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ABSTRACT. We show that almost all the zeros of any finite linear combination of inde-
pendent characteristic polynomials of random unitary matrices lie on the unit circle. This
result is the random matrix analogue of an earlier result by Bombieri and Hejhal on the
distribution of zeros of linear combinations of L-functions, thus providing further evidence
for the conjectured links between the value distribution of the characteristic polynomial
of random unitary matrices and the value distribution of L-functions on the critical line.

1. INTRODUCTION

Over the past two decades, there have been many new results at the interface of random
matrix theory and analytic number theory that can be considered as evidence for the zeros
of the Riemann zeta function being statistically distributed as eigenvalues of large random
matrices (GUE matrices or Haar distributed unitary matrices); the interested reader can
refer to [I7], [12] and [19] for a detailed account with many references, and to [11] for
the function field framework. Since the seminal papers by Keating and Snaith [13] [14],
it is believed that the characteristic polynomial of random unitary matrices on the unit
circle models very accurately the value distribution of the Riemann zeta function (or more
generally L-functions) on the critical line. This analogy was used by Keating and Snaith
to produce the moments conjecture and since then the characteristic polynomial has been
the topic of many research papers, and the moments of the characteristic polynomial
have now been derived with many different methods, e.g. representation theoretic methods
(see [B], [1§]), super-symmetry method (see [17]), analytic methods (Toeplitz determinant
methods as explained in the lecture by E. Basor in [I7], orthogonal polynomials on the
unit circle method [15]) or probabilistic methods ([3]), each method bringing a new insight
to the problem. Many more fine properties of the characteristic polynomial have been
established (e.g. large deviations principle in [§], local limit theorems [16], the analogue
of the moments conjecture for finite field zeta functions [I0], etc.). Moreover, thanks to
this analogy, one has been able to perform calculations in the random matrix world (whose
analogue in the number theory world seems currently out of reach) to produce conjectures
for the analogue arithmetic objects (see [21] for a recent account).

There are nonetheless certain results that can be proved in both sides, such as Selberg’s
central limit theorem for the Riemann zeta function and the Keating-Snaith central limit
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theorem for the characteristic polynomial of random unitary matrices (see [13]). In fact
Selberg’s central limit theorem can be proved more generally for a wide class of L-functions
(see [20] and [2]). Roughly speaking, an L-function must be defined by a Dirichlet series
for Re(s) > 1, have an Euler product (with some growth condition on the coefficients of
this product), an analytic continuation (except for finitely many poles all located on the
line Re(s) = 1), and must satisfy a functional equation. Such L-functions are expected to
satisfy the general Riemann hypothesis (GRH), which says that all the non-trivial zeros
are located on the critical line, the line Re(s) = 1/2.

Now if one considers a finite number of such L-functions, satisfying the same functional
equation, then one can wonder if the zeros of a linear combination of these L-functions are
still on the critical line. The answer is in general that GRH does not hold anymore for such
a linear combination even though it still has a functional equation (this can be thought
of coming from the fact that such a linear combination does not have an Fuler product
anymore). But Bombieri and Hejhal proved in [2] that nonetheless 100% of the zeros of
such linear combinations are still on the critical line (under an extra assumption of “near
orthogonality” which ensures that the log of the L-functions are statistically asymptotically
independent). In this paper we will show that a similar result holds for linear combinations
of independent characteristic polynomials of random unitary matrices. The result on the
random matrix side is technical and difficult and besides being an extra piece of evidence
that the characteristic polynomial is a good model for the value distribution of L-functions,
the result is also remarkable when viewed in the general setting of random polynomials as
we shall explain it. The main goal of this article is to show that on average, any linear
combination of characteristic polynomials of independent random unitary matrices has a
proportion of zeros on the unit circle which tends to 1 when the dimension goes to infinity.

More precisely, if U is a unitary matrix of order N > 1, let ®; be the characteristic
polynomial of U, in the following sense: for z € C,

Oy (z) =det (Iy — 2U).
From the fact that U is unitary, we get the functional equation:
Du(2) = (—2)" det(U)By (1/2).
For z on the unit circle, this equation implies that
Oy (2) = R(z)v/ (=2)" det(UV),

where R(z) is real-valued (with any convention taken for the square root). The fact that
®; has many zeros (in fact, all of them) on the unit circle can be related to the fact that the
condition needed for ®; to vanish is in only unidimensional (i.e. R(z) = 0 for a real-valued
function R). Now, let (U;)1<j<n be unitary matrices of order N, and let (b;)1<j<, be real
numbers: we wish to study the number of zeros on the unit circle of the linear combination

Fy =Y bjdy,
j=1
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If we want that F' has most of its zeros on the unit circle, it is reasonable to expect that we
need a “unidimensional condition” for the equation F(z) = 0 if |z| = 1, i.e. a functional
equation similar to the equation satisfied by U. This equation obviously exists if all the
characteristic polynomials @y, satisfy the same functional equation, i.e. the matrices Uj
have the same determinant. By symmetry of the unitary group, it is natural to assume
that the unitary matrices have determinant 1. More precisely, the main result of the article
is the following:

Theorem 1.1. Let (bj)i1<j<n be a family of (deterministic) real numbers, different from
zero. For N > 1, let

FN = ijq)UN,j7
j=1
where (Un ;)1<j<n s @ family of independent matrices following the Haar measure on the
special unitary group SU(N). Then, the expected proportion of zeros of Fxn on the unit
circle tends to 1 when N goes to infinity, i.e.

E({z €U, Fx(z) = 0}[) = N = o(N),
where |{z € U, Fy(z) = 0}] is the number of z on the unit circle which satisfy Fy(z) = 0.

The whole paper is devoted to the proof of this result. Before explaining the strategy of
the proof, we make a few remarks.

Remark 1.2. Theorem [I.1] can be stated as

lim E (%Hz €U, Fy(z) = 0}\) _1

n—o0

1
Since the random variable NHZ € U, Fy(z) = 0}] is bounded by 1, in fact the convergence

holds in all L? spaces for p > 1. It also holds in probability since convergence in L' implies
convergence in probability.

Remark 1.3. The fact that we impose our matrices to have the same determinant is similar
to the condition in [2] of the L-functions to have the same functional equation. Moreover,
in our framework, the analogue of the Riemann hypothesis is automatically satisfied since
all the zeros of each characteristic polynomial are on the unit circle.

Remark 1.4. The fact that the proportion of zeros on the unit circle tends to 1 is a re-
markable fact as a result about random polynomials. Indeed it is well known that the
characteristic polynomial of a unitary matrix is self-inversive (that is ay_p = exp(if)ay
for some 6 € R, if (ar)o<k<n are the coefficients of the polynomial). As explained in [1],
self-inversive random polynomials are of interest in the context of semiclassical approxi-
mations in quantum mechanics and determining the proportion of zeros on the unit circle
is there an important problem. Bogomolny, Bohigas and Leboeuf showed that if the first
half of the coefficients (the second half being then fixed by the self-inverse symmetry) are
chosen as independent complex Gaussian random variables, then asymptotically a fraction
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of % of the zeros are exactly on the unit circle. Hence we can say that our result is
not typical of what is expected for classical random polynomials built from independent
Gaussian random variables. In our framework, we do not even know the distribution of
the coefficients and we also know that they are in fact not independent. Consequently the
classical methods which use the independence of the coefficients (or the fact that they are
Gaussian if one wants to add some dependence) would not work here. Using general results
on random polynomials whose coefficients are not independent and which do not have the
same distribution as stated in [9], one can deduce that the zeros cluster uniformly around
the unit circle. But showing that they are almost all precisely on the unit circle is a much
more refined statement.

