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SPIRALLIKE NONANALYTIC FUNCTIONS
HASSOON AL-AMIRI' AND PETRU T. MOCANU

ABSTRACT. Let f(z) = u(x, y) + iv(x, y) be a complex function defined in the unit
disc U. f is said to belong to the class C'(U) if the functions u(x, y) and v(x, y)
have continuous first order partial derivatives in U. We determine sufficient
conditions for functions in the class C I(U) to be univalent and to map U onto
spirallike domains. These conditions are similar to those in the analytic case as
given by Spacek and Rakhmanov.

In a recent paper [1] the second author obtained a sufficient condition for a
function of the class C' to be univalent and starlike in the unit disc U. In this note
we generalize this result by obtaining a sufficient condition for a function f in the
class C'(U) to be univalent and to map U onto a spirallike domain.

1. Preliminaries. Let f be a complex function defined in the unit disc U = {z:
|z] < 1}. Forz = x + iy € U, we put
f(2) = u(x, ) + iv(x, y)-
We say that the function f belongs to the class C '(U) if the real functions u = Re f

and v = Im f of the real variables x and y have continuous first order partial
derivatives in U. For f € C'(U), we denote

Df=z—g—z‘i and GDf—zaf+'af_,
E az %z

8 _1(9 .39 9 _1(9 .9
z 2\ax ) oz 2\ox )

It is easy to verify the following useful formulas

where

W -, WM, 1)
:0argf Re— ff —g;argf—lImG‘fo. 2)
The Jacobian of f is given by
P |
7= | ez

If Jf > 0 for z € U, then f is locally a homeomorphism preserving the orientation.
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62 HASSOON AL-AMIRI AND P. T. MOCANU

2. Main result. We recall that a closed curve C is logarithmically spirallike of
type v, |y| < 7/2, if each logarithmic spiral w(¢) of the equation

Im[ e log w(f)] = const, ¢ € (~o0, ),

intersects C at a single point. In such case C is a Jordan curve and the domain D
bounded by C is a spirallike domain of type v, i.e., for each w, € D the arc of the
logarithmic spiral joining wj to the origin lies in D.

The following theorem provides a sufficient condition of homeomorphism ex-
pressed by the geometrical property of spirallikeness of the level curves of the range
of f. The technique used in the proof of this theorem is similar to the one employed
by Rakhmanov in [2] and [3].

THEOREM 1. Let f € C'(U) and let y be a given real number, —(m/2) <y < m/2.
If f satisfies the following conditions,

(i) f(0) = 0and f(z) # O, for all z € U \ {0},

(ii) Jf(z) > 0, for all z € U,

(iii) Re[e”"Df(z)/f(z)] > O, for all z € U \ {0},
then f is univalent in U and the range f(U) is a logarithmically spirallike domain of
bpe y.

ProoF. For r € (0, 1) we denote U, = {z: |z| <r} and C, = f(3U,). In order to
prove that the function f is univalent in U, it is sufficient to show that the curves C,
are nonintersecting Jordan curves.

Considering the family of spirals (a,), ¢ € [0, 27), where a, has the parametric
equation

a,cw=wy(t), t€E (-o0,0)
and
W¢(t) = etcosyei(¢—lsin y)_ (3)

It is clear that through each point w € C\ {0} passes only one spiral of the family
(a,). Hence, for z = 1e,0 <r < 1,0 < 8 < 2, the equation

f(2) = w,(1) 4)

determines a unique ¢ = ¢(r, §) € [0, 27).
Let us first prove that C, is a Jordan curve for each r € (0, 1). This can be

achieved by showing that
3¢
20> 0, ford €[0,27) (5)
and
A\ , 0) = 27, 6
0<0a<r21r¢(r ) 7 ( )
From (3) and (4) we get
t cos y = log|f(2)|, )
¢ — tsiny = arg f(z). ®)
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Consequently
¢ = arg f(z) + tg v - log| f(2)|. )
By using (1) and (2), we obtain from (9)
3 _ g Df(2) L Pfiz) _ 1 w Df(z)
B~ f BT T s vRe[e f2) ]

Hence by condition (iii) and the above we get (5). Furthermore, condition (i)
implies that the curves C,, r € (0, 1), are homotopic in the domain C\ {0}. Thus
they have the same index with respect to the origin, i.e., ind, C, = constant for all
r € (0, 1). By condition (ii) the function f is univalent and preserves the orientation
in a neighborhood of the origin. This implies the existence of r, € (0, 1) such that
indy C, = 1 for r < r,. Hence the total variation of the argument along C, is 2;
that is,

Var arg f(re®) =27, re(0,1). (10)
0<0<2n
Now (9) and (10) yield
0\ — 2
oXoirzw o(r. 6) = ‘?gzw arg flre”) = 2m

which is (6). Thus for each r € (0, 1), C, is a simple spirallike curve of type y.
To complete the proof of the theorem we need only show that C, N C, = &
whenever r # r', r, ¥’ € (0, 1). Fix a value ¢ € [0, 27). The system

