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Abstract In this article, the interior layer for a second order nonlinear singularly per-
turbed differential-difference equation is considered. Using the methods of boundary func-
tion and fractional steps, we construct the formula of asymptotic expansion and point out
that the boundary layer at ¢ = 0 has a great influence upon the interior layer at t = o.
At the same time, on the basis of differential inequality techniques, the existence of the
smooth solution and the uniform validity of the asymptotic expansion are proved. Finally,
an example is given to demonstrate the effectiveness of our result. The result of this article
is new and it complements the previously known ones.
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1 Introduction

The boundary-value problems for singulary perturbed differential-difference equations are
often used as mathematical models describing processes in biomechanics and physics [1, 2]. In
recent years, more and more attention was paid to the study of singularly perturbed differential-
difference problems, especially for linear problems [3-11]. For nonlinear problems, now, we also
have a few results [12-15]. Most of these works are related to boundary layer, numerical solution,
or the existence of the solution, while few of them concern interior layer and the uniform
validity of the asymptotic expansion [16]. In this article, we will discuss the interior layer for

a nonlinear singularly perturbed differential-difference equation and construct its asymptotic
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expansion formula. Meanwhile, the existence of the smooth interior layer solution and the
uniform validity of the asymptotic expansion will be proved.

In articles [9, 10], a mathematical model about neural network was presented:

0.2

7?/”(55) + (p—2)y (2) + Apy(z + ap) + Ary(z — ar) — (Mg — Any(x) = —1,

where the values * = x; and © = x2 corresponds to the inhibitory reversal potential and
threshold value of membrane potential for action potential generation, respectively. ¢ and p
are variance and drift parameters, respectively, y is the expected first-exit time and the first
order derivative term —xy’ corresponds to the exponential decay between synaptic inputs. The
undifferentiated terms corresponds to excitatory and inhibitory synaptic inputs, modeled as
Poisson process with mean rates A\g and A, respectively, and produce jumps in the membrane
potential of amounts ag and ay, which are small quantities and could depend on voltage.

Considering the complexity of the neural network and the small parameter in front of y'(x)
in this model, we propose the following weak-nonlinear differential-difference problem.

2 Statement of the Problem

We consider a boundary-value problem for a weak nonlinear singulary perturbed differential-

difference equation, which only contains negative shift,

Py (t) = F(uy'(t),y(t),y(t — o)1), 0<t<T;

y(tv ,LL) = a(t)v -0 <t<0, y(T7 .UJ) = yTa (1)

where 0 < g < 1 is a small parameter and o is a delay argument. «(t) defined in [—0,0] is a
smooth function. T is a positive constant satisfying %a < T < 20. The restriction on T will
not influence the essence of the problem and it is only convenient for our discussion.

First of all, we use the transformation py’ = z, which results in the system

pny'(t) = 2(2), (2)
pz'(t) = F(2(t), y(t),y(t — 0),1);

y(t,u) = at),—o <t <0, y(T,p)=y",0<p<1. (3)

This article is organized as follows. In Section 3, we construct the asymptotic expansion
in the interval [0, ]. In Section 4, we construct the asymptotic expansion in the interval [o, T'].
In Section 5, The existence of the smooth interior layer solution and the uniform validity of the
asymptotic expansion are obtained. Finally, an example is given to illustrate the effectiveness
of our results.

First, we impose two conditions on equation (2). When additional hypotheses are required,
they will be stated.

H, Suppose that F(z,y,u,t) is sufficiently smooth with respect to each argument and,
for 0 < ¢ < T, the reduced equation F(0,%(t),y(t — 0),t) = 0 has an isolate root F(t) = ¢(t),
0<t<oy(t)=9(t),c <t<T (see Fig.1), where u = y(t — o).