We now say a few words about our strategy of proof of Theorem [Tl In fact we use
the same general method as in [2], called the ”carrier waves” method, but the ingredients
of our proof are different, in the sense that they are probabilistic: for instance we use the
coupling method, concentration inequalities and the recent probabilistic representations of
the characteristic polynomial obtained in [3]. More precisely, for U € U(N) and t € R, we
denote by Zy(t) the characteristic polynomial of U taken at e~ ie. Zy(t) = $y(e™™).
Then we make a simple transformation of the linear combination Fly in order that it is real
valued when restricted as a function on the unit circle:

iNeiN6/2FN(6_i6) _ Z-NeiNG/2 Z qu)Uj(e—iG) _ Z bjiNeiN6/2ZUj (9) (1)
j=1 =1

Using the fact that U; € SU(N), one checks that i¥e"V?/2Z;; (6) is real, and that then
the number of zeros of Fjy on the unit circle is bounded from below by the number of sign
changes, when 6 increases from 6y to 6y + 27 (with 6y to be chosen carefully), of the real
quantity given by the right-hand side of the equation above. The notion of carrier waves is
explained in detail in [2], p. 824-827 and we do not explain it again but we would rather
give a general outline. The main idea is that informally, with "high” probability and for
"most” of the values of , one of the characteristic polynomials Zy;; dominates all the others
(it is the ”carrier wave”). More precisely, Lemma [3.§ implies the following: if § depends
only on N and tends to zero when N goes to infinity, then there exists, with probability
1 —o(1), a subset of [y, 0y + 27) with Lebesgue measure o(1) such that for any 6 outside
this set, one can find jo between 1 and N such that log|Zy, (0)| —log|Zy,(0)| > dv/log N
for all j # jo. In other words, one of the terms in the sum of the right-hand side of ()
should dominate all the others. Moreover, Lemma B.13 informally gives the following: with
high probability, the order of magnitude of each of the characteristic polynomials does not
change too quickly, and then, if the interval [0y, 8y + 27) is divided into sufficiently many
equal subintervals, the index of the carrier wave remains the same in a ”large” part of each
subinterval. Now, in an interval for which the carrier wave index j, remains the same, the
zeros of Zy, correspond to sign changes of iNe™N%/2Zy (0), i.e. the dominant term of ().

Then, one gets sign changes of iV e™N%/2Fy(e7), and by counting all these sign changes,
one deduces a lower bound for the number of zeros of Fy on the unit circle. The main issue
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of the present paper is to make rigorous this informal construction, in such a way that one
gets a lower bound N — o(N). One of the reasons why the proof becomes technical and
involved is that we have to take into account two different kinds of sets, and show that
they have almost ”full measure”: subsets of the interval [0y, 6y +27) and subsets of SU(N).

More precisely, our proof is structured as follows. We first give two standard results
(Propositions 2.1]) and 2.2)), one on the disintegration of the Haar measure on U(N) (indeed,
most results on random matrices are established for U(N) and we must find a way to go
from the results for U(N) to those for SU(N)) and the other one which establishes a
relationship between the number of eigenvalues in a given fixed arc to the variation of the
imaginary part of the log of the characteristic polynomial. Then we provide some estimates
on the real and imaginary parts of the log of the characteristic polynomial (Lemmas[B.]and
[3.2) as well as a bound on the concentration of the law of the log-characteristic polynomial
(Lemma [B.3]). These estimates and some more intermediary one we establish are also
useful on their own and complete the existing results in the literature on the characteristic
polynomial. Then we provide bounds on the oscillations of the real and imaginary parts of
the log of the characteristic polynomial (Lemma B.7]). We then introduce our subdivisions
of the interval [fy, 0y + 27) and the corresponding relevant random sets to implement the
carrier waves technique. Finally we combine all these estimates together to show that the
average number of sign changes of () is at least N (1 — O ((log N)~*/??)) (the exponent
—1/22 not being playing any major role in our analysis).

NOTATION

We gather here some notation used throughout the paper.

U(N) stands for the unitary group of order N, while SU(N) stands for the subgroup
of elements U(N) whose determinant is equal to 1. Py(y) and Pgyvy will denote the
probability Haar measure on U(N) and SU(N) respectively. Similarly we denote by Ey ()
and Egy vy the corresponding expectations.

We shall denote the Lebesgue measure on R by A. If a > 0 is a constant and if I is an
interval of length «, then )\, will denote the normalized measure i)\ on the interval I.

If n is an integer, we note [1,n] the set of integers {1,---  n}.

If £ is a finite set, we note |£| the number of its elements.

For n a positive integer, we note IP(S"[}( ) be the n-fold product of the Haar measure on

SU(N), and Egg( ) the corresponding expectation.

If U is a unitary matrix, we note for z € C its characteristic polynomial by ®y(z) =
det (Iy — zU). For t € R, we denote by Zy(t) the characteristic polynomial of U taken at
€_it, ie. ZU(T,) = CDU(e_“).

We shall introduce several positive quantities in the sequel: K > 0, M > 0 and ¢ > 0.
The reader should have in mind that these quantities will eventually depend on N. Unless
stated otherwise, N > 4 and K is an integer such that 2 < K < N/2, and M = N/K. In
the end we will use K ~ N/(log N)3/%* and 6 ~ (log N)=%/32,
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2. SOME GENERAL FACTS

In this section, we state some general facts in random matrix theory, which will be used
in the sequel.

2.1. Disintegration of the Haar measure on unitary matrices.

Proposition 2.1. Let Pyny be the Haar measure on U(N), Psy(ny the Haar measure on
SU(N), and for 6 € R, let Psy(nyo be the image of Psyny by the application U — €U
from U(N) to U(N). Then, we have the following equality:

2m de
P — =P 2
/o SU(N),0 o U(N)» ( )

i.e. for any continuous function F from U(N) to R, the expectation Egynyo(F) of F
with respect to Psy(ny,g is measurable with respect to 6 and

27 de
/ Esv(ny,0(F) 5 = Ey vy (F).
0 T
Proof. One has
Esunyo(F) = /F(Xew)dPSU(N)(X)a (3)

which, by dominated convergence, is continuous, and a fortiori measurable with respect to
0. By integrating (B]) with respect to 6, one sees that the proposition is equivalent to the
following: if U is a uniform matrix on SU(N), and if Z is independent, uniform on the unit
circle, then ZU is uniform on U(N). Now, let A be a deterministic matrix in U(N). For
any d € C such that d" = det(A), one has Ad € SU(N), and then ZUA = (Z/d)(U Ad),

where:

(1) UAd follows the Haar measure on SU(N) (since this measure is invariant by mul-
tiplication by Ad € SU(N)).

(2) Z/d is uniform on the unit circle (since d, as det(A), has modulus 1).

(3) These two variables, which depend deterministically on the independent variables
A and Z, are independent.

Hence ZU A has the same law as ZU, i.e. this law is invariant by right-multiplication by
any unitary matrix. Hence, ZU follows the Haar measure on U(N). O

2.2. Number of eigenvalues in an arc: The result we state here relates the number
of eigenvalues of a unitary matrix on a given arc to the logarithm of its characteristic
polynomial. For U € U(N) and t € R, we denote by Zy(t) the characteristic polynomial
of U taken at e= %, i.e. Zy(t) = ®y(e™™). Moreover, if € is not an eigenvalue of U (which
occurs almost surely under Haar measure on U(NV), and also under the Haar measure on
SU(N), except for ¢* =1 and N = 1), we define the logarithm of Zy(¢), as follows:

N
log Zu(t) == 3 log(1 — /@), (4)
j=1
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where 61, . .., 0y is the sequence of zeros of Zy in [0, 27), taken with multiplicity (notice that
the elgenvalues of U are ¢, ... e“") and where the principal branch of the logarithm
is taken in the right-hand 81de. We then have the following result, already stated, for
example, in [§]:

Proposition 2.2. Let 0 < s <t < 27, and let us assume that s and t are not zeros of Zy.
Then, the number of zeros of Zy in the interval (s,t) is given as follows:

ENM%t'WF@ (1 log Zu(r) ~ Tmlog Zu(s) (5)

Proof. 1t is sufficient to check that for all 8 € [0, 27)\{s, t},

7T]1{9€(s,t)} = % + Im log (1 —é O t)) —Im log (1 — ei(G—S)) )

Now, for v € (0, 27),
1—e" = e“’/z(e_“’/2 “’/2) —2isin(v/2) e w/2 — = 2sin(v/2)e Hv=m)/2,

