Advances in Applied Mathematical Analysis.

ISSN 0973-5313 Volume 9 Number 1 (2014), pp. 1-9
© Research India Publications
http://www.ripublication.com

A New Subclass of Har monic Univalent Functions of
Complex Order based on Convolution

Mugur Acu', R. Ezhilarasi?, T.V. Sudharsan?, K.G. Subramanian®

'Department of Mathematics and Informatics, University “ Lucian Blaga” of Shiu,
Str. Dr. |. Ratiu, No. 5-7, 550012 — Sbiu, Romania
Email : acu_mugur @yahoo.com
?Department of Mathematics, SVET College, Chennai — 600 073, India
Email : ezhilarasi2008@ymail.com, tvsudharsan@r ediffmail.com
3school of Computer Sciences, Universiti Sains Malaysia 11800 Penang, Malaysia
Email : kgsmani1948@yahoo.com

Abstract

In this paper, we introduce a new subclass of harmonic univalent functions of
complex order defined by convolution which includes several well known
subclasses of harmonic univalent functions as well as various new ones. We
also derive the coefficient inequality, extreme points, distortion theorem,
convolution conditions and convex combination for this class.
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1. Introduction
Clunie and Sheil-Small [5] investigated the class Sy, consisting of complex-valued
harmonic sense-preserving univalent functions f in a simply connected domain D c C
defined on the open unit disc A = {z : |z| < 1} and normalized by f(0) = f(0) — 1 = 0.

Each function f € Sy can be expressed as f =h+g where h and g are analytic in
D and

h(z):z+ianz“, g(z):ibnz“, b, <1 (1.1)
n=2 n=l

The work initiated by Clunie and Sheil-Small on the class Sy formed the basis for
several related papers on Sy and its subclasses (see for example Ahuja [1] and Duren

[6]).
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In this note, we introduce a new subclass Su(@, W, b, A, B) of Sy consisting of
functions f =h+g € Sy that satisfy the condition

Re{ h(z) * $(2) - £(2) * () }>1_B|b|, (1.2)

2[(1- Mz + Mh(2) + g(2))]
or equivalently,

1{ h(2)*9()- g * w(D) _ 1} ‘ "

y (1.3)
b| Z[(1- )z +Mh(z) + g(2))]

where 0 < < 1, 0 £ A <1, b, a non-zero complex number with [b|] < 1,

#(z)=z+ Z?an“ and y(z)=z+ Zunzn are analytic in A with the conditions A, >
n=2 n=2

0, W, = 0 and z':aa—e(z =re”), 0 <r<1,0<0<2n. The operator ‘** stands for the
Hadamard product or convolution of two power series.

We further let S_(¢,y,b,A,) denote the subclass of Su(@, W, b, A, B) consisting
of functions f =h+g € Sy such that h and g are of the form

z', g(Z)=i

oo

h(z)=z-)_

n=2

a, z',  |b<1 (1.4)

b,

Remark 1.1.
Sﬁ (¢a W:lalaB) = TSH((I)’ v, I_B) [7]

SH( z z - ,1,1,[3} = Tu(1-B) [8].

(1-2"(1-z
Different subclasses of harmonic univalent functions based on convolution have

been studied by several authors (see [2, 3, 4, 9]).
In this paper, we obtain coefficient bounds, extreme points and distortion bounds

for functions in S (¢, v,b,A,B).

2 Coefficient Bounds

We now obtain a sufficient coefficient condition for harmonic functions in Su(¢, V, b,

A, B).

Theorem 2.1.
Let f =h+g, where h and g are given by (1.1). If

i[xn—m—ﬁlbl)] X +i[un+7»(1—l3|b|)]

n

n=2 B |b| n=l B|b|

where 0 < <1, 0 <A <1, b, a non-zero complex number with |[b] < 1,

b [<1 (2.1)

n
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#(z)=z+ anz“ , W(z)=z+ Zunz“ are analytic in A with the conditions A, > 0, L,
n=2 n=2

>0, 7' = %(z =re”), 0<r<1,0<0<2mwand nf|b| <[, — A(1-B |b)] < [ua + A(1-B
|b|)] then f is harmonic univalent in A and fe Su(¢, v, b, A, B).

Proof.
We first note that f is locally univalent and sense preserving in A. This is because for
|b| £ 1 and from the hypothesis of Theorem 2.1,

! >l—in|an|

= A, —M1- B|b|)
>1
Zz TR
= u, +M1- B|b|)
>
X

> i:nbn > Z:n|bn ' > |g'(2)
n=l1 n=1

To show that f is univalent in A, we show that f(z;) # f(z;) whenever z; # z».
Suppose zi, zo € A so that z; # z,. Since the unit disc A is simply connected and
convex, we have z(t) = (1-t)z; +t z, in A where 0 <t < 1. Then we write

f(z,) - f(z,) = [ [(z, = 20’ (2(0) + (2, — 7)) (=(D)] dt.