No.2 A.F. Wang & M.K. Ni: PERTURBED DIFFERENTIAL-DIFFERENCE EQUATION 697

o)

ey [ T ;

(—?70) 0 (a,b) (T,0) ¢
Fig.1

H, Suppose that F,(0,5(¢),7(t — 0),t) >0, F,,(0,5(t),7(t — 0),t) <0, t € [0,T], where

u has the same definition as above.

3 Construction of the Asymptotic Expansion in [0, o]

Letting = = (y, 2)T and using the method of boundary function [17], we construct a series

formally satisfying (2),(3) in [0,0]:

t t—o

‘T(_)(ta ,U,) = E(ta ,U,) + Hm(Tm /1’) + Q(_)JJ(T, /1’)7 T0 = ;7 T = Ta (4)
where

T(t, 1) = To(t) + pTo(t) + - + p"Tu(t) + - (5)

is called the regular series of (4), while
Oz (1o, 1) = Moz (10) + plliz (o) + - - - + pF (o) + - - - (6)

is called the boundary series for ¢t = 0,
(-) _0©) (=) .. k(=) .. 7
Q7 a(r,p) = Qp "x(7) + pQy a(r) -+ p7 @y (7)) + (7)

is called the left boundary series for t = o. Iz (), Q,(C_)a:(T) are called boundary functions,
and hrﬂ Myz(1p) =0, lim Q,(;)x(T) = 0 hold.

To—+00 T——00

Specially, we assume that

y(o, 1) = p(p) = po + ppr + p°pa + -+ + pFpr + -+,

where pi, k= 0,1, ---, are unknown constants and they are determined by the smooth connec-
tion at ¢ = 0. By the boundary function method, we obtain

dy

Hat

dz

Hat

=z(t, 1),

= F(E(tv :u)vy(tv :u)vy(t -0, ,LL), t);
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dIly

=TI

dTO Z(TOa ,U),

dIlz _ _ _ 9

T F(Z(pro, ) + Mz (70, 1), 5(pro, p) + Hy(70, 1), 5(ro — o, 1), p70) 9)

—F(Z(uro, 1), (0, 1), G170 — 0, 1), 14705
do=)
M = Q(i)Z(Ta ,U),
dr

dQ()z (10)

= F(z(o + pr,p) + QT 2(7, 1), y(o + pr, 1) + QT y(r, ),

Y(ur, ), 0 + pr) = F(Z(0 + pr, 1), Y(o + pr, 1), g(ut, p), o + pr),

dr

Substituting (5)—(7) into (8)—(10) and equating terms with same powers of p for Zg(t), we

obtain
Zo(t) =0, F(Zo(t),To(t), alt — o), t) = 0; (11)
d@(ft—l =Zk(t), dzci:l = F.zk(t) + Fyy,(t) + hi(1); (12)

where F,, F, take their values at (0,7 (t), a(t — o), t) and hy(t) are determined functions. (11)
coincides with the reduced equation of (2), so, we have 7 (t) = ¢(t),Zo(t) = 0. By Hy and (12),
Tr(t) (k > 1) can be obtained completely.

For Ilpz(79), we have

dlloy
dTQ -

dHO z

II
* dTO

0%,

= F(loz, ¢(0) + oy, a(—0),0); (13)

oy(0) = a(0) — ¢(0), Hoy(+00) = 0. (14)

Let p(0) + oy = 4, ¥’ = z. Then, the problem (13)—(14) can be transformed into the problem

as follows: _ _
dy _ 4z

dTQ - dTO

y(0) = (0), y(+00) = ¢(0). (16)

Because the eigenvalues of (15) at the point (¢(0),0) are

Fg:l:q/F22+4F§

2

= F(ga gaa(_(j)vO); (15)

A2 =

)

(#(0),0)

by Ha, the equilibrium Mj((0),0) is a saddle point on the phase plane (¥, z). Thus, passing
through M, there exists a steady manifold 3¢ : 2 = ®¢(y).
Hs Suppose that the line y(0) = «(0) intersects with the manifold ¥¢ : 2 = @ (7).