Now, sin(v/2) > 0 and (v — 7)/2 € (—7/2,7/2) and hence

Im log (1 — e“’) = U;W,

since we take the principal branch of the logarithm. Now, for 6 € [0,27)\{s,t}, 6 — s +
2mllgg<sy and 6 —t 4 27l gy are in (0, 27), which implies

9—t—7T+27T]l{9<t} 9—8—7T+27T]l{9<s}
2 2

Imlog (1 — ei(e_t)) — Imlog (1 — ei(e_s)) —
—t
= "5 7 (Loey ~ Tppey)

and then Proposition 2.2 O

3. PROOF OF THEOREM [I.1]

3.1. Conventions. All the random matrices we will consider are defined, for some N > 1,
on the measurable space (M y(C), F), where F denotes the Borel g-algebra of My (C).
The canonical matrix, i.e the random variable from (My(C), F) to My(C) defined by
the identity function, is denoted X. Moreover, we denote by Ey () the expectation under
Py (ny, the Haar measure on U(N), and by Egy(n) the expectation under Psu (), the Haar
measure on SU(N). For example, if F' is a bounded Borel function from My (C) to R,

Eme@NIAHQHMM%wMM»
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3.2. An estimate in average of the logarithm of the characteristic polynomial.

Lemma 3.1. There exists a universal constant ¢y > 0 such that for all N > 2, and A > 0,

2 ;
| Bsoon (|rog 2x(®)] > Aviog W) 52 < creH0E)
0

Proof. For all A > 0,

/0 - Py (‘ log ZX(Q)) > Ay/log N) %

21
e—)\A\/logN/ ESU(N) (eMlogZX(eﬂ) d_e
0 2T
e—)\A\/WEU(N) (eA\logZx(O)\) (by @)

e—)\A\/WEU(N) (eA(\Re log Zx (0)|+|Im log Zx (0)|))

N

NN

Using the inequality el 1Pl < eatb et e=atbo=a=b yalid for all a, b € R, and writing
the right-hand side of this inequality as 4E (eB“JFB’b) for B and B’ being two independent

Bernoulli random variables independent of U such that P(B =1) = 1-P(B =—1) = 1/2,
we have:

[ Esom (1o 2x(0)| > 4ve ) 52

< 46—AA\/WEU(N <6>\(B Relog Zx (0)+B’ ImlogZX(O))> .

)
We now use the fact ([13] and [7], p.16) that for s,¢ € C such that Re(s + it) and

Re(s — it) are strictly larger than —1:

G+ G(1+54)G(1+N)G(1+ N +5)
GI+N+=)G(1+N+54)G(1+5s)

where G is the Barnes G-function, defined for all z € C, by

EU(N) (es Relog Zx (0)+t Imlog Zx (0)) _

(6)

G(Z + 1) — (2ﬂ_>z/2€—[(1+'y)22+z]/2 H <1 + %) e—z-i—(zz/2n)7
n=1

v being the Euler constant. The function G also satisfies the functional equation G(z+1) =
I'(2)G(z).

In other words, one has

(es Relog Zx (0)+t ImlOgZX(O)) _ G (1 + S;Zt) G (1 + %ﬁ) N(82+t2)/4GN,s,t7
G(1+s)
where, by the classical estimates of the Barnes function,
G(1+N)G(1+ N +5)
G(1+N+=14)G(1+ N+ 54

tends to 1 when NN goes to infinity, uniformly on s and ¢ if these parameters are bounded.

Ev ()

Gy = N (s2+2)/4
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For any sequence (Ax)ns1 such that Ay € [0,1/2], one has (taking s = AyB and
t = )\NB/)Z

Ev(nvy

(e)\N(B Relog Zx (0)+B' ImlogZX(O))) _ M()\N)N%,

where

(G MNEEE) G (1+ A
M(A\y) := IE( Gt D) GNAnBANB | -

Since the function G is holomorphic, with no zero on the half-plane {Re > 0}, and since
Gnpap tends to 1 when N goes to infinity, uniformly on A € [0,1/2], the quantity M (\)
is uniformly bounded by some universal constant ¢ > 0, for A € [0,1/2]. Hence,

2

Ey o) (6)\N(B Relog Zx (0)+ B’ Im log Zx (0 ))) < CNAQ

Y

for N going to infinity, which implies:
2
de Toa N
/ Psu vy (’ logZX(H)‘ > AvlogN) o < 4c e W AVIR N+(Xy log N) /2.
0 T
Now, taking Ay = (1/2) A (A/v/1Iog N) gives

2
/ Psu (’ log Zx(ﬁ)‘ > A@) ;l_@ < dc/e N VIENIA-(Ay VIogN) /2
0 s

e~ MWVIEN[A~(A/\og N) (VIog V)2
e AN VIGEN(A/2)
o~ [(VIOEN/2)AA](A/2)

N NN
AR

O

3.3. An estimate on the imaginary part of the log-characteristic polynomial.
From the previous result, we obtain the following estimate for the imaginary part of the
log-characteristic polynomial:

Lemma 3.2. There exists a universal constant ¢, > 0 such that for all N > 2, A > 0, and

6 € R,
P (|1l 20| 5 4/ e 400

Proof. We use here the probabilistic splitting established in [3] which shows that (see also
[4] for an infinite-dimensional point of view), for any U € U(N), there exists, for 1 < j < N,
x; on the unit sphere of C7, uniquely determined, such that

U= R(zy) < R(:):(])V_l) (1) ) < R(x(l)v—2) ?2 ) ( R(gl) 11\?—1 ) : (7)

where R(x;) denotes the unique unitary matrix in U(j) sending the last basis vector e; of
C’ to x;, and such that the image of I; — R(x;) is the vector space generated by e; — ;.



10 Y. BARHOUMI, C.P. HUGHES, J. NAJNUDEL, AND A. NIKEGHBALI

Moreover, the characteristic polynomial of U(N) is given by

N
Zy(0) = [](1 = (. e5)),
j=1
and then its logarithm is
N
log Zy(0) = Y _log(1 — (z;,¢;)), (8)
j=1

when 1 is not an eigenvalue of U, taking the principal branch of the logarithm on the right-
hand side. Notice that the determination of the logarithm given by this formula fits with
the definition involving the eigenangles (]). Indeed, the two formulas depend continuously
on the matrix U, on the connected set {U € U(N),1 ¢ Spec(U)}, and their exponentials
are equal, hence, it is sufficient to check that they coincide for one matrix U, for example
—Iy (in this case, x; = —e; for all j and the two formulas give N log2).

If U follows the uniform distribution on U(V), then the vectors (x;)i1<;<n are indepen-
dent and z; is uniform on the sphere of C?. The determinant of U is equal to the product
of the determinants of R(z;) for 1 < j < N, and since R(z;) is the multiplication by 4

on C, one has
N

det(U) = o [ [ Ty(xy),
j=2
where T'; is a function from C7 to the unit circle U. From this, let us deduce that under
the measure Pgy(n):

(1) The vectors (x;)s<;j<n are independent, z; being uniform on the unit sphere of C’.
(2) The value of ; € U is uniquely determined by the determinant det(U) = ¢,

zy = e H[Fj(xj)]_l-

Indeed, let IP’SU( N)O be the probability measure on the image of SU(N) by the multiplication
by €, under which the law of (z;)1<;j<x is given by the two items above. This probability
measure can be constructed as the law of the random matrix U given by the formula ([7),
where (7;)1<;<n are random vectors whose joint distribution is given by the items (1) and
(2) just above. We now have to prove that Psy(n)e = Plgyy)e- Let us first notice that
the joint law of (z;)2<j<n, under the probability measure IP’ng( ),¢: does not depend on 6.
Hence, under the averaged measure
/2# ) d@

the vectors (;)2<;<n still have the same law, i.e. they are independent and z; is uniform

on the unit sphere of C’. Moreover, conditionally on (z;)a<j<n, 1 = €V H;V:2 T;(z;)] 7,
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where 6 is uniform on [0, 27). Hence, (z,)1<j<n are independent, x; is uniform on U, and
then z; in uniform on the unit sphere of C7 for all j € {1,..., N}, which implies

