewicz t-norm and t-conorm in (6) is the only way consistency with the ordinary fuzzy sets can be achieved.
Proposition 4. The operations deﬁned by (7) and (8) are consistent with the operations on ordinary fuzzy sets if and only if the tnorm and t-conorm in (6) are Łukasiewicz ones.
Proof. The necessity is straightforward, by letting mi = 1  li in (13), (14). Sufﬁciency: for consistency of (7) with operations
on ordinary fuzzy sets we need to ensure
1

h

X

 X
wi lAi for all
hðlAi Þ ¼

lAi 2 ½0; 1;

ð15Þ

(since m = 1  l, the respective condition for non-membership is automatically veriﬁed). The unique solution h to the functional Eq. (15) is an afﬁne function [1]. Because h is a generator of a t-conorm h(0) = 0, and hence it is a linear function. The
multiplier is irrelevant since additive generators are deﬁned up to an arbitrary positive multiplier. Hence h = Id on [0, 1] or its
multiple.
The same result holds for (8), since the order (3) coincides with the usual order on real numbers in that case. h
Corollary 1. The operations deﬁned by (7) and (10) are consistent with the natural extensions of WAM and WQAM to fL if and only
if the t-norm and t-conorm in (6) are Łukasiewicz ones.
Proof. Straightforward by using Proposition 4 and noticing that u = h  / in (10).

h

However, this result does not hold for natural extensions of OWA and other operations that require sorting based on order
(3). Since the order (3) uses both l and m, the operations (8) are not representable.
Another useful feature of our construction that uses Łukasiewicz t-norm and t-conorm, is that the resulting aggregation
functions are monotone not only with respect to the partial order 6L (6LAIFV ), but also with respect to the total order in (3).
Proposition 5. Operations (10), (13) and (14) are monotone with respect to the order (3).
Proof. Immediate for (10) and (13), since these operations are natural extensions of WAM and WQAM to fL. For (14) note
that in both sums the ordering is the same, and the operator can be written as

IOWAw ðA1 ; . . . ; An Þ ¼

X

wi ArðiÞ ¼

X

wi hlArðiÞ ; mArðiÞ i;

which is monotone with respect to (3), because now multiplication by a scalar and addition preserve the ordering (3).

h

This results does not hold for a natural extension of OWA, as can be seen from the following example.
Example 3. Take A = [0, 1], B = [0.1, 0.9] in the IVFS representation, so that A < B according to (3). Let w = (1, 0), in which case
OWAL(A, B) = [0.1, 1]. Now if C = [0.1, 0.95] then A < B < C but IOWAL(B, C) = [0.1, 0.95] < OWAL(A, B).
Finally, our approach can be extended to other averaging aggregation functions, such as quasi-arithmetic means, Choquet
integral and induced OWA. We deﬁne the aggregation functions by using Deﬁnition 9, which in the case of generated functions is equivalent to Deﬁnition 10.
Let us illustrate this construction on two examples.
Example 4. Let f be a weighted quasi-arithmetic mean with a generator /. We have

D
X

X
E D
E
IWQAMw ðA1 ; . . . ; An Þ ¼ /1
wi /ðlAi Þ ; 1  /1
wi /ð1  mAi Þ ¼ f ðlA1 ; . . . ; lAn Þ; f d ðmA1 ; . . . ; mAn Þ ;
where fd denotes the dual of f with respect to the standard negation. When / = Id we get (13) as a special case (we remind
that a WAM is self-dual). In the IVFS representation we have

IWQAMw ðA1 ; . . . ; An Þ ¼ ½f ðlA1 ; . . . ; An Þ; f ðrA1 ; . . . ; r An Þ:
This means that IWQAMw is representable and a natural extension of WQAM. The choices /(t) = tp, p – 0, /(t) = log(t) /(t) = pt,
p – 1 and /(t) = exp(exp(t)) lead to natural extensions of weighted power means, geometric mean, exponential mean and
double exponential means. See [7] for other types of quasi-arithmetic means that can be used.
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Example 5. Consider the logarithmic mean f ðx; yÞ ¼ log yx
, which is not a quasi-arithmetic mean. Using Deﬁnition 9, we
ylog x
obtain the logarithmic mean for AIFS

ILMðA1 ; A2 Þ ¼





l2  l1
m1  m2
;1 
:
log l2  log l1
logð1  m2 Þ  logð1  m1 Þ

Formulas for generalized logarithmic, Bonferroni, Heronian and other means can be found in [7]. We note that existing constructions for ‘‘generalized’’ aggregation functions for AIFS in [31,33,34,36,43,35] do not work in these cases.

5. Conclusion
We have examined various deﬁnitions of aggregation operators for AIFS, which have appeared recently in the literature
and are based on the operation of addition of AIFV. We have found that in all such cases, the respective expressions can be
written with the help of an additive generator of the t-norm used in the operation of addition. As a consequence, most properties of aggregation operators for AIFS deﬁned in this way follow automatically.
We looked at generalizations of averaging aggregation operators by using generating functions (quasi-arithmetic mean
type construction) and obtained the respective expressions using a much more compact and general notation. We proposed
two general deﬁnitions for constructing other types of aggregation operators for AIFS extending the existing methods. Both
representable and non-representable aggregation functions are obtained in this way. Finally, we have shown that only by
using the Łukasiewicz t-norm rather than the product t-norm in the addition of AIFV, one obtains operators (both representable and non-representable) consistent with operators on ordinary fuzzy sets. We have established the relation between corresponding expressions for AIFS and the interval valued fuzzy sets and provided several examples.
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