Lemma 1 Under conditions H; — H3, the following inequalities holds:
Cloe_%m < Tlpz () < Coe o™ 75 >0,

where C,, Ca,, ko, and k, are all positive constants.
Proof By Hj, in the neighborhood of the saddle point M1 (¢(0),0), there exists a mani-
fold z = Z(y) passing through M;(¢(0),0). We expand it into Taylor series at the point § = ¢(0)
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2((0)) + G (#(0))(F — ¢(0)) + (7 — (0)). In contrast, by (15),

(16), we obtain % = u. According to the L'Hospital rule, we obtain

z Fg — Fg —+ 4F§
oy =V

dy 2

(suppose that § < ¢(0)), z =
o

=X <0.

y=»(0)

Because z(p(0)) = 0, we have 2 = A\ (¥ — ¢(0)) + o(y — ©(0)). Thus, there exists 7*, positive
constants k, and ko, such that, for 7y large enough and 75 > 7, the inequality —kq (7 — ¢(0)) <
Z < —ko(7 — ¢(0)) hold. Integrating the above inequality with respect to 7o from 7* to 79, by

Gronwall inequality, we obtain
010€7E070 < Hoy(To) < 02067&’70, 70 > 0, (17)

where Cy, = oy(7*)eFo (™) o, = oy (7*)eko (™). The estimate of IIyz(7y) can be obtained if
we differentiate (17) with respect to 79. The proof of Lemma 1 is completed.

Here, the constants may be different from Cj,, Cs,, but they have no essential impact on
the problem. So, we still denote them by Cj,,C%,. In the following, we will deal with the
constants which we meet in the same way.

For I, 2(mp), we have

dey dez ~ ~
TR = F.Iz + F, Iy + Gr(10); 18
I k7, ar kz + Fylly + G(10) (18)

y(0) = =7,,(0), Mry(+o0) =0, (19)

where F., F, take their values at the point (Ilyz, ¢(0) + Iy, (—0),0). Gi(7) are functions
compound formed by EZ( ) and IL;2(m0)(i =0,1,---, k —1).

In fact, d H"y = F, ddHT’“’ + F,IIyy has a particular solution z(m) = ddH—TOOy. According to
Liouville formulas and constant-change method, we obtain

_ An) -y Z(7 7071 ! zZ(s)p(s s)ds
My = 20O +30) [ e [ HapeGiadadn. o

where p(79) = exp(— ;" F.dry). Thus, Iz(7) is completely determined. The exponential

decay of IIyz(7p) can be obtained from (20).

Lemma 2 Under conditions H; — H3, the following inequalities
Clkefg’”" < Ma(rg) < Cope ™ 670 1y >0,

are valid, where Cy,, Cy, , ki, and k, are all positive constants.

Q((f)x(T) is determined by the following system:

d d (=)
A _ g, 982 (gl plo) + G eal0). o) 21)
Q5 y(0) = po — p(0), QY y(—o0) =0. (22)

Let (o) + Qg_)y(T) =y, Q(()_)Z(T) = 2!, then, (21) and (22) can be written as

dyt  ,  dd

@ _ az ol )
L—d =Py a(0),0); (23)
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y'(0) = po, y'(—00) = (o). (24)

By Hj, the equilibrium (¢(c),0) is a saddle point on the phase plane (3!, 2!), so when passing
through (¢(c),0), there exists a steady manifold ¥; : 2! = ®;(y!).

H, Suppose that the line 7'(0) = po intersects with the manifold ¥;.

Lemma 3 Under conditions Hy, Ho, and Hy, the following inequalities hold,

Croe™™ < QS a(r) < Copeto, T <0,

where C,, Ca,, ko, and k, are all positive constants.

Q,(;)x(T) is determined by the following system:

dQiy _ (=), dQ; =
dr ko= dr
Q4 y(0) = Pu — Jy(0), Q4 y(—o0) =0, (26)

where FL 7, 1515‘) take their values at (Qé_)z, (o) + Qé_)y, a(0),0). H,g_)(r) is a known func-
tion.