2T 2T
do do
’ —=Pyy=[ P —.
/0 SU(N)O 9 - U(N) /0 SU(N),0 o

Now, Psp(n)2x/n is the image of Psyny by multiplication by e/~ Iy, which is a ma-
trix in SU(N): the invariance property defining the Haar measure Pgy () implies that
Psuny2r/n = Psuvy, and then 0 — Pgynyg is (2m/N)-periodic. It is the same for
0 — IP)’SU(NW, since the values of xy,...xy involved in the definition of Pi@U(N),e do not
change if we add a multiple of 27 /N to 6. Hence,

/27r/N ) Ndb B /2#/]\7]? Ndb
0 SU(N),0 27T - 0 SU(N),0 27T :

Now, let F' be a continuous, bounded function from U(N) to R. By applying the equality
above to the function U — F(U)ﬂ{dewe{eme veny} for an interval I C [0,27/N), one

deduces with obvious notation that:

, d6 d6
/ SU(N),G(F>T = /ESU(N)ﬂ(F)Ta
I i 1]

where |I] is the length of I. Now, by definition of Pgy(n)s and IP”SU( N0 the first measure
is the image of Pgy(y) by multiplication by e, and the second measure is the image
eiN@ 0

0 Iy
and boundedness of F', and by dominated convergence, Egy(ny,o(£) and E’SU( N),e(F ) are
continuous with respect to . By considering a sequence (I,.),>; of intervals containing a
given value of 6 and whose length tends to zero, one deduces, by letting r — oo,

suvye(F) = Esuy o(F).

We now get the equality Pgy(n) g = PiS‘U(N)ﬂ? and then the law of (;)1<j<ny under Psy (a0
described above.

Hence, the sequence (z;)2<j<n has the same law under Psu(wvy,e and Pynvy. We now use
this fact to construct a coupling between these two probability measures on the unitary
group.

The general principle of coupling is the following: when we want to show that two
probability distributions P; and P, on a metric space have a similar behavior, a possible
strategy is to construct a couple (U, U’) of random variables defined on the same probability
space endowed with a probability P, such that the law of U under P is Py, the law of U’
under P is Py, and the distance between U and U’ is small with high probability. In the
present situation, we take (2)1<j<n independent, 2, uniform on the unit sphere of C for
all j € {1,..., N}, and we construct, by using (7), a random matrix U’ following Py ).

of IP”SU( N0 by right multiplication by the matrix . Hence, by continuity
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Then, we do the coupling by taking z; := ’; for 2 < j < N and
N
o= NI ()],
j=2

which gives a random matrix U following Pgy(n) . From the fact that z; = x; for j > 2
and the equation (§]), we get the following:

log Zy;(0) — log Zy(0) = log(1 — x1) — log(1 — 1),

and in particular,
|Imlog Z;(0) — Imlog Zy(0)| < 7.

Now, for B :— C4——;%%ﬁ>+,onegdﬁ:
Pon) (| Imlog Zx(—6)| > Av/i0g V) = Py (| Tmlog Z(0)| > 4v/Iog V)
=P (| mlog Zy(0)| > Av/log )
<P (| mlog Z(0)| > 4/log N — )

— Py (| Imlog Zx(0)| > Bv/log V)
2T de
:/ PSU(N) (’ImlogZX(H)‘ = B\/IOgN> 2—
0 T
21 de
< / Psv v (‘ 10gZX(9)‘ > B/ logN) o
0 T

2 2 2 2
§<AAI%N><ﬁ;<%<3+—il—)=fi+ =i u

2 Vdiog N 2 y/log N * 2log N
B, ™
T2 2 2log?2
_ B B A Viog N T 2
2 2 2 2log?2’
If B > Vel
é AN log N < Ay/log N < log N B4 T _ B\/logN_l_E
2 2 4 log N 4
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Hence, we get Lemma 3.2, with
2

s s
C& — Cl€§+210g2 .

O

3.4. Bound on the concentration of the law of the log-characteristic polynomial.
Lemma 3.3. For N >4, 0 € [0,27), 20 € R and § € (0,1/2), one has
Psuvy[| log | Zx(0)] — x| < 6/log N] < Célog(1/9),
where C' > 0 s a uniwversal constant.
Proof. The proof of Lemma needs several steps.

Sublemma 3.4. For j > 1 integer, s,t € R, let us define

(G+15%) (G +5)
§(j +it)

Q(]’ S’ t) =

Then,

(1) For s* +t* > 852, |Q(J, s,t)| = max (1, ”2”2)

(2) For j*<s +t2 <87% QU s ) < 1.
(3) For s +£2 < 12, |QU, 5.1)] < e o210

Proof. One has:

1-2 +t +it/j
1+Zt/]

QU s,t) = (9)

If s? +t2 < 842, it is immediate that the numerator has a smaller absolute value than the
denominator, i.e. |Q(j,s,t)| < 1. Moreover,

s 82 212 2 t2 2 t2
: ,_1- 22?2"'(1;;4)"‘;_22 (2?)(1_ 8-;)
‘Q(.]vsvt)‘ = 2 =1- 12

1+ 4 1+5

and in the case where s 4 t? < j2, one deduces

7(s? 4 t2)

s, )7 <1 —

and then
|Q(j,s,t)] < TP H)/6457 = (7 +47)/105°
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Now, if s?+t? > 8352, the numerator in () has a larger absolute value than the denominator,
and then |Q(J, s, t)| > 1. Moreover, since (s* + t2)/85% > 1,

2 2
52412 _ ﬁ 52412 ﬁ 52412 s2+t2
< 152 1) T ( 52 ) TR g2 ) T
= = =

Q5B = 1+5 R
(821'Jgt2)2 + Sz;gtz s% 4+ t?
S = TV
which finishes the proof of the sublemma. 0J

Sublemma 3.5. Let j > 1 be an integer, let p; and o; be the real and imaginary parts

of log(1 — \/B1j_1€"), where By ;-1 is a beta random variable with B(1,j — 1) distribution
and 0 is independent of By ;_1, uniform on [0,2x]. Then, for s,t € R,

|E[6i(tpj+soj)]| < e—(32+t2)/30j
if 52 + 12 < 852, and
|E[6i(tpj+80j)]| < 8

RV
if 2+ 12 > 852 and j > 2.

Proof. For t € R and s € C with real part strictly between —1 and 1,
L) + 1)
G+ T 0 +4%2)

E[eitrit573)] = (10)

(see [3]). Now, if ¢ is fixed, the function
S E[ei(tpj+50j)]

is holomorphic, since the imaginary part is uniformly bounded (by 7/2), which implies
that (IQ) holds for all ¢t € R, s € C, and in particular for all s,¢ € R. Moreover,

L'(k)(k + 1t) |
T ) T (e 7 i
since I'(k + z)/T'(k) is equivalent to k* for all z € C. Hence, by using the equation
I'(z 4+ 1) = 2I'(2), one deduces:

o ‘ 00 k‘ + it—s k’ + zt—l—s 00
E[el(tpj‘i'sgj)] = H ( k(k)_i Zt HQ ]{Z S, t

k=j k=j

If 52 + 12 < 852, then |Q(k, s, t)] < 1for all k > j and |Q(k, s,t)] < e "+)/10F for al]
k > 3j5. Hence

“E[ei(tpj-i-SUj)” < H —(s24+t2)/10k? < H (s2442)/10k(k+1) __ — e (82+t2)/30j.

k=3j k=3j
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Now let us assume s 4+ t2 > 852, One has:

(t0i 450 L1 +dt)
i(tpj+soj)]
E[e Pj J]_P(1+it2s)r 1+Zt+8 HQ]CST,

where all the factors have absolute value bounded by one. By considering the case

Q(k *)
where j = 1, one deduces

D(1)D(1 4+ it)
[ (14 222)1 (1 + )

X 5

and then, for j > 2,
|E[ei(tpj+saj)” < 1 8

< < .
Q(L,s,8)| ~ V/s? 412

O

Sublemma 3.6. For N > 4 and 6 € [0,27), the distribution of log(Zx(0)) under Haar
measure on U(N) has a density with respect to Lebesgue measure on C, which is continuous
and bounded by Cy/log(N), where Cy > 0 is a universal constant.