On dividing throughout by z, — z; # 0 and taking only the real parts, we obtain

Re ) —f(z) _ j Re| h'(z(t)) + 22— 2L g(Z(t)) dt

Z, =7, zZ, —
> j [Reh’(z(t) - (2.2)
On the other hanod
Reh'(z)-|g'(2)| > Reh'(z) - i n[b i i
A, —M(1- B|b|)] (1, +A(1- B|b|)]
>1—
R T
>0, by (2.1).

Therefore this together with inequality (2.2) implies the univalence of f. Next, we
show that f € Su(@, v, b, A, B). To do so, we need to show that when (2.1) holds then
(1.2) also holds true.

Using the fact that Re @ > d if and only if |1 — 3 + @ > |1 + 8§ — @), it suffices to
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show that o o
‘( 1+ [Z((1-M)z+ M(h(z} g(2)) [+ [h(z) X z)-g(z)* w(z]—-Z[(1- M) z+M(h(z) g(Z)]]‘

—‘(1—B|b|)[Z'((1—7»)Z+7»(h(Z)FgE))]—[[h(Z)“ Az)-g(z)* W(Z]—Z'[(1—7»)Z+7»(h(Z)FgE)]]‘

>0
Now,

‘(1 +B[BPLZ((1 =)z + Mh(z) + g@)]+[[h(2) * $(2) - 2(2) * w(@)] = Z[(1= 1)z + M(h(2) + g(2))]] ‘
- ‘(1 —B[BD[Z(1= W)z + Mh(z) + g2 ~[[N(2) * §(2) — g(2) * ()] - Z[(1= Wz + Mh(z) + g(2))]] ‘

= (1+B\b\)z+i[xn +2B|bfla,z" —i[un ~2AB|bi1b,Z"

—|(1=Bb))z- i[xn +AB[b|—2A]a,z" + i[un —AB[b|+2A]b,Z"

2 (1+BbD 2| - Z Xy +2B[b]fa 2 Z (1, =28 olIb, 2"

—(1-B|b|7 - Zx +AB[o|—2A]ja, || Z 1, —AB[b|+211b, [|2"
=2[3\b\—22[7»n ~M(1=B[oIfa 2" —Zz[un +1(1-BlopI[b, 14"

MI=BBDT, | _ 5 [+ AM1=BIB))]
a1 5P | R P |

(2.3)
>0
This last expression is non-negative by (2.1), which completes the proof of the
theorem.

The harmonic univalent functions

S B[b] . B|b| ;
f(z) = Y z", 2.4
@) “nz[x =B +nz_:‘[un+7»(1—[3|b|)] "’ @9

n=1
This 1s because

SRR DS TSI )
= B|b] e B|b]
= D ~A(1-Bh] Bl - [w, +21-BBD] B
Z BB 1= D PR VEparTy

b

n

o

|

We next show that the condition (2.1) is also necessary for functions of the form
(1.4) to be in the class S (4, y,b,A,B).

Theorem 2.2.
Let f=h+g, where h and g are given by (1.4), then f(z) € S,(¢,v,b,A,p) if and
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only if
& [A, = (1= B[b)] LS [Hn+7v(1—[3|b|)]b <1 )5
L " 2

where 0 < <1, 0 <A <1, b, a non-zero complex number with |[b| < 1,

#(z)=z+ anz“ , W(z)=z+ Zunz“ are analytic in A with the conditions A, > 0, L,
n=2

n=2
>0, 7 = %(z =re"), 0<r<1,0<0<2rand nBb| < [Ay — M1-P |b)] < [Ua + M1-B

|b])] and |by| > |a,|, for every n = 2.

Proof.
Since S (4, v,b,1,B) = S,(4,y,b,A,), we only need to prove the only if part. We

show that if (2.5) does not hold then f is not in S_(4,y,b,A,p). Let f €
S.(#,y,b,A,B) then from (1.2), we have
% _ *
Re { h(2)* 9(2) - () * v(@) }>1_B|b

Z[(1- Mz +Mh(2) + g(2))]
equivalently,

Re |1 *9(2) ~g(2)* w(z) ~ (1= bDIZ'T( 1-Mz+Mh(z) + 2@)]]
Z[(1-M)z+Mh(z) + g(2))]

b

Zn

an

Blblz— D0, ~2(1=B/b))

Z—Z)u

n=2

2" =Y [, +A(1-B[e)Ip,
z" +i7\,

> Re

2[1

an

b,

>0

The above condition must hold for all values of z, |z| = r <1 and any b such that 0
< |b] < 1. Choose z to be in the positive real axis where z = r < 1. Thus the above
condition becomes for |by| > |a,|, for every n =2

Blbl = D0, =2 =Blb)a, [ = 3 T, +2(1-Blo)]
=3 a1 + 32

If the condition (2.5) does not hold, then the numerator in (2.6) is negative for r —
1. This contradicts (2.6). Hence the proof is complete. O

o

rn—l

an

b,

>0 (2.6)

rn—l

an

b,

3 Distortion Bounds
In this section, distortion bounds for the class S (¢, y,b,A,) are obtained.
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Theorem 3.1.
Let the function f(z) of the form (1.4) be in the class S (¢, w,b,A,B). Then for |z| =r