= FOQT 2+ FOQy + H T (7); (25)

In the following, we will seek the solution of equations (25)—(26). In fact, the homogeneous
system, corresponding to (25),
(), Q=

Yy ~_ _ ~_ _
=Qy 'z TTZFZ( Q)2+ FQ )y (27)

aQy”
dr

is the variational equation of (21) Thus, it has a steady manifold Q(_) = MQEC_)y Com-

ko y dQ{y d<I’L

bining this manifold with Q;C_)z we obtain —f—= = Qk y. Now, letting the

general solution of % = dq” ” )Qk y be Q( )y = C®(7), under the boundary condition
(26), we obtain a solution of (27)

Qy(1))¢ = (pr — Ti(0))®1(m)@1(0),

Aoy (y')

(28)
(QU72(1)° = =17 (or = Ti(0) 21(7) 21 (0)

Next, Set Q( oy Q( )2* be a partlcular solution of (25). Introducing a new transformation
ng_)y* =01, Qk 2* = d{’l Qk )y* + 02 and substituting them into (25), we obtain

d51 - d(I)l(yl)

dr —  dyf o1+ %,

ddy (=) do(y') (=)
P (Fz ay! do+ H, /(7).

Let 6o = C'¥1 (1) be the general solution of % = (E(_) %)6 then, we obtain a particular
solution &y = [ __ \Ill(T)\I/fl(s)H,g_)(s)ds of %—‘i? = (Fz( )_ %)52 —l—Hk )(7'). Further more,

we have

0 s
= [ [ neen e e
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So, a particular solution of (25) is given in the following form:

0 s
Ar = [ em@ere)| [ et e e

Q;(C_)Z*( )= d<I>l( ) Q( ) v (7 )+/ \I/l(T)qffl(S)H;i_)(S)ds’

— 00

Thus, we obtain

Q7Y (r) = (pk — T4 (0) @1 (1)@ 1(0) + Q4 )y* (1),

Aoy (y')

(29)
L) = =g e = u )@ 0) + Q) ()

Now, Q,(c_):v(T) is completely determined, but it contains the unknown number pg. Obvi-
ously, Q;C_)I(T) decays exponentially as 7 — —oo.

Lemma 4 Under conditions Hi, Hy, and Hy, the following inequalities hold,
ClkeE"T < Q,(;)x(T) < CgkeEkT, T <0,

where Cf,, Cy,, ki, k;, are all positive constants.

4 Construction of the Asymptotic Expansion in [o, T

Using the method of boundary function, we construct a series formally satisfying (2), (3)

in [o,T]:
— t— t—T
e (b 1) = T(t 1) + QP (r, 1) + Ra(rr, i), 7= MU’ = (30)
where
T(t, 1) = To(t) + pTr () + - - + pFTx(t) + - -- (31)
is called the regular series of (30), while
QWa(r,u) = Q4 a(r) + Mm@ Va(r) + -+ pF QL a(r) + - (32)
is called the right boundary series for t = o.
Rx(rr,pu) = Rox(mr) + pRyx(rp) + -+ + ,ukka(TT) + - (33)

is called the boundary series for t = T. Rpz(rr), Q(+) (1) are called boundary functions, and
mf ng):z:(T) =0, lim ka(TT) =0 hold.
Substituting (30) (33) into (2), (3), separating ¢, 7, 7r and equating terms with same pow-

ers of y, for Z(t) , we obtain

Eo(t) =0, F(Eo(t),ﬁo(t), <P(t - U)v t) = 0; (34)
dzgt—l =Ze(t), di@;l — fzac (t) + fy?k (t) + zk (t); (35)
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where T, F, take their values at (0,7, (t), ¢(t—0),t) and T (t) are determined functions. (34)
coincides with the reduced equation of (2), so, by Hi, we have y,(t) = 1 (t),zo(t) = 0. By Hs
and (35), T (t) can be completely determined.