Proof. By the results in [3] and the previous sublemma, one checks that the characteristic
function @ of log(Zx(6)) € C ~ R? is given by

N
— H E[ei(tpj +80’j)]_
j=1

If s* +t* > 32N, one has s? +t? > 128 > 852 for j € {2, 3,4}. Hence,

512
tpa2+so i(tp3+so: t +so
12(5,0)] < [Bfe oo Bl oo Bl oteon]| < oty

If 52 4+ t2 < 32N, then s% + 2 < 852 for all j > 2v/N. Hence,

. 1
es, )] < [ BT <exp | (52420 D] o
2V NN 2V NN J

1
i+l + , one deduces

o (524¢2)/30 s?+t%)/30
J 2v/ N

D(s,t)] < || — <

[®(s,2)] <j+1) ( N+1 )

2V N<GKN

(s2+t2)/30
<3\/_ ) _ o log(N/9)(s>+£2)/60
v = )

. 1 y
Since e/ >

\
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Now, for N > 10,

512 —log(N/9)(s%2+t%)/60
- |q)(8, t)|d8dt < /R2 m ]1{52+t2>32N}d8dt + /R2 e g ]]_{52+t2<32N}d8dt

32N 00
=T </ e~ 108 (N/9)/60 g, +/ ol du)
u-3/2
0 32N

607
< ————— + 10247 (32N) V2 g ——
log(v/g) T PATERNITE S o v

and for N € {4,5,6,7,8,9},

512
- |(I)(S,t)‘d8dt < /I‘gz m ﬂ{s2+t2232N}d8dt +/

R
32N oo
512
:71'(/0 du—l—/?)szdu)

1{52+t2<32N}det
2

10000
< 327N + 10247(32N) 712 < 2887 + 10247(128) /2 < T
0og
By applying Fourier inversion, we obtain Sublemma O

Let us now go back to the proof of Lemma For any X € U(N) with eigenvalues
(€?%)1<j<n, one has, in the case where e # ¢ for all j € {1,..., N}, and modulo T,

7 :=Im(log(Zx(0)) = Z Im(log(1 — ¢®—0)Y)

1<G<N
1 ‘ ‘
=5 Z (6; —0) + Z Im(log(e~"0i=0)/2 _ (il6;=6)/2))
’ ISJSN 1SN
1 No N
=3 Im(log det(X)) — - + Z Im (log (—2isin (6; — 0)/2)))
1<G<N
g _No+n)
2 2

where J denotes the version of Im(log det(X)) lying on the interval (—m, w]. Hence, for any

€ (0,m), |J| < eif and only if Z is on an interval of the form [%”_6_21\7(“”), 2k7r+5_2N(0+7r)

for some k € Z. Now, for some A > 0 chosen later in function of §, let ® be a continuous
function from C to [0, 1] such that ®(z) = 1if | Re z—x¢| < dy/log N and | Im z| < Ay/log N,
and such that ®(z) =0 for | Rez — 2| > 2d/log N or | Im z| > 2A/log N. For € € (0, ),
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and under the Haar measure Py yy on U(N),
T
—Euq) [2(log(Zx () 1s1<q ]

= — ZEU [ log ZX(G))) {Qk‘rr e— N(9+Tr) <I<2k‘rr+e N(6+ﬂ)}]
keZ

(2km+e—N(0+7))/
= —Z/ d:ﬂ/ dyD(:B+iy)®(:B—l—z'y)

€ kez km—e—N(6+m))

_ WZ/ dx/ du D(x + ik — N(6 + 7))/2 + ue)®(z + ifkr — N(8 + 1))/2 + ue]),
kez 1/2
where D denotes the density of the law of log(Zx (#)), with respect to the Lebesgue measure.
Now,
D(x +ilkm — N(0 +7))/2 + ue])P(x + ilkm — N(0 + 7)) /2 + ue))

is uniformly bounded by the overall maximum of D and vanishes as soon as |z — xg| >
20y/log N or |k|lr = N(|0] + 7)/2 + 7/2 + 2A\/log N. Since D and ® are continuous
functions, one can apply dominated convergence and deduce that

—EU ) [@(log(Zx(0)))1y71<e]

converges to

WZ/ D + ilkr — N(6 + 7)) /2)®(x + ilkr — N0 +7))/2))dz

keZ
when € goes to zero. On the other hand, if the matrix X follows Pgy(n) and if 7" is an
independent uniform variable on (—m, 7], then Xe™/V follows Py vy and its determinant
is ¢’”. One deduces:

gEU(N) [(log(Zx () Ly71<] = ZESU(N [®(log(Zxeirin (0) L gi71<e}]

= —/ ESU log(ZXelt/N(e)))] dt

1/2

B /_1/2 Esv v [@(1og(Zx czive/v (0)))] dv

Now, the function X — ®(log(Zx(6))) is continuous from U(N) to [0, 1], since ® is contin-
uous with compact support and X +— log(Zx(#))) has discontinuities only at points where
its real part goes to —oo. One can then apply dominated convergence and obtain:

“Euy) [#(log(Zx(6)))Ls1<a] — Esvw) [2(log(Zx (6)))].

By comparing to the convergence obtained just above, one deduces

Esuon [®(log(Zx(0)] =7 Y / D(w-+ilkr— N (0+7))/2)®(x+ilkr—N(0-+7)) /2] )dz

keZ
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Since D(z) < Cy/log N and

L aoicoviogm picaviogn) S Q@ +iy) <L o5 iog W jyl<2aviog W)
for all z,y € R, one deduces
dLC,
Psunvyl|log|Zx (0)| — xo| < d4/log N, |Imlog Zx (0)| < Ay/log N] < 7; gNO
0

where d = 40+/log N is the length of the interval [zq — 25/log N, zo + 25+/log N] and L is
the number of integers k such that |[km — N(0 + 7)) /2| < 2A\/logN Now, it is easy to

check that L <1+ ddvieg N V}TOgN, and then

47 C()
_ < < .
Py [| log | Zx (8)] — x| < 6v/log N, | Im log Zx (8)| < A\/logN] <16Cy A5+ =t
Using Lemma [3.2] one obtains
471'60() ’ _%<A/\@>
PSU(N) |:|1Og‘ZX | xo\ (5\/10gN] 16001454—@4—016
Let us now choose A := 1+ 5log(1/6). One gets
Viog N log N log 2
AN 02g = [1 4 5log(1/6)] A */OQg > \/(;g
and then N S 1 | 5
v/ vl1og?2 1
A(gp o8N o 5vIos2los(1/0) oy iy /5.
2 2 4
Therefore,
Psu ) [| log | Zx (6)] — 0| < 51/1og N} 16 Cy 6 + 80 Co dlog(1/0) + —X0C0 | 5
Viog N
Since 0 < 1/2, one has ¢ < dlog(1/§)/log(2), which implies Lemma [B.3] for
. 16 CO 71'00 Cll
¢= log 2 +80Co + (log2)3/2 ~ log2’
0]

3.5. Behaviour of the oscillation in short intervals of the log-characteristic poly-
nomial.

Lemma 3.7. There exists co > 0 such that for p € R and A > 0 and uniformly in
N>Mz2vih

2T
Psu v ( /
0

2
Psv v ( /
0

2T

de
Relog Zx (9+ %) —RelogZX(é’)‘— > A\/logM) < 2,

1 do
Im log Zx <9+ N) ImlogZX(G)‘27T /A\/logM) <5
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Proof. By symmetry of the problem, we can assume g > 0. Setting
Ry := Relog Zx («9 + %) — Relog Zx(6)

for fixed p (or the same expression with the imaginary part), we get:

do 1 do
P — 2> AylogM | < ————FE —
0w </0 |R9| o ) A2log M) ((fo Bl 27T) )
1 e do
< - 277
= A?log MESU(N) (/0 R 27r)