<1,

| b M1—Blb
[f(2) < (1+]b,yr + Blof____ sy 2P |)| |2 (3.1)
_7~z—7~(1—l3|b|) Xy —M(1-B[b]) |
and
Blb W, +M1=Bb)
[f(z) > (1—[b,))r— LI o by |r? (3.2)
_7~z—?~(1—l3|b|) Xy —M(1-B[b]) |
The equalities in (3.1) and (3.2) are attained for the function f(z) is given by
_ Blb p+A1-Bb) (|
flz)=(1+]b )z + I o b,||Z°
_7~z—7~(1—l3|b|) Xy = M(1-B[b) |
and
_ Blb p+AMI-=Bb) [
f(z)=(1- b,z - LI o b,||Z*.
_7~z—7~(1—l3|b|) Ay = M(1-B]b]) |
Proof.
Let f(z) € S;(@,v,b,A,). Then, we have
62) < (1+o)yr+ S (a,| + b,
<+ )+ o, +[b,)r?
< (o re— B i([kz—%(l—ﬁb)] | e =M1 pJb)] bn}z
Ay =M1-Bb]) = B[b] Bb]
caspri— B3 ([xz—m—ﬁb)] | L+ M1 Po)] b“jrz
by = M1-B[b) Blb) Blb)
B[o L +AA-BBDI )
S(1+b1)r+xz_x(1_ﬁb)(l ol b,|[r*, by(2.5)
S(Hbl)r{ Blb _[ul+m—ﬁb)]bl}z
Ay —M(1-BJb) A, —A(1—B[b)
The lower bound can be similarly proved. O

4 Extreme Points
In this section, we determine the extreme points of the closed convex hull clco

Sﬁ (¢a W:b’ }\‘a B) of Sﬁ (¢a W:b’ }\‘a B) .

Theorem 4.1.
Let f(z) be given by (1.4). Then f € S, (¢,v,b,A,B) if and only if
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B[o

f(z)= ) (X,h,(2)+Y,g,(2), where hi(z) =z, h (z)=z————— 7",
Z’ A, —M(1=B[b])
and g, (z) =z+ Plo Z",n21,X,20, Y, 20, Z(XH+YH)=1.

W, +M1-PBlb) po
Proof.
Let

fz)= Y (X,h,(2)+Y,g,(2)

=S (X, +Y,)z i By £y By 5o

e 1Bl " T A= plb)
o Blb] 0, Blb] .
e) =z éxn—x(l—mbbx“z L ase
From (2.5), we have

= [A, —M1-B|b)] = [1, +A(1-Bb)]
Z(—B‘D\a qu‘bn‘

n=2 B‘b‘ ! n=l B‘b‘
:i[Xn—X(l—B\b\)] Blb] Xn+i[un+7»(1—ﬁ\b\)] BJb] :
;] B[o] [h, = A(1-B[o])] P B[b] [, +A(1-B[b)]

zan +§:Yn zi(Xn +Y,)-X, <1
n=2 n=1 n=1
then f e Sﬁ (0,v,b,\,B).
Conversely, if fe S (@,v,b,A,B), then

_ [, -2 Blbl)] 152 and
A
_ [, +2(1=Bo)] .
o

where Z:(Xn +Y,)=1.Then

n=l

f(Z):h(z)+g(_z):Z—i:|an "

< R Blb) L
-7 X Y
YRR My R
=243 (0, -2X, + 3 €. -2V,

=3 (X,h,(2) + Y,g,@).

n=?2
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This completes the proof of Theorem 4.1. m
Now, we prove that the class S, (@,y,b,A,B) is closed under convex
combinations.
Theorem 4.2.

Let0<t;<1fori=1,2,...and Zti =1. If the functions fi(z) defined by

i=1
z" + Z
n=l

are in the class S (¢, y,b,A,), then Ztifi (z) ofthe form

itifi(z) = Z_i[ici i jz“ +i[iti

n=2 \_ i=l

is in the class S;; (¢, w,b,A,B).

o

fi(z)zz—z

n=2

a,, 7', (zeAi=12,..) (4.1)

b n,i

bn,i

jz" (4.2)

Proof.
Since fi(z) € S;(@,v,b,A,B), it follows from Theorem 2.2 that

<1 (4.3)

a,; +

B[o B[o
2 3= &, 1B

foreveryi=1, 2, .... Hence

= ([h, = M1-B[b)] & j""([un+7~(l—ﬁ|b|)]“’ j
t.la_. t.
Z( TR A0 B N
n=2 B|b| ! n=1 B|b|

bn,i
n=2 n=1
<3t <l
i=1

- = [A, —M1-Bb = +M1-Bb
=th1[2[“ (LoD 1, 5l +3C1—BIo)]
By Theorem 2.2, it follows that Z:tifi (z) € S;(4,v,b,A,B). This proves that the

n,i

b _.

n,i

a
i=1

class S (@,y,b,1,B) is closed under convex combinations. O
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