Due to the deviation of arguments, the equations determining Qéﬂx(r) will be relevant

to Ioy(70). Namely,

dQi"y _
dr @z
(+) (36)
d z
Q02— P2 0(0) + @5y, 9(0) + Tly(r), 0);
679(0) = po — (o), QFy(+o0) =0, (37)
Let ¢(o) + Q8+)y(7') =y, QéJr)z(T) = 2", then, the above system can be written as
dy” dz"
=a = Py p(0) + oy(n), 0); (38)
T dr
y"(0) = po, y'(+00) = (o). (39)
Combining (15),(16) with (38),(39), we have
dy” -
=z
dr ’
dz" oo~
q = FELYL g0
- (40)
dy
Y _3
dTQ ’
dz -~
di = F(Zv Y, <P(_0)7 0)7
70
9(0) = a(0), y(+00) = ©(0), y"(0) = po, y"(+00) = (o). (41)

Here, the phase space (y",z",¥,2) is the direct sum of (y",2") and (¥,Z). The equilibrium
M(t(0),0,¢(0),0) is a hyperbolic saddle point because the characteristic equation at M (¢ (o),
0,¢(0),0) is [A(A = For) — Fyr|[AM(A = F3) — Fy] = 0 and its eigenvalues satisfy A\; Ao = —F,» <0,
AsAs = —Fy; < 0. Thus, there exist a two-dimensional stable manifold W*(A) and a two-
dimensional unstable manifold W*(M) of the system (40). Set W*(M) : Z = ®(Y), where
Y =@, 9T, Z =(",2)T,® = (&9, ®,)T. Obviously, the projection of W*(M) on the phase
plane (7,2) is Xo. Namely, (WS(M))@E) = 3. Set (WS(M))@TVZT) = 3,, then,

2" =0, (y", ).

Hs; Suppose that the plane y"(0) = po intersects with the steady manifold ¥, in the
phase space.
Lemma 5 Under conditions H;, Ho, and Hs, the following inequalities hold,

Crye ™ < QS a(r) < Cppe ™7, 7>0,

where Cy,, Ca,, ko, k, are all positive constants.
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Q,(j):v(T) satisfies the following boundary value problem:

@y ey = ~
L Qs TS FOQ 4 BNy + HD (), (42)
Q7y(0) = P = Gp(0). Qy(+o00) =0, (43)

where ﬁz(*),ﬁ;” take their values at (Qéﬂz,w(a) + Q((J+)y,<p(0) + oy(7), o). HIEJF)(T) are
determined functions.

In a similar manner for solving Q;ﬂ_)x(r), we obtain

QS y(r) = (pr — Ti(0))B2(r)@51(0) + QLM y* (1),

. (44)
(2r) = S0 0~y alr); 0+ Q).
where .
QY (r) = / %(ﬂ@f@)[ /+ Uy (s)05 (p)HL (p)dp | ds
and

. d®,.(y" . T _
) = g+ [ nmest o s
+oo
Thus, ng)x(r) can be completely determined.
In the same way, we have the following lemma.
Lemma 6 Under conditions Hy, Ho, and Hs, the following inequalities hold,

Clke_E” < Qra(r) < Cgke_EkT, T>0,

where Cy,, Cs,, ki, k;, are all positive constants.
Now, Q,(Ci)a:(T) are all known, but they contain unknown numbers p;, which are determined
by the smooth connection at t = o:

dy (o, p) Ay (o, p)

dt dt
Namely,
iQ(_)y(o) = iQ(“y(o)
dr ¥° dr ©° ’
&(0) + LQOy(0) = (o) + LQ{Py(0)
dr ! dr ! ’
o 1(0) + - LQ(0) = Tor(0) + LQy(0) (45)
k—1 dT k k—1 dT k .