1 27
= — E 2) —
A? log]W/0 su (o) 2
1 2
= WEU(N)(RO) (by ([2]))

Now, under U(N), the canonical matrix X is almost surely unitary: let 6;,...,0y be
its eigenangles in [0,27). For j € {1,...,N} and t € [0,27)\{f;}, we can expand the

logarithm:
6ik(9j—t)

log(1 — @) = — Z
k>1
as a semi-convergent series. Hence, for ¢ such that Zx(t) # 0,

log Zx (t) = —Zze' k_ = —Z%tr(Xk).

j=1 k>1 k=1
Thus:
Relog Zx(t) = 1 ( le_ikt tr (X*) + Z leikt tr (X_k)> _ ! Z ie_ikt tr (X%)
2\ &k —k 2 & |k|
Imlog Zx(t) = 1 (Z le e (XF) Z e’kt tr ( ) . le_““t tr (X*)
21 = k pt 21 = k
Here, the series in k € Z* are semi-convergent: more precisely, setting for K > 1,

1 1 .
S =g S e (),
vezo s |
and
Sy := Relog Zx (1),

St(K) tends almost surely to S; when K goes to infinity.
Moreover, one has the following classical result ([0]): for all p,q € Z,

Epov (0 (XY (X9)) = Tgpmgy [Pl A N. (11)
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Hence, for K, L > 1, t,u € R,

Eu ) (St( K)SﬁL)) =

One deduces that
Euo) <(St(K) _ St(L))z) _

<

e—i(pt-l—qu)

D

p,q€Z*,|p|<K,[q|<L

tr (X7P) tr (X?)

ASQe.

Ipq|

e—i(pt-l—qu)
ﬁEU(m (tr (XP) tr (X))
paczrpl<kgd<r 4

e—i(pt-l—qu)

Wﬂ{p?q} lg| AN (from (II) )

1 ik(u—t)
4 k2

EAN (eik(u—t) 4 e—ik(u—t))

k| AN

5 75— o8 (k(u = 1) (Lgpery + Wppery — 20 grercary)
K>1

1 kNN

3 T 00 (k(u —1)) WgaL<k<rvi)
K>1

1 kNN

- o
k>KAL

which tends to zero when K A L goes to infinity. Hence, St(K) converges in L? when K goes
to infinity, and the limit is necessarily S;. Therefore,

EU(N)(StSu) = lim —

EANN 1 EANN
2

1z oS (k(u—1)) = 52 gz cos (k(u—1)).

1<k<KAL k>1

The same computation with S, :=Im log Zx (t) gives exactly the same equality:

Ev v <§t§u) =

1 kNN
- —
2k k

>

cos (k(u —t))

It is therefore enough to achieve the computations only with .S;. Using this last formula,

we can write, with a = £
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By (B3) = B ((Sa = 5)°) = 2By (S5 = Sah)
kAN
= Z = (1 — cos (ka))

k>1

We can then develop Eyy)(R5):

kNN kAN k
Evv) (Rg) = — CoS (_,u)

k2 k2 N
E>1 k=1
But we also have

EAN L1 1 1 1
12 —;%jtj\fzﬁ_logN+7+O(1/N)+N<N+O<m))

k>N

k>1

Moreover we have the following result ([7], p.37), uniformly on 6 € [—7, 7]:

Zk " Ncos(k@) = —log

k2
k>1

2sin (g) ‘ + Ci (N [0]) + cos (N6) — gN 6] + N6 Si (N6)

where:

Si(2) = /Z sinxdz:g_cosz_l_/%ocosxdx
0 z

+oo z -1
Ci(z) = —/ Cosxdx:fy—logz—l—/ T e
z T 0

Recall also that
+o0 s
/ sin do — E.
0 x 2

Let us denote f(u) := logu + Sp — cospp — Ci(p) — pSi(p). We have, for N going to
infinity:

Euv)(R3) = log N+ 147+ f(n) —logpu + log |2sin (g) '+O(1/N) (with [TZ) )

= logN+1++ f(u) — logpu + log (2% <1+0 ((%)2))) +O(1/N)

= 14+9+f(p)+0 ((%)2) + O(1/N).

Let us now study the behavior of the function f.
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flp) = logu—cosu+u(g—81(u)>—Ci(u)

Cos 4 _/+°° coszxdx) B (7—logu+/u cosx—ldx)
U B T 0 T

+00 M -1
_ —V—M/ cos;rdz_l_/ cos T d
u T 0 T

One has:
i = o[ L) w0 ([ (Ea)u)

= =1 +0(1)+0(1+loguv 1) = 0 (log (£ v2)),

= logu—cosu+u<

which implies
By (B2) = O (1og (% v 2)) — O (log M). (13)
O

3.6. Control in probability of the mean oscillation of the log-characteristic poly-
nomials.

Lemma 3.8. For a certain n € N, let us consider an i.i.d. sequence (U;)i1<j<n of random
matrices following the Haar measure on SU(N). Let us set:

_ log | Zu, (0)]
,/%logN

For § € (0,1/2), let us consider the random set:

L;(0) :

& = | ({9 € [0.2n) / ILi(0)| = 6y ul {0 € [0,2a] / |L;(0) — Lu(0)] < 5})

i=1 i
Then, there exists cz3 > 0, depending only on n, such that for all N > 4:

E(A2x(85)) < c30log(1/6),

where Ao denotes the normalised Lebesgue measure on [0, 27].
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Proof. Using Markov’s inequality, one gets:

2 d@
Esvv) (A2r(85)) = _PSU (‘9 € &)

2T 27
Z/ d_epSU (1L:(6) - / d_QPSU

1<i#j<n

2m d@
<n [ GPs (Mgl Zx(@)] > 57 F10e N
1
+n(n—1) sup Psyw <|10g|ZX( )| =z <64/ —108;N>
0€[0,2n],xeR 2

s~ 1 (s 1 JlogN

< n016_7<%A ) +n(n —1)C(6/v2) log(vV2/6)

Now,

<e s =0(dlog(1/9))
and

5log(v/2/8) < dlog(Vo—1/8) = 3—6 log(1/6),

which gives Lemma 3.8

(1L;(0) —

23

Li(6)] <9)

3.7. Control in expectation of the oscillation of the log-characteristic polyno-
mials on a small period. In the sequel, we consider the dimension N > 4, an integer K
such that 2 < K < N/2, defined as a function of N which is equivalent to N/(log N)3/64

when N goes to infinity. We denote

M:=N/K >?2

which is equivalent to (log N)3/64

, and we also define a parameter § € (0,1/4) as a function

of N, equivalent to (log N)~3/32 when N goes to infinity. For 6, € [0, 27], we denote, for

0<k<K.
2wk 2k M
9k—90+?:90+ N
and for 0 < k< K — 1,
2 27 M
A = -l =— = "—"—.
Or+1 — O I N

The angle 6, is chosen in such a way that the following technical condition is satisfied:

Z Esv (‘Imlog Zx (0 + (1 — V8)A) — Imlog Zx (6 + \/EA)D

< KEsp (v (/ ’ % )Imlogzx(e + (1 —V0)A) — Imlog Zx (0 + ﬁA)D .

0
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This choice is always possible: indeed, if the converse (strict) inequality were true for all
6o, then one would get a contradiction by integrating with respect to 6y € [0,27/K). We
then define the interval J := [0y, 0y + 27) = [0y, 0k ). Note that all the objects introduced
here can be defined only as a function of N. Moreover, by applying Lemma B.71to 6 + /A
and p = N(1 — 2v/0)A < 2nM, we deduce that the assumption made on 6, implies:

KZ_IESU(N) (|tmlog Zx (64 + (1 = V3)A) ~ Imlog Zx (6 + Vo)) = 0 (K /log M) .