) =wy(t), |zl=r0<r<i,

yields a unique z=r1e" 9 = 0(r), and a unique ¢ = #(r, 8) = t(r). It follows that

our assertion is equivalent to showing
250, tforre). (1)

By differentiating (7) and (8) with respect to r and using (1) and (2) we obtain
dt 1 Df(z) di. Df(z)
—cosy = —Re———+= — —Im———~,
T T 2 TP

dr
—ﬂsin-y = lI GDf(z) + R Df(z)

dr r flz) fz)
Eliminating 48 /dr from the above system of equations we get
Df(z) . Df(z) ) dt
cos y Re——= —siny Im———= | —
( Y TSR e

(e DD o O | DAZ) D)
(R ) ) T ) ! f(z))

Hence

dep [ w D) | _ 1, D) D)
d'Re[ f(z>] e D

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use
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However, it is easy to verify that Re(Df(z) - Df(z)) = r¥Jf(z). Consequently we
have the formula

L dt

ERel:eiy Df(Z)

U(Z)I 1(2)

From (ii), (iii) and (12) we realize (11). This shows that the curves C, do not
intersect each other. Hence f is univalent in U and f(U) is spirallike for each
r € (0, 1). Moreover, f(U,) c f(U,) for 0 <r <r < 1. It follows that the domain
J(U) is spirallike of type y. This completes the proof of Theorem 1.

3. Remarks. (a) For y = 0, Theorem 1 reduces to the starlike case [1].

(b) If f(2) is analytic in U, then Df(z) = Df(z) = zf'(2).

Thus Theorem 1 and its special case as indicated in part (a) above become the
familiar spirallike case of Spacek [4] and the starlike case, respectively.

] = rJf(2). (12)

4. Example. In this section we discuss an example of a function in C'(U)
satisfying the conditions of Theorem 1.

Consider
Z

[(1 -2 - z-)ﬂ]wsve*"
Y] <7/2,0 < a < 2 and B is a real number such that
18] < B(@) = ——[1 =1 = a(Z — a)oos ]. (13)

cos Y
Such functions satisfy the conditions o Theorem 1.

f2) =

Df(z) _ | 4 22 cos ye™ Bz cos ye™

f(2) 1-2 1-z °
hence
' Df(l)] [ o= B]
Re|e"—=——= | >cosy|l ———| >0
[ f(2) 2
for all « and B satisfying the condition

0<a-B<2 (14)
Let A = a cos ye™, B = 8 cos ye™. Then |df/0z| > |9f/dz] if and only if
|1 + (4 — 1)z| > |Bz]| for all z € U. However !4 — 1| < 1 and consequently Jf(z)
> 0 provided
[1+(4—-1)z|>1-1|4 — 1| > |B| > |Bz|,
that is
|4 -1+ |B| <1 (15)
Direct calculations can show that (15) and (13) are equivalent. Thus the condition
Jf(z) > O for all z € U is satisfied.

Obviously condition (iii) of Theorem 1 will be satisfied if one can show that
every (a, B) satisfying (13) must also satisfy (14). It is clear that the region
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SPIRALLIKE NONANALYTIC FUNCTIONS 65
containing {(a, B)} satisfying (13) is bounded by two branches of the hyperbolas
B(a) = * [1-V1 - a2 - a)cosy |-

These hyperbolas have the same axis of symmetry, a = 1, and they intersect at
(0, 0) and (2, 2). Since B’(0) = = cos v, the assertion follows at once. This com-
pletes the discussion of our example.

cos y

5. More spirallike functions. In this section we state two results on the univalency
of the Archimedean and the hyperbolic spirallike functions. Before we state these
results we need to recall the definition of these terms.

Let (o,) be the parametric family of spiral arcs defined by

0,:w = w,(1) = te’“*?, 1€ (0, ), ¢ €[0,27).

It is clear that through each point w € C\ {0} passes only one spiral of the family
(o,).

?Ne say that D is an Archimedean spirallike domain if for each w € D, w # 0, the
part of the spiral arc o, joining the origin to the point w lies entirely in D. Similarly
if the family (o) is defined by 0,: w = w,(1) = €¢*¥ /1,1 € (0, 0), ¢ € [0, w], we
say D is a hyperbolic spirallike domain if for each point w € D, w # 0, the point of
the spiral arc o, joins the part w to the origin lies entirely in D.

THEOREM 2. If f € C'(U) verifies the conditions
@) f(0)=0,f(z) #0,z € U\ {0},

(i) Jf(z) > 0,z € U,

(iii) Re[(1 — i| f(2))DA(2)/f(2)] > O

then f is univalent in U and f(U) is an Archimedean spirallike domain.

THEOREM 3. If f € C'(U) verifies the conditions
@) f(0)=0,f(z) # 0,z € U\ {0},
(i) Jf(z) >0,z € U,
(iii) Re[(|f(2)| + )Df(z)/f(2)] > 0, z € U \ {0},
then f is univalent and f(U) is a hyperbolic spirallike domain.

When f(z) is analytic in U, Theorems 2 and 3 are due to Rakhmanov [2] and [3].
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