First, we will seek the value of pg. By Hy, Hs, the solutions of systems (23), (24) and (38),
(39) exist. Let

H(po) = 2'(0,po) — 2"(0,po) = ®1(po) — ®r(po,(0)) = 0. (46)

Hg Suppose that (46) has a solution py = Py and j—pHD ’pozﬁo < 0.
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For pg, by virtue of (29), (44), and (45), we have

Aoy (po) d@r(pO)) — ) d®,(po) - d®(po)
— = _10) —Yp_1(0)) — o)+ —Yy,(o
(Soed SR — e s(0) = s )~ g o) + Sy o)
0 0
- / W (0)0 (s) HY ) (s)ds + / W2 (0) W5 L (s) HLP (s)ds
—0o0 —+oo
By Hg, the coeflicient of py is not equal to zero, so, py are all determined. Thus, Q,(ci):v(T) are
all completely determined.
For boundary functions Ryz(7r)(k > 0), they have no essential influence on the interior
layer, so, we will not discuss them in detail but only narrate their existing conditions.
H; Suppose that that the line §(7') = y intersects with X7, which is the steady manifold
of system B B
dy =~ dz ~ x
— — - F T—0),T).
2, o (2=y7¢( U), )
y(T) =y", g(—o0) = ¥(T),
where 5 = 1(T) + Roy(rr). Thus, the boundary function Ryz(rr),k > 0, are all determined.
Similarly, Riz(7r), k > 0, decay exponentially as 7p — —oo. Now, the coefficients of (32), (33)

dTo

are all known, so, the asymptotic expansions are constructed.

5 The Main Result

Let
S ui(@i(t) + Wz(no) + @\ )a(r)), 0<t<o,
Xo(t,p) =4 "
ST E @) + QPa(r) + Rix(rr)), o <t<T,
1=0

Theorem Under conditions H; — H7, there exist positive constants pug > 0, ¢ > 0, such
that, for 0 < g < i, the solution z(¢, i) of the problem (2)—(3) exists in the interval [0, 7] and
satisfies the inequality

lo(t, 1) — Xt )| < e, (47)

Omitting details of the general statement, we give the version needed in the forthcoming
considerations.

Lemma 7 Suppose that there exist two functions w(t) and @(t), such that the following

assertions are valid:
(1) w(t) <w(t), —o<t<T;

(2)
PP () > F(uw' (1), w(t), w(t — 0),t), 0<t<T;
P2 (t) < F(uw' (t),o(t),w(t — o),t), 0<t<T;
(3) wt)<alt)<w(t), —o<t<0; w(T)<y" <w(l)

(4) The inequalities
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hold and the function f(z,y,u,t) belongs to Nagumo function class [12], where the subscripts
+ and - on the normal derivative mean that they are evaluated to the right and the left,
respectively, at their discontinuous points. Then, there exists a solution y(x) of problem (1),
such that w(t) < y(t) < @(t), where w(t) and @(t) are referred to as a lower solution and an
upper solution of problem (1), respectively.

Next, we will proceed to the proof of the theorem.

Proof First, we express the upper solution as

alt) + 12, —0<t<0,
O(t) = § @(t) + oy(ro) + QU5 y(r) + (@ () + Migy(ro) + Q35 y(r) + 42, 0<t <o,
D(t) + QSE () + Roy(rr) + u(y () + QU5 y(r) + Ripy(rr)) + 4, 0 <t <T,

and the lower solution as
at) — u?, —0<t<0,
w(t) = § @) + Toy(ro) + Q5. y(r) + p(@, (1) + Mhay(ro) + Q1) y(r) — 2, 0<t <o,
() + QSPy(r) + Roy(rr) + n@ () + Q52 y(r) + Riay(rr)) —p, 0 <t<T

The functions Qé;)y(T)7 Qg;)y(T) and IT3y(79) can be found from the problem

Qp; dQg; .
= ( oy ¢0) + @l u(r).a(0).0),

Q5;)y(0) = (po +8) — (o), Qé;)y(—oo) =0.