(14)
We can then introduce the 2-oscillation of the real and imaginary parts of the log-
characteristic polynomial:

Definition 3.9. For 6§ € J and p € [0, 27 M], and for the canonical matrix X € U(N), the
2-oscillations of Relog Zx and Imlog Zx are defined by

ARy = \/ﬁ)mlogzx (9+%) —RelogZX(Q)‘
1

Ay " ) i log Zx (6 + %) _Tmlog ZX(Q))

\/log
In case of several matrices (X;)i<j<n, We denote the corresponding 2-oscillations by
A,RY and A, I

In the sequel, we need to introduce several random sets. The most important ones can
be informally described as follows:

(1) A set A of indices k such that the average of the 2-oscillations A, Ry and A, Iy of
the log characteristic polynomials for 6 € [0y, 0+1] and p € [0, 27 M] is sufficiently
small.

(2) For k € A1, a subset 9, of [0, 01 1] for which the average of the 2-oscillations with
respect to p € [0, 27 M] is small enough.

(3) A subset 45 of A, of "good” indices, such that there exists 6 € [0y, 6 + VOA],
both in ¢, and &F. This last set, introduced in Lemma [3.8], corresponds to the fact
that the logarithms of the absolute values of the characterize polynomials are not
too large and not too close from each other: from this last condition, we can define
the ”carrier wave”.

(4) For k € A3, and for some 60} € [0k, 0 + VIA] NG, N EF, a subset %, of [0, 27 M]
such that the 2-oscillations AuRG; and Aufgz are sufficiently small. This condition
will ensure that the carrier wave index corresponding to 6 = 6; + u/N does not
depend on p € %.

(5) From this property, we deduce that, for each pair of consecutive gaps between zeros
of the carrier wave, which are sufficiently large to contain an angle of the form
05 + u/N for k € A5 and p € %, ("roomy gaps”), one can find, with the notation
of the introduction, a sign change of iVe'N9/2 Fy (=), and then a zero of Fl.
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All these sets will be precisely defined in the sequel of the paper, in a way such that their
measure is "large” with "high” probability. The corresponding estimates will then be used
to prove our main result.

Lemma 3.10. Let Pfan(N be the n-fold product of the Haar measure on SU(N), Efan(N the

corresponding expectation, and (X;)i1<j<n the canonical sequence of n matrices in SU(N).
Then:

(1) There exists a random set A C [0, K — 1] such that ESU(N (|1M]) = (1—=90)K and
Pl vy-0-5-, ¥ (3, k) € [1,n] x A,

Orr p2mM y dp do 1
A (j) @p av
/@k /0 g 2 M 27 =0 <5K)

/0k+1 /27rM (j) d,u @ 0 1
0, wlo 2n M 27 SK

(2) P)wy-a-s., Yk € M, 3G, C [0, 0ks1) such that Aor (%) > (1 — 0)/K and,
Vo eY,je [l n],

2 M d,u 2n M d,u 1

Here, the implied constant in the O(-) symbols depends only on n.

and

Proof. By (I3) and the similar estimate for the imaginary part, we have uniformly (with
a universal implied constant),

N)((AMRO) )+ Euvy (Audo) ) = O(1).
The Cauchy-Schwarz inequality ensures that

Eu vy (AuRo) + Eyny (Audy) = O(1),
ie.

df
/ESU(N (A Ry + Ayly) — o = 0(1),

dy do
// Esy AR9+AIQ)2§L\/[2 = 0(1).

Splitting the interval J into K equal pieces and applying this estimate to n independent
matrices (X;)i<j<, following the Haar measure on SU(N), one gets

which implies

n K-1

ZZESU (/ / (AR 4 A0 )2;‘5‘;\4%):0(1). (16)

jlk}O

Applying Markov inequality, we deduce that there exists a universal constant x > 0, such
that
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Or+1 y dp df 0K
n o (ﬁ) H _ kn < —
ESU (card{(j, k) € [1,n] x [0, K 1]]// / R 5N 2m Z Kd}) 5
and
Or+1 y dp df 0K
() _ 7 ) OB
8500 (cnd {0 € ond xtose -1y / [ [ et ) < O
We thus set
- Okr p2mM N od d(9 KN
N=kel0,K -1 A RY
1 Q{ € [0, ]]/ /9k /0 ”927TM27T Ko’
/9k+1 /27rM A [(]) du d@ KN
0, 0 MO oM 27 K5
and we get:
oo (14]) 2 (1= K. (17)
Now, for k € A1, let us set:
n 2rM ) d,u 2/{712 2t M ) du 2,%”2
= ARV < A0 T <
Do := e Orer) mjol {/0 Wl S TR /0 wLorM 52
Applying again Markov inequality, we get that IPSU( -a.8.:
Ao (9i) 2 (1 —6)/K. (18)
O
We now define good indices.
Definition 3.11 (Good indices). An index k € [0, K — 1] is said to be good if
(1) k e.m,
(2) EENYG N [0k, O + VOA) £ 0
We denote by 45 the set of good indices :
(19)

N = {ke%/ﬁfﬁ%ﬂ[ek,ewr\/EA);A(Z)}

An index is said to be bad if it is not good.

We then get the following result:

Lemma 3.12. With the notation above, the set of good indices satisfies

oo (48D = K (1 0 (Valog(1/3)).

where the implied constant in the O(-) symbol depends only on n
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Proof. If k € ;/1//20, cither k € ¢ or k € A and & N%,, N [0k, O + VOA) = 0, ie.
NoE = N U AN where:

J;:I{kEe/ﬁ/gkm[ek,ek‘i‘\/gA)C(g)(;}.

By (), we have ESU(N (|4¢]) < OK.
For all k € ,/Vl, we have & D % N [0k, O + VOA), ie. & D Uke/'@%C N[Ok, O + VOA),
where the union is disjoint, and thus, Ay, (&5) > ‘t/lAﬂ ming Aoy (%k N [0k, Ok + \/5A)>

P(S"J(N)-a.s., we have:

o (% N [0k, 05 + ﬁA)) > o (D) + Dox ([ek, 0, + ﬁA)) ~ o (B, 6 + A))

> %((1—5)+x/§—1) by (I8)

Now, since 6 < 1/4, we obtain IP’SU(N -a.s.:

Ao (% N [0k, 0 + \/SA)) > g (20)

This implies that P

SU(N)~ a.s.:

A < ﬁx% (&)
Now, by Lemma (3.8), IE(S"J (‘ j) @) (Kflog 1/0) ) and then:

o (151) < By (A1) + B (|]) < 0K + 0 (KVB10g(1/9))

3.8. Speed of the good oscillation of the log-characteristic polynomials.

Lemma 3.13. With the notation above, and ng(N)—a.S., Vk € N5, there exists a random
set %, C [0,27rM], and 05 € EF NG, N [0k, 0, + VOA), such that

Namat (%) = 1= O (52(log N)™*(log M), (21)
where Ay is 1/2wM times the Lebesque measure, and for all j € [1,n], p € %,
0 _ o ((og N)'/* 0 _ o ((og N)'!
AuRg’ =0 ((log VORE and Ayl = O (log 1)1 1)

Again, the implied constant in the O(-) symbol depends only on n.
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Proof. Let k € A5 and 0 € & N%G, N [0k, Ok + VIOA). We set:

%= {ARY <e AL <}

j=1

where
(log N)V/*
(log M)1/2"

Applying Markov inequality, we get:

Xorat (ZE) < Aamut (O {A.Ré? > 5}) + Noxns (O {Ale(%) > 5})

j=1 j=1

mn 2 M ) dﬂ 2w M ) d,u 1 .
< oEE (/ Al V[ Aeliigar) =200

by (I5) which gives the announced result.