deQfﬁ > = Fw‘“’?jf)y + FyQU () + Hip (1) +web
Q150 =p1 —7:(0), Qi5'y(—o0) =0.
and dQHwy dll gy K
P =F, I + By (m0) + Gi(mo) + weFom0,

Mipy(0) = =7,(0), Iigy(+o0) =0,

respectively, where §, w, ko, k1 are all positive constants. QOB y(1), Qlﬁ y(7) and Rigy(7rr) are

given by
dQQH‘) Q
WY p(S0Y i0) Q) 0) + (o). o)
QS5(0) = (b0 + ) — ¥(0), Q55 u(+00) = 0.
d2§i5 L~ B Q“’yw“cf“ (7) + H{5 (1) +we ™7,
Q5 (0) = p1 = Ty (0), Q\y(+00) = 0.
and

d2R§ ) 7 dR1py

dTT % drp

Ri1py(0) = —=4,(0), Rigy(—o0) =0.

+ ﬁyRmy(TT) + K(mr) + wekorr
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Replace pg + 6, 8 and w by pg — ¢, o and —w, respectively, we can obtain all terms in w(t).

Next, we will show that the functions @(t) and w(t) satisfy all items of Lemma 7. For
convenience, we divide [0, 7] into four parts, namely, [0, 20], [20, 0], [0, 30], and [30,T).

Obviously, the third item holds.

In the following, we will verify the first item: w(t) > w(t).

In [0, 20], because IT15y(0) = I14y(0) = =¥, (0) and I14y(7o) I1y(70) are both of expo-
nential decay for 79 > 0, we have

w(t) — w(t) = p(Migy(te) — Miay(ro)) + 21> > 0.

The fact w(t) > w(t) in [20,0] and [30,T] can be treated similarly.
In [0, 301, Q43 v(0) = po 5~ p(o), Qii'y(0) =po—9 (o), Q13'y(0) ~ Qielv(0) =0

and QOB y(7), Oa y(1), Qg'g)y( ), () y(7)) are all of exponential decay for 7 > 0, so

1a' Y

O(t) —w(t) = QS y(r) — Q5Yy(r) + n(@Hy(r) — Q1 y(7)) +2u > 0.

Thus, we finish the proof of the first item.
Next, we will verify the second item. Most results will be stated in terms of the upper
solution and obvious analogous results for lower solution will not be stated. In [0, %a], we have

La(t) = p*@"(t) — F(uw' (t), (1), ot — 0), 1)

d*Tloy (7o) dITy gy (7o)

2 n 31 0Y(70 1Y (To
+ t) +

=pe () :uyl() dTg K dro

- [Fw@) (1), ot) + (1) + P alt — o), 1)

dIlyy _ dIl; sy
+(F (g (wro) + d—TZ + 125 (o) + p dm

+ (T, (170) + iy (70)) + 12, a(umo — o), p7o)

@(uro) + Moy(70)

—F(p (170) + 1271 (170), ©(p0) + gy (p7o) + p?, alpro — o), pro))
= —2*F,(0,6(t),a(t — o),t) + EST < 0.

4

25,0] and [30,T], we also have Lw(t) < 0. In [0, 3

3
Lo(t) = p?w" (t) — F(uw'(t),© _(t),w(t—a),t)( |
N
= 2" () + 1Py (t) + dQOfy udelf !
—F (1) + 12250 (1), 0(8) + 1y (8) + p, alt — o) + iy (t — 0) + 412, 1)
&) aQt)y
d + 127y (0 + pT) + p— e — P
V(o + ) + QFy(r) + pF (0 + pr) + @5}5@( ) + 1
@) + moy(T) + (@ (u7) + mipy(T)) + 4,0 + pr)
—F (! (0 + p7) + p°7 (0 + p7), (0 + p7) + p(, (o + pr)

Similarly, in [ 2o,

—|F (' (o + pr) + ———

+ 1, 0(pr) + 7oy(1) + p(Gy (ur) + TpYy(7)) + 1, 0 + pr)
= —pFy(0,0(t),a(t —o),t) + EST < 0.
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No.2

Finally, we will prove the fourth item.

dw dw , , 4@, dQ;
WS 0-) =m0 = | (0-) + (o) + G20 00+ =g 0-)]

- {w’(w) + 1T (o) + —

%fy(o ) - Q°ﬁy<o+>+0(>
=H(p+6)+0(n )—H(po)+H(po)5+0(u)

= H'(po)d + O(p).

By Hg, the above formula is negative.
In the same way, we obtain ‘é =(0—) < d—g(a—i—) In accordance with Lemma 7, the solution

of (1) exists.
To obtain the asymptotic solution with O(u), we should expand the upper solution and

lower solution to O(u?), namely,

Zu 7:(t) + iy(10) + Q5 y(m) + k2@ (t) + Tagy(mo) + Q55 y(r) + ),

0<t<o,

ST E @) + QU y(r) + Riy(rr) + 12(Fs(t) + QS5 y(r) + Rapy(rr) +1),
1=0
o <t<T,

1
S H @) + ay(r0) + QL y(r) + k2@ (t) + Taay(mo) + Q5. y(7) — 1),

1=0
) 0<t<q,
Wy = 1
STE G ) + QT y(r) + Riy(rr)) + 12 @a(t) + QSy(r) + Raay(rr) — 1),
1=0
a<t<T.

In a similar manner, we can prove that i (t), w;(t) also satisfy the items of Lemma 7
Thus, according to Lemma 7, we can not only prove the existence of the solution of (1)

but also write out the asymptotic representation with accuracy O(u), namely,

() + Toy(r0) + Q5 y(r) + u(Fy (£) + Miy(ro) + Q (7)) + O(u),
0<t<o,
ylt 1) = ) . )
Y(t) + Qo y(T) + Roy(rr) + (@1 (t) + Q1 y(7) + Riy(rr)) + O(n),
c<t<T

In the same way, we can obtain the asymptotic expansion with O(u™). The proof of the

theorem is completed.



708 ACTA MATHEMATICA SCIENTIA Vol.32 Ser.B

6 Example

Let us consider the problem
3 (48)
2

For 0 <t < %, the degenerate equation of (48) has an isolate root:

t—1 tel0,1];

t—2, Te[l,g].

Obviously, conditions Hy, Hs hold. oy (70), Roy(rr), Q((f)y(T) and QéJr)y(T) are given by the
following systems respectively,

dZTTIé)y =My, Ioy(0) =1, yy(+oo) = 0;
degy = Roy(7r), Roy(0) = % Roy(—c0) = 0;
dz?é;)y = Q0 y(m),  Qy(0) = po, Q) y(~o0) = 0

(Pffié;r)y = Q5"y(r) — Hoy(r),

Q5P y(0) = po + 1, QS y(—o0) = 0.

After simple manipulations, we obtain Ilgy(mp) = e, Qg_)y = poe”, Qg+)y(7) = (po +

%)677 +Te T + %efT, Roy(mr) = %eTT. By the smooth connection de(();)yL:o = de‘(’:)y 0’
we have H(py) = po — (—po — 3 — 3 + 1) = 0. Obviously, py = 0 and dﬁ—;’;o) pom0 = 2 # 0.
Thus, we obtain the zero order asymptotic solution of (48):
t—14e w, telo,1];
y(t, pu) = t—0o _t-o t—o 1 t-7 3
t—2+ e r +en —l—ieu, te[l’i]'

0.1+
-02F
-0.3f q o
0.4
05
0.6
-0.7F
-0.8F

—09}F

0 0.5 1 15

Fig.2 Fig.3
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The following graphs are the degenerate solution (Fig.2) and the zero order asymptotic
solution (Fig.3) respectively.
From the above two figures, we can see that the zero order asymptotic solution is a good

approximation to the reduced solution.
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