3.9. The number of sign changes.

Let us go back to Theorem [[.I. We need to estimate the number of zeros of Fy on the
unit circle, or equivalently, the number of values of # € J such that the following quantity
vanishes:

Z-NeiNG/2FN(6—i0) _ Z'NeiNG/2 Z bj¢UN7j(e_i6) _ Z bj’l.NeithmZUNJ (9) (22)
j=1 =1

Using the fact that Uy; € SU(N), one checks that i¥e™%27;; () is real, and then the
number of zeros of Fy on the unit circle is bounded from below by the number of sign
changes, when 6 increases from 6y to 6y + 27, of the real quantity given by the right-hand
side of (22)). Now, the order of magnitude of log|Zy, (0)| is v/log N and more precisely,
Lemma 3.8 informally means that for most values of 6, the values of log|Zy, (0)| for
1 < j < n are pairwise separated by an interval of length of order y/log N. Hence, one of
the terms in the sum at the right-hand side of (22]) should dominate all the others. If j is
the corresponding index, one can expect that the sign changes of (22) can, at least locally,
be related to the corresponding sign changes of V27, (6), which are associated to
the zeros of the characteristic polynomial Zy;, .. This should give a lower bound on the
number of sign changes of (22]).
This informal discussion motivates the following definition.

Definition 3.14. With the notation of the previous subsections, for all k£ € .45, we define
the carrier wave index by:

jr == Argmax {Relog Zx,(6;)} ,
j
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where 6} is the random angle introduced in Lemma [3.I3] Moreover, we consider the
following interval:

Ty = [9;;,9;; +(1- \fé)A}

As 0} € &5, we have Vj # ji, Relog Zx, (6;) < Relog Zx; (6}) — %\/log N. From (21]),
we deduce that Vj # jg, Vi € % -

5
Relog Zy, (e;; + %) < Relog Zx,, (e;; n %) - 5(log N)Y2 40 ((log N)Y)  (23)

Now, since
1/8 = O((log N)*/'?),

with a universal implied constant, we then get, for a universal ¢ > 0,
‘ZXJ' (92 + %)‘

for N large enough, depending only on n. This implies:

< exp (—2c(log N)** + O ((log N)'/*)) < exp (—c(log N)*4),

jij ijXj <‘9k + N> < m bijlec (‘9k + N)‘ exp (—c(log N)O 4)
k
1 *
<zl i+ )

for N > Ny, where Ny depends only on n,by,...,b,. Hence, for k € A5, p € %, and
0 = 0; + u/N, the quantity

G(0) == b;iNe™N2 7y (0),
j=1

which is IP’(S"[}( )maS. real, has the same sign as its term of index ji.
Theorem [[T]is proven if we show that the expectation of number of sign changes of G()
for 8 € J, under IP(S”[}( x> 18 bounded from below by N —o(N). Hence, it is sufficient to get:

Egng(m <Z Sk) > N —o(N),

ket

where S}, is the number of sign changes of by, iNe™N?/2 Zx, (6), for 6 € J.N{f; + %, 1 € D}

Now, for £ € A5, let ag1 < ape < --- < gy, be the eigenangles, counted with
multiplicity, of X;, in the interval J,. The sign of b;iVe™N?/ *Zyx, alternates between
the different intervals (a1, ag2), (ak2, Qk3), ..., (@ -1, k., ). Hence, for each pair of

consecutive intervals containing an angle 6 = 0; + £, u € %, we get a contribution of at
least 1 for the quantity Sk.
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Every element of J;, can be written as 6} + %, for
0< < (1—VONA<NA=2rM.
The Lebesgue measure of the elements of Jy for which p ¢ 4 is then bounded by
1 2rM

SN = T (25,

where A denotes the standard Lebesgue measure. Hence, if an interval (o, g ,+1) has a
length strictly greater than this bound, it necessarily contains some ¢ = 6} + £ for which
i€ %.. For some ¢ > 0 depending only on n, this condition is implied by

M
Qg1 — gy > c'ﬁé_Q(log N)_1/4(1og M)l/z.

We will say that (ag,, ax,+1) is a roomy gap if this inequality is satisfied, and a narrow
gap if
M
Qi1 — .,y < —06"%(log N4 (log M)V2.

N
By the previous discussion, Sy is at least the number of pairs of consecutive roomy gaps
among the intervals (a1, ag2), (ak2, Qk3), - -y (Qk 1, My, ). If there is no narrow gap,

the number of such pairs is (vx —2), > v, — 2. Moreover, if among the intervals, we replace
a roomy gap by a narrow gap, this removes at most two pairs of consecutive roomy gaps.
Hence, we deduce, for all & € A5, that

Sk = v — 2 — 2y,

where v, is the number of zeros of Z X, in the interval Jy and ¢, the number of narrow
gaps among these zeros. Hence, we get the lower bound:

) )
Esuov) <Z 3k> > Esuo) (Z v = 2K = w) )

ket ket

where 1 is the total number of narrow gaps among the zeros in [0, 27) of all the functions
(Zi)h<j<n-
Now, Pg"g(m—a.s., for all k € A5, we have:

vy = ‘{9 € [6.0:+ (1= VB)A], 2;,(0) = 0}\
> ‘{9 € [9k+ﬁA,9k +(1— ﬁ)A}  Z,,(0) = 0}‘

_N(@- 2V/0)A N

1
— - (Im log Zx, (6 + (1 — V3)A) — Tmlog Zy, (6 + \/SA))

> %(1 —2V3) — %g | (tm1og Zx, (B + (1 = VB)A) — Tmlog Zx, (6 + V3A) )|

the second equality coming from Proposition
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Adding this inequality for all k € .45, taking the expectation and using (I4)) yields the
estimates:

n N n
E.(S‘J(N) <Z Vk) > f(l - 2\/5)E.(5.‘13(N)(|</V2|)

ket
SO S B [| (1o Zi (6 + (1 - VEA) g Z (61 + VEA) )|
7j=1 k=0
> %(1 — VB K(1 — O(V3log(1/8)) + O(K +/Tog M)
> N(1 = O(V3log(1/8)) + O (LW) | (24)

Moreover,
2K = O(N/M). (25)

It remains to estimate
E(S"J(m 2] = 2nEsuv)[x] = 2nEu ) [x],

where x denotes the number of narrow gaps between the eigenvalues of the canonical
unitary matrix X. The replacement of SU(N) by U(N) is possible since the notion of
narrow gap is invariant by rotation of the eigenvalues.

Now, the last expectation can be estimated by the following result:

Lemma 3.15. For N > 1 and € > 0, let U be a uniform matriz on U(N) and let x. be

the number of pairs of eigenvalues of U whose argument differ by at most €/N. Then,
E[x.] = O(Ne?).

Proof. For 6,0, € R, the two-point correlation density of the eigenvalues of U at €'t and
e with respect to the uniform probability measure on the unitary group, is given by

01 gi02y _ N2 | sin[N (62 — 61)/2] ’
P e =N [1 <Nsm[(92—91)/2])].

Now,
N|sin[(0 — 61)/2]] < N6z — 61]/2

(s ()

for x = N (6 — 6,)/2. Now, for all z € R, |sinz| > sin|z| > |z| — |z|*/6, which implies

sinz 2 22\ 2 x?
> |l1l-——=) 21— —
(5) = (-%) =15

and then
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and

: 2 N2 2 N4 2
191 292 < 2 . ST < x _ (92 - 91)
ple )< N [1 ( " <3 5 :

Integrating the correlation function for ¢, € [0,27) and 0’ := 0, — 6, € [—¢/N,e/N] gives:

2T e/N IBNCYT e/N
Elx:] < / a / o' N 9 < N* / (0')%d0’ = O (N*(e/N)?).

/N or —e/N
O
From this result, applied for
e = M5 2(log N)"4(log M)'/?
we get the estimate:
ES) o [20] = O(Ne®) = O (NM35-%(log N)~*(log M)*/?) . (26)

The estimates (24)), (28) and (26) imply:

o) <Z Sk>
ke,
>N [1 -0 <\/510g(1 /6) + VBN L h35-6(1og N) /4 (l0g M)?’/?)} .

M

From the values taken for 0 and M, we get:

Vélog(1/6) = O ((log N)~#%oglog N),

I?EIM =0 (x/loglog N(log N)_3/64)

and
M35 5(log N)~**(log M)*? = O ((log N)*/%*(log N)*¥/32(log N)~*/*(log log N')*/?)
= O ((log N)~3/%*(loglog N)3/2) :
Finally, we get

. <Z 5k> = N (1-0 ((log N)~1/??)),

ket

which completes the proof of Theorem [Tl
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